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TO THE READER. 

I ASSUME that you are a Geometer. If so, you may have 
mastered every proposition of Euclid, without having 
acquired even so much knowledge of Arithmetic, as to be 
master of the Multiplication Table.* But, if you are a 
Mathematician, you will hioiv that, we cannot apply 
Mathematics to pure Geometry, without the aid of " that 
indispensable instrument of science, Arithmetic," upon which 
ail Mathematics are founded. 

In the geometrical figure 
in the margin, A B C D is a 
square on the radius of the cir- 
cle; and, A C E F is a square 
on AC, a diagonal of the jl^ 
square A BCD, by construc- 
tion. It is not only axiomatic, 
but self-evident, that A C E F 
is an inscribed square, and 
Gr B 11 K a circumscribing square to the circle. 

As an Arithmetician you will kiiow that, the mean 
proportional between any given whole number and its 
fourth part, is equal to half the given number, or the 
double of its fourth part ; and it follows of necessity, that 

* I have the aiithorily of Mr. J. Radford Young for this statement, and 
he is a living "recsgnised Malhenialician." (See, Men of the Time, ant! 
Mr. J. R. Young's Treatise on Algebra, in the well-known scientific work, 
Orr's Cirdt of the Scimces). 
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the mean propintional between the area of a circumscrib- 
ing square to any circle, and the area of a square on the 
radius of the circle, is equal to the area of an inscribed 
square to the circle. 

Now, the semi-radius of any circle is equal to one- 
fourth part of its diameter ; and by parity of reasoning, 
the mean proportional between the diameter and semi- 
radius of any circle, is equal to the radius of the circle : 
or in other words, the mean proportional between the 
diameter and semi-radius of any circle, is equal to half 
the diameter or twice the semi-radius of the circle ; and 
this is unquestionably true, whether the diameter of the 
circle be represented by any whole number, by the square 
root of any whole number, or by the square root of any 
square number. 

For example ; 

Let F C, the diameter of the circle, be represented by 
the arithmetical quantity 32. 
Then: 

32 is a whole number, but not a square num- 
ber. But, — = i5 = radius of the circle ; and, — = S 
2 4 

= semi-radius : therefore, the mean proportional between 
the diameter and semi-radius of the circle = ^32 x 8 
— J2$6 =: 16, and is equal to half the diameter of 
the circle, or twice the semi-radius ; that is to say, is equal 
to the radius of the circle. 

Again : 
Let F C, the diameter of the circle, be represented by 
the definite arithmetical expression v'35. 

Then: 
25 is not only a whole number, but is also a square 
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number. Hence ; ^'^1 = ^p = ^^ = ^6-25 = 
2'S- radius of the circle. V_|?5 ^ V^^?-^ = V-J^ 

= ^1-562$ = semi-radius of the circle; therefore, the 

mean proportional between the diameter and semi-radius 

of the circle = J ( J25X 71-5625) — J ( j2S~X~rS62~S) 

= 7 ( s/39'o625) = 76-25 = 2-$ — radius of the circle. 

Proof: ^25 = 5 = diameter of the circle ; and 

Diameter _ 5 :- ^, - , 

— ^ — — - = 2-5 =: radius of the circle. 

Ag£<,in : 
Let F C, the diameter of the circle, be represented by 
the mystic* number 4. 
Then : 
F C = 4° — i6 ~ area of the square G B H K circum- 
scribed about the circle. But, 4 times 4 rtr 16 — the peri- 
meter of the circumscribing square GBHK; and it follows, 
, Area of the square GBHK .__ Diameter of the circle i 

Perimeter of the square G B H K ^~ 4. 

that is, -^ = * = I = semi-radius of the circle ; there- 
fore, the mean proportional between the diameter and 
semi-radius of the circle = 74 >< 1= 74 =3 = radius 
of the circle. But, in t\\{s, particular and -unique case, i is 
not only the arithmetical value of the semi-radius of the 
circle, but is also the arithmetical value of the area of a 

' The critical reader ma> perhaps object to my use of the word mystic. 
My apology is this ; the learned Professor De Moi^an gave nie the cue, by 
employing the terni to the number 7, in his Budget of Paradoxes, No. 1. 
{Sei, Alhenitum, Oct. 10. 1863). The peculiar properties of the number 4, 
however, have hitherto been obscured from the ken of Mathematicians, and 
for this reason, may fitly be termed viyslic. 
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square on the semi-radius of the circle ;* and it follows 
of necessity, that i6 times the area of a square on the 
semi-radius of every circle, is equal to the area of a square 
circumscribed about the circle. It is axiomatic, if not 
self-evident, that the area of a square on the radius of a . 
circle is equal to 4-times the area of a square on the semi- 
radius ; and because m (^) = area in every circle, what- 
ever be thevalueofTT ; it follows of necessity, that47r(.! r^ 
— area in every circle, whatever be the value of ?r. 



* Mathematicians lose sight of the fact — nr at any rale, they utterly 
ignore it, in their application of Mathematics to pure Genmetry— that I, 
^1, and 1^, are delinite arithmetical expressions, and are arithimtiealfy of 
equal value. Mathematicians also ignore the following facts in their appli- 
cation of Mathematics to pure Geometry. First : If the diameter of a circlE 
be represented by the mys/ic number 4, the circumference and area are 
aHtkmeikaUf equal, whatever be the valae of sr. Second: If the cir- 
cumference of a circle be represented by the mystic number 4, the dia- 
meter and area are arithmttkaUy equal, whatever be the value of w. 
Third In theoretical Geometiy, a surf ice or Kuperficies is said to have 
length and b eilth, without thicltness ; and it is obvious, or self-evident, 
that a surface or superficies in theoretical Geometry must be defined by 
hnes. Now neither in theoretical nor praitual Geometry, can two 
slniig&i linea enclose a sur&Cc or superficies; but, two lines may enclose 
a supertiLies Fir example : With any radius describe a circle, and 
draw a diameter. It >s self-evident, that the diameter of the circle divides 
the area of the circle into two equal parts, and thai the diameter is 
common to both. Hence : If the diameter of the circle be represented by 
the number 2, the ratio between the diameter of the circle and the area of 
that part of the circle on either aide of it is, as 2 to -, whatever be the value 

of IT. But, it is also self-evident, that the diameter of the circle divides the 
circumference into two equal parts; and it follows, that the ratio between the 
diameter and semi-circumference of a circle is as 2 to a, when the diameter 
of the circle ^= 2, whatever be the value of ir. These facts are unique, and 
consequently, the ratios do not hold good of any circle, of which the dia- 
meter is either greater or less than 2. 
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Hence : 

In the analogy or proportion, A : x : : f : B ; ifA=: 
i6 : X = — : ^ = 477 ; and B — — . then, the product of 
the means is equal to the product of the extremes; and 
it follows, that the mean proportional between x and _y, 
ike means, is equal to the mean proportional between A 
and B, the extremes ; that is, Jx y. y = -J A x B, what- 
e-w^r finite and determinate arithmetical vslue, intermediate 
betwen 3 and y2, we may put upon t: and upon the 
shewing of Mathematicians, w must be greater than 3 and 
less than 3 '2, 

Now, I franliiy admit that this proves nothing as to 
the true arithmetical value of tt ; but, it certainly proves 
that, whatever be the value of tt, it cannot be an indeter- 
minate arithmetical quantity, and therefore cannot be 
represented arithmetically by any infinite series. 

If you, Reader, can prove my data to be inadmissible, 
or my reasoning to be illogical, and so, vitiate my conclu- 
sion, that IT cannot be truly represented arithmetically by 
any infinite series, you need not trouble yourself to wade 
through the following pages. I shall assume, however, that 
you are a sincere and earnest enquirer after scientific truth, 
" a reasoning geometrical investigator," and an honest man. 
If I am right in this assumption, you will read the following 
correspondence, and you will find that I have demon- 
strated in a great variety of ways, the truth of the THEORY, 
that 8 circumferences = 25 diameters in every circle, 
which makes -^ — 3'I35, the true arithmetical value of tt. 

The algebraical formula, or in other words, the equa- 
tion or identity, ^^--'j = 'f'^ whatever be the value of tt. 
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This fact may be demonstrated by means of any hypo- 
thetical value of -TT intermediate between 3 and y2, so that 
it be finite and determinate. For example : Let tt — 
31416, a very close approximation to the arithmetical 
value assigned to it by " recognised Matkematidans." 

Then: i{~)' = 4(''-*-)' =4(r5708')=4(2'4674I2l54) 
=■ 3"i4i6^ = 9S6965056. Hence : i3^ times — = ■-, and 
this equation or identity =; area of a circle of diameter 
unity, whatever be the value of -t. How, then, is it pos- 
sible, that the value of tt can be an indeterminate 3.nth- 
metical quantity ? Let that unscrupulous critic. Professor 
de Morgan, go honestly to work and prove that, 
" James Smith, Esq., of Liverpool, is nailed by himself to 
the barn-door, as thedelegate of miscalculated and disorgan- 
ised failure" (See, AthentBum, July 25, igSg: Article: 
Our Library Table.) 

You, Reader, may be an Arithmetician, without being 
either a Geometrician or a Mathematician. If so, you will 
be able to convince yourself, and, indeed, can hardly fail to 
perceive that, whether I am right or wrong. Mathemati- 
cians mtist be wrong, in assigning to tt the indeterminate 
arithmetical value, 3-14159265, &c.; and I would recom- 
mend you to peruse my Letter of the loth October, 1367, 
to the Editor of the Athen<Bum. {See Appendix B, page 
286). 

James Smith. 
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THE GEOMETRY OF THE CIRCLE 



MATH EMATICS 

AS APPLIED TO GEOMETRY BY MATHEMATICIANS, 

A MOCKERY, DELUSION, AND A SNAK.E. 

To G. G. Stokes, Esq., M.A., F.R.S., D.C.L., 

Utcasiaa Professor of Mathematics in the University of Cambridge. 

Sir, 

" The British Association for the Advancement 
of Science" has had its Royal, Aristocratica!, Astronomical, 
Mechanical, Geological, Geographical, Botanical, and 
other philosophical Presidents, but it is many years since 
it had a professional "recognised Mathematician" for its 
President ; and upon you that honour has fallen for the 
ensuing year. 

That Euclid is inconsistent with himself, and Mathe- 
matics — as applied by Mathematicians — at fault, may be 
made as manifest to you, as that the three angles of a 
plane triangle are together equal to two right angles. In 
furnishing you with the proofs, I, as an old Life Member 
of the British Association, shall have done my duty ; and 
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it will only remain for you— as President, and guardian 
of its interests for a season — to do yours. 

My pamphlet, "Euclid at Fault" {see Appendix A,) 
was fiercely attacked by numerous Mathematicians, and I 
know of no method more likely to convince you of Euclid's 
inconsistency, and that the Science of Mathematics, as 
applied by " recognised Mathematicians " to Geometry, is 
" a mockery, delusion, and a snare," than by giving you the 
correspondence which has passed between me and one of 
the many " dragons "* that has beset my " upward path" 
in the course of my scientiiic and literary careen 



The Kev. Professor Whitworth ;'.; James Smith. 

(Private.) Queen's College, Liveepool, 

i^th November, 1868. 

Sir, 

I suppose I am a " recognised Mathematician." As 
such, may I express a hope that you will take an early opportunity 
of withdrawing the accusation which you bring against " recognised 
Mathematicians," in your work " Euclid at Fault," as quoted in the 
Liverpool Leader, September 19th, 1868. 

You say : — " Nothing short of proving the 47th Proposition of 
Euclid's First Book inconsistent with some other Proposition, would 
ever convince a recognised Mathematician that the arithmetical 
value of TT is a finite and determinate quantity." 

Sir, I think it is a shame that we should be thus maligned. My 
University degree, as well as my present office, entitle me to claim 
to be a recognised Mathematician ; and I knov>, and aliaays teach, 
that the value of ir is a finite and determinate quantity. If you 
have been so unfortunate as to meet with " recognised Mathema- 
ticians " who doubted of this truth, it is not just that you should 

*See the latter part of my Letter of the 7th November, 1866, to 
the Editor of the Aihenaum (Appendix B). 
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impute the same ignorance to us all— or, at least, if you do, you 
should nQt^«3/;Wi the libel. 
Yours faithfully, 

W. Allen Whitworth, M,A., 

Fdlv^^ 0fSt. yolui^ CnUegi, CMxiTidget Profisso! ^ 
Mathematics in Queen's Colhge^ Liverpool. 



James Smith la The Rev. Professor Whitworth. 

Barkelev House, Seaforth, 
lOth November, 1868. 
SIR, 

I am in receipt of your favour of yesterday, and, in 
reply, may observe : — I have long understood, from the teachings of 
" recognised Mathematiciafis" that the arithmetical value of jt is 
3'i4i59265, with a never-ending string of decimals, and therefore 
neither finite nor determinate. 

You say :— " I know, and always teach, that the arithmetical 
value of »r is a finite and determinate quantity." 

My value of x is g° = 3'i2j, which makes 8 circumferences 
exactly equal to 25 diameters in every circle ; and I can demonstrate 
that this is the true arithmetical value of tt, by inductive and 
deductive reasoning, by constructive Geometry, by Logarithms, and 
by " the rules of logic and common sense" when applied to " that 
indispensable inslmment of science. Arithmetic" 

Will you be kind enough to tell me, what is that " arithmeticcA 
value of it" by which you " always teach," and which you say "is a 
finite and determinate quantity ?" 

I cannot recognise the right of '^private" attack upon a 
public document, and therefore reserve to myself the right to 
make use of your Note in selfdefence, if I find it necessary ; and 
in justifies this determination. 
Yours faithfully, 

James Smith. 



The following quotations are from one of my Letters, 
in the correspondence referred to in the early part of my 
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pamphlet " Euclid at Fault." That correspondence is m 
print, but has not yet passed out of my publisher's hands. 
I shall wait the result of this communication to you, 
before I make it public :— 

" Mr. R^— observes : — ^ Now, that X : Z : : i : 3^, is a result 
so simple, thai you have only to slate the proportion to ses it. 
Circle area being as the squares of radii, X : Z ; ; 16 : 50 ; ; i : 3J . 
TT does not appear, need not appear.' Does not 3^ appear ? And 
since 3J (X) = Z, by whatever finite value of tt we get the values 
of X and Z (X and Z denoting the areas of circles of which 
the radii are 4 and 5 times Jv, how can the value of x be indeter- 
minate ? Surely Mr. R should have exercised a little reilection, 

before he said of my conclusion, ' This is perfect nonsense.'' " 

" Now, my dear Sir, mark tbe dilemma into wliich Mr. R 

has brought himself! He will not venture to dispute, that the area 
of a circumscribing square, to any circle, is found by dividing the 
area of the circle by , whatever be tlie value of jr. Now, if a 
denote the area of a circle, and b the area of a circumscribing 
square, then, — = b, whatever be the value of ir ; and it follows, of 
necessity, that if ir be indeterminate, b must also lie indeterminate. 

The conclusion to which Mr. R 's argument would lead us 

would be this ; the diameter of an inscribed circle to any square 
cannot be arithmetically expressible, either by a fiaite number, or 
the square root of a finite number. Mr. R — ■ — should have thought 
of this, before he ventured to say of my conclusion, ' This is perfect 



" Weil, tl:en, Mr. R admits the following facts :— ' No other 

proof, but the simple statement of the ratios, is needed to show that 
3i (X) = Z, lahen the radius of X = 4, ami the radius of Z =. 
5( J2)'— and he thenputs the question; — ^ But ho-w does this upset 
the fact that v is indeterminate .?' Surely Mr. R — — will now see 
that in assuming it to tie t^fact that tt is indeterminate, he might as 
well assume that the area of a square is indeterminate ! Could 
absurdity go further ? " 
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5 
You, Sir, will iiotventure to tell me, that in a controversy 
with a "recognised Mathematician" on the ratio of dia- 
meter to circumference in a circle, the following is an 
unfair question to put to him : — Docs the mathematical 
symbol it denote a determinate or an indeterminate arith- 
metical quantity ? Well, then, with reference to this 
question, wc have here two "recognised Mathematicians I' 
one asserting that the vahie of "tt is a finite and determinate 
quantity, and the other maintaining it to be a fact that it 
is indeterminate : and so, differing from each other, even 
more widely than our recognised Astronomers A\S&r among 
themselves, as to the Sun's distance from the Earth. 



The Rev. Professor Whitworth to James Smith. 

(Private.) Queen's College, Liverpool, 

Jiih November, 1868. 
Sir, 

For your private information and persoiial guidance, 
I took the trouble of laying before you, in my former private Letter, 
the fact that you were incorrect, in ascribing to all recognised 
Mathematicians, the denial that tt is a finite and determinate 
quantity. I supported my statement by telling you, that I mysell 
both know and always teach that x is finite and determinate 1 
ventured to express a hope that you would take an opportunity of 
withdrawing a statement so defamatoiy of us Mathematicians, when 
you learnt that it rested on a mis-apprehension on your part 

I made no attack upon you whatever, and refrained Irom dis 
cussing anything but the ane fact, that Mathematicians do not denj 
that IT is finite and detenninate. Therefore, I am rather surprised 
to receive your Letter of yesterday, in which you si) that jou 
cannot recognise the right of " private " attack upon a " public docti 
ment," and therefore reserve to yourself the rij;ht to make use of my 
Note in self-defence, &c. 
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This sounds very like a threat to make my private c 
lion public, or to treat it as public. But surely you do not argue 
that because a letter refers to a subject which has been made public, 
the writer thereof has no right to offer it as a " private " suggestion 
to the person to whom he addresses it. If you did not choose 
to receive a " private " communication from me, you might have 
declined to take any notice of my Letter, or might even have 
returned it. But even the morality of Liverpool would hardly 
in taking that which was offered as a private commu- 
n and treating it as public. 
Truly I must be mis-interpreting your last paragraph. But a 
doubt upon this point must so obviously shake all confidence 
between us, that I must defer any other communication until it is 
cleared up. 

Yours truly, 

W. Allen Whitworth. 



James Smith to The Rev. Professor Whitworth. 

Baskeley House, Seaforth, 
I2th November, 1868. 
Sir, 

Your favour of the i ith inst., under cover of an envelope 
bearing the Liverpool post-mark of to-day, only came into my hands 
this evening. 

Had you favoured me with that ^^ finite and determinate arith- 
metical vahie o/tt;' vihichyoa'^ know" a-aAhy vhich. you say you 
"al-ways teach" there might, and, indeed, would have been, a rea- 
sonable excuse for your ad ntiserecordiam appeal. 

It appears to me, that the commercial morality of Liverpool is 
exactly on a par with the scientific morality of " recognised Mathe- 
maticians" and the sooner both are exterminated, the better for 
Society and for Science. 

As matters stand, it is my intention to post a letter on Saturday, 
to one of your (St, John's) College chums, in which 1 shall give your 
communications, and my answers, in extenso. 

Yours laithiuUy, 

James Smith. 
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The Rev. L'ROFKbSOR Whitworth to James Smith, 

i6, Percy Street, Liverpool, 
i'^th November, 1868. 
Sir, 

Vou totally misinterpret my Letter when you speak of 
an " ad miserecordiam appeal." If 1 appealed at all it was rather 
ad honor em. 

Of course any breach on your part of that confidence under 
which I addressed you, would not in its direct effects be of the 
slightest consequence to me. I hold no secret opinions. But it is 
of the greatest consequence to me that I should not unwittingly 
enter into correspondence with anyone who would violate the 
sanctity of a confidential communication. Therefore, in order to 
test my position, I must decline for the present, to sanction your 
wish to lay my " private " Letters before the third person to whom 
you refer in such extraordinary terms. 

If you wish our correspondence to continue further, will you 
please to assure me that such Letters as I may mark " private " will 
be respected as such — unless my permission is gained to treat them 
otherwise. On such an understanding only do I correspond with 
anyone, but 1 have never before been obliged to give expression to 
such a stipulation. 

I am, Sir, 

Yours faithfully, 

W. Allen Whitworth. 



James Smith to the Rev. Professor Whitworth. 
Barkelev House, Sea forth, 
I4?A November, 1868. 
Sir, 

I was born in Liverpool, and have spent all my days in 
Liverpool and its immediate neighbourhood, and you know wliat 
^Liverpool morality" is; why then, should you expect an appeal 
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" ad konoii'm" lo such an one as I am, to be of any effect ? Bad as 
I am, however, it is a consolation to me to know that nothing I can 
say or do, can, " in ils direct effects, be of the slightest consequence 
lo your 

Your original communication, judged "by the rules of logic and 
comimn sense" was not written with the intention of kindly 
tendering information and advice. Could I have so interpreted it, 
our correspondence would have taken a very different turn. Had 
you known me better, you would have known, that I may be led, but 
cannot be driven. 

if you "know" and ^' always teach" ^iy *i}at '^ finite and deter- 
minate " value of IT = \' = 3'i25, you are a proselyte to my dis- 
covery ; if not, what mean your assertions ? For, if you teach by 
the "finite and determinate" value of jr = 3-1416, or 3T4159, or 
3-14159265, or by IT = the integer 3 with any other string of 
decimab, are not your assertions mere quibbles ? 

If you have "unwittingly" entered, into correspondence with one 
of the " Liverpool morality " school, the fault is yours not mine : 
there is no occasion for you to continue it, and you may rest 
assured that, if you leave me alone, I shall not trouble you. 

In due time the scientific public will learn through the press, that 
I am not the only Mathematician that knows, and always teaches, 
by a. finite and determinate value o/w ; and this will afford you the 
opportunity of attacking me publicly, if I '^publish a UbeV 
I am, Sir, 

Yours faithfully, 

James Smith. 



I certainly did not expect to hear again from the 
Reverend and learned Professor, and at the time was very 
unwUhng to be drawn into a correspondence with him. 
He chose, however, not to let the controversy rest here, 
and the following was his next communication ;— 
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The Rev. Professor Whitworth to James Smith. 

Liverpool, November i6th, 1868. 

Sir, 

I am amused at your first paragraph {of November 14th], 
in which you remonstrate with me, for attributing to you the quality 
of honour. 

Your Letter contains many misrepresentations, which I pass over, 
as I am weary of the contentious tone which you persist in giving to 
our correspondence. My object is not contention, my only desire 
being that truth should prevail. Any argument must cease to be 
edifying, as soon as either party seeks for victory, rather than for the 
TRUTH. 

Twice in your Letter of the r4th November, you spealt: of me as 
teaching by a finite value ofTT: and on looking back upon your 
Other Letters I observe, tliat whenever you have occasion to quote 
my original statement, you uniformly garble it by the insertion of 
the preposition by. I do not teach by a value of tt at all,* but I 
know and always teach, that the value of ''' is neither infinite 
nor indefinite. 

I never attacked you. as to the accuracy or inaccuracy of the 
value you assign to TT. I merely protested (as I do still) against the 
false statement that recognised mathematicians assert t to be either 
infinite or indefinite, or that the value which they assign to it is 
either infinite or indefinite. The ratio of two finite lengths cannot be 
infinite, and a quantity given by a definite convergent series such as, 
TT = }t{-^ J^ ^- .t J^ -3- {1.^ + _±^ (i)3 4. &c., cannot be 
indefinite. 

You seem determined to thrust upon me your notion that tt ;= 
3'I25. I did not propose to discuss this, but if ever I have the 
pleasure of a personal interview with you, I will prove, in five 
minutes, that your value is incorrect ; and in fifteen, that our usually 
assigned value is correct, 

* If it be true that Professor Whitworlh does not teadi "iy a value of ti at 
all" how does he teach his pupils to find the circular measure of an angle T 
Is not the circular measure of an angle of great importance in the theory of 
Mathematics 1 
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As 1 do not possess any of your published works, I do not know 
how you have been led astray. But I should like to enquire 
whether you have ever discovered a Saw in the reasoning by which 
it is proved that tt has the finite and definite value which we 
Mathematicians assign to it. 

Believe me, dear Sir, 

Faithfully yours, 

W. Allen Whitworth. 



James Smith to The Rev. Professor Whitworth. 

Barkelev House, Seafobth. 
\^tk November, 1868. 

Dear Sir, 

Your favour of yesterday is courteous in its tone, 
which is more than could be said of your first communication, 
in which you branded me as a fnaligner and libeller. 

You now say; — "My object is not contention, my only desire 
being that truth should prevail. Any argument must cease to be 
edifying as soon as either party seeks/or victory, rather than/or the 
TRUTH." Granted 1 But, my Dear Sir, the "contention" has 
been on your part, not mine : and you could not have advanced a 
stronger argument to show that our correspondence had better cease. 
My only desire is " that truth should prevail j^ sxiA — "Magna est 
Veritas" and prevail it will. 

With reference to the third paragraph in your favour of 
yesterday, I have only to say, the following is a literal quotation from 
your first communication. " I know, and always teach, that the 
arithmetical value of TT is a finite and determinate quantity." * 

*Is not the meaning of the words finite and ddermiaaie, the opposite of 
thai atlached to the words infinite and indefinite f 
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Witli referenci: to the fourth, paragraph, I may observe, that in 
putting the question: — ^" What is that value ofir, whicli you know, 
by which you always teach, and which you say is finite and deter- 
minate ? — I was necessitated by the rules of grammar, to make use 
of the preposition BY : and in doing so, I certainly did not garble 
your original statement."* 

In the fifth paragraph you say :— " Tki: ratio of two finite lengths 
cannot be infinite, (True !) and a quantity given by a definite 
convergent series, sack as, k = ^'- (i^ "t" ^j ■ ■; "I" ,', ■ (j) + ,"^5 
(^° + &LZ.,cannot be indefinite'' This I cannot understand. How, 
^^ by the rules of logic and common sense," can a convergent series, 
or in other words, how can a never ending series, which is indefinite, 
be arithmetically determinate f 

With reference to the sixth paragraph, I have only to say that 
to me it is amusing. 

With regard to the first part of the concluding paragraph., I may 
observe, that you would have done well to make yourself master of 
how it happened, that I was led astray— if, indeed, it be a fact that I 
have been led astray — on the ratio of diameter to circumference in a 
circle : and with regard to the latter part of it, I may tell you, that 
I can point out the "fiaTv in the reasoning" by which Orthodox 
Mathematicians fancy they prove, " that it has the finite and definite 
•value which they assign to it." 

I have corresponded since the year i860, with four " recognised 
Mathematicians" for periods varying from six to eighteen months ; 
and think I am thoroughly acquainted with every argument that 
can be advanced from tlie Orthodox point of view, against the 
truth of the theory, that 8 circumferences = 25 diameters in every 
circle, I am preparing a work for the press, (as you know,) which 
with my public duties keeps me fully employed, and t am unwilling 
to have another long correspondence, in which I should only have to 
travel over much of the same ground again, 

* If appears to me, I could only be charged with garbling tlie learned 
Professor's statement, on the supposition, tliat t is a thing of no value when 
found, and that no use can be made of it lo teach anything in M^.tliematics, 
Is not Trigonometry a branch of Mathematics ? 
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I should be happy to make your personal acquaintance, and if you 
will come out on Saturday next and take a friendly dinner with us, 
at 6-30, i shall be glad to see you, and I think I can shew you some- 
thing that will astonish you. 

Believe me, my dear Sir, 

Very truly yours, 

James Smith. 



The morning's post, of the i/tli November, brought 
me the following communication, to which the concluding 
paragraph of the last Letter refers :— 

Rugby, November xdih, 1868. 
My Dear Sir, 

I have received your two somewhat extended Letters, 
and beg to acknowledge them. I cannot say that I have perused 
them with an attention at all proportionate to their length ; but I 
have been able to perceive that you are able to prove your conclu- 
sions by a process of reasoning which is absolutely sound and 
logical, and that therefore your conclusions are as certain as their 
premises, with which they are in fact identical. 

This will, I hope, be accepted as my recantation, and be pub- 
lished along with your Letters to me. 

Sir, I admire your indomitable perseverance, your hand-writing, 
and your liberal expenditure of postage stamps. They are worthy 
of a more extended success than they have yet met with. But 
pray accept, as an instalment of the debt that will not be fully 
paid in your life-time, my admission above made. You are obtaining 
recruits at last from the ranks of professed Mathematicians.* 
Believe me, respectfully yours, 

James M. Wilson, 
• There can be no doubt, that Mr. James M. Wilson professes to 
be a " gtittlrman" and " a man of honour" (See Appendix C.) 
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Mr. Whitworth would not drop the controversy, and 
thus I was most unwillingly drawn into a correspondence 
with him, 

" 5y tke rules of logic and common sense" It is obvious 
or self-evident, that in every circle there must be an arc 
equal to radius. For, if not self-evident, it is axiom- 
atic, that in every circle, 6 times radius = the perimeter 
of an inscribed regular hexagon. But, it is self-evident, 
that the circumference of a circle is greater than the peri- 
meter of its inscribed regular hexagon, and it follows of 
necessity, that an arc must be greater than its chord. 

Now, ^^ (360) - 6 (57-6), that is, -5i-y-^ = 6 (57-6) 
or, ?^ = 345 '6: and on the theory that 3 circum- 
ferences = 25 diameters in every circle, 345 '6 is the 
perimeter of an inscribed regular hexagon, and ^^- 
^= $7'6, the value of an arc equal to radius, when the cir- 
cumference of a circle ~ 360. Now, the perimeter of a 
regular inscribed hexagon to a circle of radius i = 6, 
and, by analogy or proportion, 345 '6 : 360 : : 6 : 6'3S. 
But, s (6'25) = 25 (diameter) ; that is, (g x 6*25) = 
(25 X 2) = 50 ; and it follows of necessity, that 6'2S is 
the circumference of a circle of radius i, on the theory 
that 8 circumferences = 25 diameters in every circle. 

The area of a circle of radius i, and the semi-circum- 
ference of a circle of radius i, are represented by the 
same arithmetical symbols, whatever be the value of ir : 
and the area of a circle of radius i, and the circumference 
of a circle of diameter unity, are represented by the same 
arithmetical symbols, whatever be the value of tt : and it 
follows of necessity, that ^^ = 3'i2S, is the 
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fereiice of a circle of diameter unity ; on the THEORY that 
g circumferences = 25 diameters in every circle. 

Now, I (3-1 25) = 6 ('S), that is, «.-lX"S = 6 (-5), 
or, ^ =. (6 X '5) = 3 — the perimeter of a regular 
inscribed hexagon to a circle of diameter unity, whatever 
be the value of w. But, g (-5) = ^^ ^^ '^ = 'l'_^ = 
■52083333, with 3 to infinity: and, (-52083333... — - 
■S^c83333-^ - {-52083333. ■■ - ■02083333-.) - '5 - 
radius. But, 6 ('52083333...) = 3T2499998..., and we 
may make the approximation to 3'I2S as close as we 
please, or, at any rate within 2 at the last place of 
decimals, to whatever extent we may cany the number 
of decimals. Hence : by analogy or proportion, 3 : 
3'I25 : : 3456 : 360, and we arrive at a similar result 
whether we make 360 or 3'I2S our " initial position'" or 
starting point ; on the THEORY that 8 circumferences = 25 
diameters in every circle. 

Well, then, having^ ascertained these facts, we can 
now prove a fallacy in the method by which " recog- 
nised Mathematicians" fancy they arrive at the ratio of 
diameter to circumference in a circle. 

By hypotheses, let the circumference of a circle of 
diameter unity = 3'i4i6, and this is a close approxima- 
tion to its true arithmetical value, according to " recog- 
7tised Mathematicians." Then : ^^ (3'i4i6) = 6 (-502656), 
that is, "" ^-3^-'-^'^ = 6 (-502556) or, ^-^^ = 3'0i5936. 
But, 3-015936 is greater than the known and indisputable 
arithmetical value of the perimeter of a regular inscribed 
hexagon to a circle of diameter unity. Now, (ci 
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ference X semi-radius) = area in every circle ; therefore, 
3-1416 X ■251328 — 7895720448; and 7895720448 is 
the area of a circle of which the circumference is 3'i4i6, 
on the hypothesis that tt (which denotes the circumference 
of a circle of diameter unity) = 3'i4i6 ; and is greater 
than 2 ; that is, greater than ^-^ = 7854. But, ^ 
= area of a circle of diameter unity, whatever be the 
value of TT. Hence: 3|- (■502656^) =:: (3'i2S X 
■252663054336) = 7895720448, and it follows of ne- 
cessity, that 7895720448 is the true area of a circle 
of which the radius ~ -502656: and ^-^ — -78125, 
the true area of a circle of diameter unity. Well, then, 
does not this make' Mathematics — as applied by " recog- 
nised Mathematicians " — a delusion and a snare ? With 
these facts present to your mind, what follows will be as 
plain and intelligible to you, as that (2 + 2) = 4, 



The Rev. Peofessor Whjtworth to James Smith. 

Liverpool, Nov. i%th, 1868. 
Dear Sir, 

As I have to officiate in church on Saturday night, as 
well as to prepare two sermons for Sunday, I am unable to accept 
your polite invitation. 

I am glad to see that you yield one half of my original assertion, 
in granting, that tt (as represented by Mathematicians) is Jinite. 

You will as readily grant the other half, that it is definite if you 
consider the meaning of this term. A magnitude is definite when 
there is no doubt as to its value, so that we are able to determine 
whether it is greater or less than any assigned magnitude. Thus ^ji 
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is a definite quantity. We can say that it is less than y^ and yet 
greater than ^ ; and so we can. always answer the question : — Is it 
greater or less than *■, whatever x may be ? 

You ask how can a never ending series which is indefinite be 
arithmetically determinate. I answer that it can, just as the never 
ending series i + ^ + J 4-^ + ^V -I-3V + ^^-i represents to us the 
determinate arithmetical value 2. 

But of course this involves the definition of convet^ency and the 
definition of the term " sum to infinity." When a series is such 
that by sufficiently increasing the number of terms the sum fends 
towards a finite quantity, and can be made (by sufficiently 
increasing the number of terms) to differ from that finite quantity, 
by less than any assignable quantity, then the series is said to be 
convergent, and the finite quantity is called the limit or the sum to 
infinity of the series. 

As an Arithmetician, do you deny that the recurring decimal 
■142857 represents the vular fraction f ? If it does, we have the 
determinate value f for the never ending series ^^~ + „iS^^^ 

+ &c., ad infinitum. 

Any way, if the received value of tt is wrong, the trigonometrical 
expansion of tan 'x is wrong, The whole theory of series is upset, 
the results of the lunar and planetary theory are utterly. incorrect ; 
and it can only be by accident that eclipses, &c., have recently 
occurred at the predicted times. 1 think perhaps one of the 
most convincing tests which we could well apply to the question in 
which you are interested, would be furnished, if you would calculate 
the time of the next lunar eclipse according to your value of it. 
We expect it on January 28th, 1869, but if your value of tt is 
correct we are quite wrong. 

Will you tell me in which of your publications I can find a refer- 
ence to the flaw which you speak of having discovered in the method 
by which it is proved that tt = j| (^'^ + ^ ' ^ + jV. (^ ) ' + ^^■ 
Behove me, dear Sir, 

Very truly yours, 

W. Allen Whit worth. 
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James Smith to The Kev, Professor Whitworth. 

Barkeley House, Seaforth, 
231-1/ November, 1868. 

Dear Sir, 

I am sorry I named an inconvenient day, in asking you 
to take a friendly dinner with me ; but if you will fix your own day, 
and drop mc a note the day before, I shall be most liappy to see 
you, and make your personal acquaintance. My engagements 
have prevented, me replying sooner to your favour of the i8th insL 

You say :— " / am glad to see that you yield one-half of my 
original assertion, in granting thai it (as represented by Mathema- 
ticians) is finite.'" In this observation you " misinterpret" me. 

You next say : — " You will as readily grant the other half, that 
it is definite, if you consider the meaning of the term. A magnitude 
is definite when there is no doubt as to its value, so that we are 
able to determine "whether it is greater or less than any assigned 
magnitude.'" You illustrate your meaning by observing — " Thus, ii/^ 
is a definite quantity. We can say that it is less than y, and yet 
greater than J ; and so, we can always answer the guestion^Is it 
greater or less than x, whatever x may be ? " 

Now, I know that J2 is a definite arithmetical expression, 
and that it represents the value of the diagonal of a square, of which 
the value of the sides is represented by the arithmetical symbol 1 ; 
but, I also know that, if wc extract the root of the expression V 2, 
to whatever extent we may carry the number of decimals in working 
out the calculation, there would still be a remainder, so that we 
cannot give a true and definite arithmetical expression- — decimally — 
to •/,. 

Again ; I know, that _ = ^1 and that this equation = 

■1414213, &c. : but I also know that ■1414213, &c.is the arithmetical 
value of the natural sine of an angle of 8° 8' : and I know that the 
sides that contain the right angle, in a right-angled triangle of 
which the acute angle is an angle of 8' 8', are in the ratio of 7 to i. 
You will find that in tables to 7 places of decimals, the sine of an 



Hosted by 



Google 



angle of 8° 8' is given as -1414772; and I maintain, that this is not 
the tnie arithmetical value of the natural sine of an angle of 8° 8'. 

You next observe : — " You ask :■ — Mow can a never~endmg series 
which is indefinite, be arithmetically determinate ? I answer that 
it can, just as the never-ending series i +a + i + T + ^ + -^ + 
Ac, represents to us the determinate arithmetical value Z." 

Now, I know, that the arithmetical series tV + A + A + it 

ff = r '9999999999999992., and is less than 2 by a distinctly assigna- 
ble quantity, represented by the digit 8 at the sixteenth place of 
decimals. This series put in the form of an arithmetical sum stands 
as in the margin. You will observe 
that ^, ^, ■^, &c., are recurring 
decimals of 16 figures. 

No doubt this arithmetical series 
" represents to -us the determinate 
arithmetical value 2." But, if we 
double the number of terms the 
result is very near a finite quantity, 
but not quite so near integral finity 



as in this series. 

Permit me to direct your atten- 
tion to the fact, that in this arith- 
metical sum, each row of figures, 
(omitting the last) whether taken 
vertically or horizontally, are com- 
posed of the same figures, but in 
different positions. Hence, any row 
of figures in this sum, whether taken 
vertically or horizontally, adds up to 
the same number = 8 times 9 = 72. ™w:s^ -.^^.::^.- 

You next put a question to me -.—As an Arithmetician, do you 
deny that the recurring decimal ■142857 represents the fraction J ? " 
My answer is, Certainly not! You then sa.j:—"r/it does, we 

have the determinate value f for the never-ending- series ^^^1 
.0.., loooooo 

:c., ad infinitum." 



1588235294117647 
176470588235294 
764705882352941 
■2352941176470588 
■2941176470588235 
■3529411764705882 
■4117647058823529 
■4705882352941176 
5294117647058823 
■5883352941176470 
■647058S235294117 
■7058823529411764 
■7647058823529411 
■8235294117647058 
■8823529411764705 
■9411764705882352 
0000000000000000 
■9999999999999992 
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Now, the series | + | + ^ + ^ + | + f + J |= 'Haasr 

= 3'999997, and is a dose approximation to the ■? = -285714. 

MYSTIC number 4.. This series, put in the form f = "4z8S7i 

of an arithmetical sum, stands as in the margin. f = "STHaS 

Thus, upon your own shewing, this series must be f = -714285 

taken as representing the determinate arithmeti- ^ = -857142 

ca! value 4. You will observe that the figures in ^ = i -000000 

any row are the same as the figures in any other 

3 999997 
row, (omitting the last) whether taken vertically 

or horiionally.* They are simply changed in position ; and 

separately, add up to 3 times 9 = 27 : and 27 + 73 = 99, and is less 

that 100 times unity by i. 

Now, if we double the number of terms, that is to say, if we take 

the arithmetical series, -J + f + ?-<-T + f + ? + r + f+T+V 

+ V ■•■ V + ¥ + Vi the calculations worked out, give as the 

result, i4"999994, very nearly the finite arithmetical quantity 15, and 

no doubt this series must be taken as representing the integral 

arithmetical value 15. If we treble the number of terms, we get as 

the result 32'99992i, very nearly the finite arithmetical quantity 33, 

and no doubt the arithmetical series of 21 terms from i + t + &C., 

must be taken as representing the integral' arithmetical value 33. 

We might go on with series of this description, ail infinitum, 

but at every step we should be receding from the finite quantity 

represented by the result of the original series. Well, then, I have 

given you two series, which by no extension of the number of terms 

can be made to tend towards an integral finite quantity, and ditfer 

from that finite quantity, by less than an assigna.ble quantity. 

You say ; — " Any way, if the received value of tt is wrong, the 

trigonoTnetrical expansion of tangent -x u -wrong, the whole theory 

of series u upset The result of the lunar and flanetary theory are 

utterly incorrect" In all this I quite agree with you. The received 

value of X is wrong. Hence it is, that Astronomers cannot agree 

among themselves as to the Sun's distance ! How can they find the 

*If we were to double, treble, or quaxlruple the number of decimals 
representing the terms, it is self-evident, that the result of the sum would 
be, Ihe integer 3, with the repeating decimal 9 to the last place of decimals, 
and less than 4 by an assignable quantity. 
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Sun's distance while they remain ignorant of the true value of it ; 
or in other words, while they remain ignorant of the true ratio 
between the diameter and circumference of a circle ? How can they 
find the Sun's parallax, until they know the true diameter of the earth ; 
a thing essential to the discovery of the Sun's parallax ? 

You next say ; " // can only be by accident that eclipses, ^c, 
have recently occurred at the predicted times'' In this you are 
wrong, ff does not enter into the calculations by which eclipses are 
foretold. Eclipses were predicted by the Chaldeans more than 3000 
years ago. The echpscyou refer towill occur again.after 223 lunations, 
or after a period of about 18 years and 1 1 days. The period of 18 
years and 11 days for 223 lunations was known 10 the Chaldeans. 
They only predicted an echpse to the day, but the records of careful 
observers in more recent times, enable Astronomers twrn to predict 
an eclipse to a second of time. 

Now, my dear Sir, you know that " Logarithms may be con- 
sidered the indices or arithmetical series of numbers, adapted to the 
terms of a geometrical series, in such sort that o corresponds to 1, or 
is the index of it in the geometricals," 

r, 2, 3, 4, Si &c., indices or logarithms. 
:, 4, 8, 16, 32, &c,, geometric progression." 
Hence: 

The Logarithm of 2 is ■30102995 to the base 10, and is given 
in tables calculated to 7 places of decimals, as ■30!03oo. The 
Logarithm of 3 is -477121255, and is given in tables as -4771213. 
And these values of the Logarithms are sufficiently accurate for all 
practical purposes. 

Well, then, in the arithmetical series, -fj -\- iV + -I'^&.c., to 17 
terms, we obtain the following result : or in other words, worked out 
arithmetically we get as the result, i ■9999999999999992- Now, the 
Logarithm corresponding to the natural number 1-9999999999999992 
is 03010300333333331656, calculated by the difference as given in 
Button's Tables, and this is the Logarithm of the natural nxaahtr 2, 
given in tables as '3010300, ■which is sufficiently accurate for all 
practicalpurposes. 

Now, if the circumference of a circle be represented by the 
arithmetical symbol 4, the diameter and area of the circle are 
represented by the same arithmetical symbols, whatever be the 



"Thus J 
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value of TT. Again ; in ihe analogy or proportion, A : B : : B : C, 

when A denotes - and B denotes i, then. C denotes the diameter 

4 
and area of a circle of circumference = 4, whatever be the value 
of TT. Again : ir must be greater than 3 and less than y2, and on 
the THEORY that 8 circumferences of a circle are exactly equal to 25 
diameters, ~ = 3'i25, is the arithmetical value of ir. Well, then, 
I can demonstrate that this is the true value of v, by inductive and 
deductive reasoning ; by constructive Geometry ; by Logarithms ; 
and by the " rfi/es of logic and common sense" when applied to 
" that indispensabh instrument of science, Arithmetic'' 

Well, then, in the analogy or proportion, A : B : : B : C, let A 

denote ^—^ and B denote i. Then; 78125 : i : : i ; raS, and 

4 
i'28 is the value of the diameter and area in a circle of circum- 
ference = 4. But, 3 times diameter = perimeter of a regular in- 
scribed hexagon to every circle, and - expresses the ratio between 
the perimeter of every regular hexagon and the circumference of its 
circumscribing circle, whatever be the value of jt ; therefore, 3 (I'aS) 
= 3'84 = perimeter of a regular inscribed hexagon to a circle of cir- 
cumference = 4 ; and, 3 : 3'i2S : : 3"84 : 4. But, 35 times i'28 = 
32 ; and 32 is the value of the area of an inscribed square to a 
circle of diameter 8 ; and the area of a circumscribing square is the 
double of the area of an inscribed square, in every circle ; and the 
area of a circle is found by multiplying the area of a circumscribing 
square by -, whatever be the value of jr. Now, if the diameter of 
a circle = 8, radius = 4, area of circumscribing square = 64, and 
area of inscribed square = 32. Hence : 3J (4*) = {(32 + ¥) + 
i(32 + V)}i that is, (3'i25 x 16) = {40 + J (40)}; and this equa- 
tion = area of the circle. But, {40 + i(4o)} =(64 x -J; that is, 

{40 + i(4o)} = (64 X 7812s), and this equation = ;o = area of 
of the circle ; and since we cannot get these equations by any other 
value of TT, it follows that 3'I3S must be the true arithmetical value 
of TT, and makes 8 circumferences = 25 diameters in every circle. 
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! shall send you one of my Pamphlets along with this commu 
* and I have a Letter, recently received from a recognihed 
Mathematician," in which he observes;— "/«ib'/ understand why 
Mathematicians have not thoroughly examined your reasonings 
long before this. The demonstration on pp. 14 and 15 ou^ht to 
have sufficed." You will find that, in this demonstrat on 1 h^ie 
established the true value of ir, by typothetically assumin^, a filse 
value of it. 

Let ABC denote one of 25 equal 
isosceles triangles inscribed in a circle, « 

with the angle B A C and its opposite side 
bisected by the line AD. By hypothesis, 
let the circumference of the circle — 360, 

Then: ^(360) = 6 (57'6), and this 
equation = 34S'6, and is equal to the peri- 
meter of a regular inscribed hexagon to a 
circle of circumference = 360 ; and by 
analogy or proportion, 34S'6 : 360 : : 3 : 
3-125. Now, '^ = 14-4 = 14° 24' = the 
angle B A C ; therefore, H^?^ = 7° 12' is 
the value of the angles DAB and D A C ; 
and, go° — 7° 12' = 82" 48' is the value of 
the angles A B D and A C D, when the 
values of these angles are expressed in 
degrees ; for, the angle BAG and its 
opposite side B C are bisected by the line 
A D, and it follows, that A D B and AD C 
are similar right-angled triangles. 

Well, then, by hypothesis, ABC represents one of 25 equal 
isosceles triangles, inscribed in a circle of circumference = 360, 
Hence: ^ = 14-4 = E C= ^^? = -^-'^ = 7-2 = DB. 8 (D B) = 
(8 X 7-2) = 57-6 = AB ; therefore, A B» — D B» = 57-6' — 7'2= = 
3J1776 — Si'84 = 326S'92 = AD' ; therefore, ^/326s■92= 57148228... 
= A D : and the triangles A D B and A D C ait 
* "The British Association in Jeopardy, &c." 
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surable right-angled triangles. But, -^-^ = -— g ='i25,and-i25 
is the natural sine of the angles DAB and D A C. -^^ = 
'' ^ . ' = -9921567, and '9921567 is the natural sine of the angle 
AB D i andj'Da will admit that the sines and cosines of angles are 
the complements of each other. Now, the Logarithm correspond- 
ing to the natural number '125 is 9'0969ioo ; and this is the Log.- 
sin. of the angle DAB. The Logarithm corresponding to the 
natural number '9921567 is 9'99658oz ; and this is the Log.-sin, of 
the angle A B D.* 

Let the length of A B, the side subtending the right angle in the 
right-angled triangle A D B, be represented by any finite arithmeti- 
cal quantity, say 77, and be given to find the lengths of the other 
two sides D B and A D, and prove that the sides A B and D B are 
in the ratio of 8 to i. 

* In this paragraph I have fallen into more than one lapsus. To dearly 
express my meaning it should have run as follows : — 

Weil, then, by hypothesis, ABC represents one of 35 equal isosceles 
triangles, inscribed in a circle of circumference = 360. Hence ; ^ = 
14-4 = the angle B A C, '-iJ = 7-2 ~ the sine of angle DAB, to a circle 
of circumference = 360 = DB. 8 (DB) = 8 x 7-2 = 57-6 is the value 
of an arc equal to radius, to a drcle of circumference = 360 = A B ; 
therefore, AB'— DB' = 57'6= — 7-3' = 331776 — 51-84 = 3265-92 = 
AD=; therefore, V 3^6 5-92 = S7'i4S228.., = A D, and the triangle A D B 

is an incommensurable right-angled triangle. But, -jpa ~ TZ'.f. ~ 'l^J ; 
57-148238 
57-6 ~ 

'9921567 ; and -9921567 is the natural sine of the angle A ED; and you 
will admit that the sines and co-sines of angles are the complemenls of each 
other. Now, the Logarithm corresponding to the natural number '125 is 
9-0969100 ; and this is the Log.-ein. of the angle DAB. The Logarithm 
corresponding to the natural nimiber -9921567 is g-9965802 ; and this is the 
Log. -siu. of the angle A B D. 

The reader will observe that, in this Letter, I have employed the term 
''«flA«B/ji»«" in the same sense that is attached to it by Mathematicians ; 
that is to say, that the natural sine and trigonomiMcal sine of an angle are 
arilhmdically the same ; but, in my Letter to his Grace the Duke of 
Bucdeuch, I have proved that the natural, geometrical, and trigonometrical 
sines of an anglo, may be — atithmelkaliy—sW different. 



and '125 is the natural sine of the angle DAB. ^- - 



Hosted by 



Google 



24 

1 shall assume that you admit DAB and AB D to tie angles 
of 7" T3' and 83° 4.8'; for, to dispute these facts would simply be 
equivalent to asserting, that '4e is not equal to f 4'4 ; fr, that (2 + a) 
is not equal to 4. 
Then: 

As Sin of angle D = Sin 90" Log. 

: the given side A B = 77 Log. 1-8364907 

: : Sin of angle D AB = Sin 7° 12' Log. 

io'9834oo7 



.9834007 



Again : 
As Sin of Angle D - Sin 90'' 

: the given side A B = 77 

: : Sin of angle AB D = Sin 82° 4 



..Log. 
..Log, 



■8864907 
■9965802 
■8830709 



Hence : 

A B : D B : : 8 : I i that is, 77 : 9-625 ; : 8 : i. 
And,(AD= + DB') = (76-3960659^ +9-625^) = (5836-35884997714281 

+ 92-640625) = 593S-99950999714281, and is a very dose 

appraximation to 77' = 5929. 

Now, my dear Sir, I need not tell you, that the trigonometrical 
functions of angles are not lengths, but ratios of one length to another; 
but, I may tell you, that it is only when a right-angled triangle is 
commensurable, that the ratios of side to side can be given with 
arithmetical exactness. Well, then, the right-angled triangle A D B 
is iacojnmensurable. But, the ratio of the side A B to the side D B 
is as I to -125, or, as 8 to i, and is arithmetically exact ; but the 
triangle being incommensurable, we can only arrive at an approxi- 
mation to the ratios between the sides A B and A D, and be- 
tween the sides A D and B D ; but, we can make this appioxi- 
mation as close as we please, by extending the number of decimals. 
With Logarithms to 7 places of decimals, the ratio of A B to AD is 
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as I to -9921567, and the ratio of A D to B D is as -9921567 to -125 ; 
and these ratios are sufficiently accurate for all practical purposes. 

Now, by Hutton's tables^and I take Hutton because he carries 
his logarithms to seven places of decimals— the natural sine of an 
angle of 7° 12' is given as "I2S3332, and the natural sine of an angle 
of 82° 48' as ■9921147 ; the former ^^n/tr, and the latter less, than 
their true value. I have been told by one of the first " recognised 
Mathematicians " of the day, that my reasoning on the ratio of 
diameter to circumference in a circle, will aot"sianii the test of 
logic and common sense .■" but, I cannot help thinking that you, 
my dear Sir, will find it a very difficult matter to prove by " the 
rules of logic tind common sense" eilhtv ihntihe s.\i%lt B A D, in the 
right-angled triangle A D B, is not an angle of 7° 12', or, that -125 is 
not the trtie value of the natural sine of this angle 1 1 

You will now understand, that i maintain, not only that " the 
received value of it is wrongl' but that the received " trigonometrical 
expansion of tangent 'x is 5f«>M^," and the received "Mi'O?^ of series" 
a fallacy. 

In the enclosed Fig. (see Diagram I.), let A and B be two points 
dotted at random. Join AB, (Euclid: Post 1,) Produce AB to 
C, malting A C equal to five times A B. (Euclid : Post 2.) With 
A as centre, and any interval greater than the half of A C, describe 
the circle X ; and with C as centre, and the same interval, describe 
the circle Y. (Euclid : Post 3.) The circumferences of these circles 
intersect each other at the points a and b. Join these points. 
Then, the line a b bisects the line C A, at the point O. With O as 
centre, and A or O C as interval, describe the circle Z. With C 
as centre, and C B as interval, describe the arc B D, and join C D 
and A D, producing the right-angled triangle C D A (Euclid ; 
Prop. 31, Book 3). With A as centre, and AD as interval, describe 
the arc D E, and join E D, producing the triangle E A D, which 
is an isosceles, but not an equilateral triangle. From the angle A 
draw a straight line at right angles to C A, and therefore tangental 
to the circle Z, to meet a perpendicular let fall from the angle D in 
the triangle C D A, at the point G. Draw D F perpendicular to 
C A, and therefore parallel to G A, and join F G. From the point 
O, draw a straight line parallel to C D, to meet and terminate in 
the line AG at the point H, and join DH. The lines O H and 
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F D intersect each other at the point M. Join M A, producing the 
equilateral parallelogram MAHD. From the angle D, in the 
triangles C D A and CDF, draw a straight line through the point 
O, the centre of the circle Z, to meet and terminate in the circum- 
ference of the circle at the point K, and join C K and A K, pro- 
ducing the rectangular parallelogram CKAD; which is an inscribed 
rectangle to the circle Z, Produce C D to meet A G produced, at 
the point L. Produce abta meet and terminate in the line C L, at 
the point P, and join P H and P A. 

Now, my dear Sir, you will observe that I might have adopted 
a ditferent method of construction. For instance : instead of saying 
with A as centre, and A D as interval, describe the arc D E : I 
might have said, with A as centre, and | (A C) as interval, des- 
scribe the arc E D ; and you will see that the result would have 
been the same. 

Now, CD = CB ™J (CA): andAD = AE = |(CA), by 
construction. O II is parallel to C D, and therefore parallel to C L. 
KA is parallel to O H and C L. D G is paiallel to CA, and D F 
is parallel to A L, and perpendicular to C A and D G. D A is 
parallel to C K, and at right angles to C D, and is therefore perpen- 
dicular to C L. C D A and C K A are similar and equal right- 
angled triangles, and CA, the diameter of the circle Z, is the 
hypothcnuse of, and common to, the two triangles. All these facts 
arise out of the construction of this remarkable geometrical figure. 
Let C A, the diameter of the circle Z, = 8. 
Then; C D = K A == C B = J (C A) = 6'4 

D A = C K = A E - |(C A) =4-8 

DL = ^(DA) == 3'6 

CF= f (CD) = 5-12 

DF (GA) =|(CD) =3'84 

FA =r. DG = {CA — CF)^ -(DA) == 3-8S 



G L = (A L — A G) = |(D G) 

C L = 4 (C A) 

OH = PA = PC=PL = ,',(CL) 

OA = OC = i(CA) 

AH ^OP=J(AL) 

HG=FM = (AG — AH) 

FE = (AE — AF) 

CE _(CA — E A) 

P D == (C D — P A or P C) 



= 2t6 
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Then : liy analogy or proportion : 

CF : FD ; :FD :FA; thatis, 5'i2 ; 3'84 : : 3-84 : 2. S3, 
and, CD:DA::DA:DL; that is, 64 ; 4.-S : : 4*8 : 3'6. 

The sum of the squares of the four sides of the parallelogram 
F A G D ^ the sum of the squares of the diagonals F G and D A. 
The sum of the squares of the four sides of the parallelogram 
O A H P = the sum of the squares of the diagonals O H and P A- 
But, this equation ^ 3^ (O A'), that is to say, when the diameter of 
the circle 2^3, then, 3^(0 A") = 3^(4") = 3T35 >; 16 = 50. 
But, 3i(OA=) = (0A'' + AH" + 0P» + P H'), that is,(3'izs ^ 16) 
= 16 + 9 + 9 + 16, and this equation = 50 =r area of the circle Z. 

Now, O A H D is a quadrilateral, and the sum of the squares of 
the four sides ^ the sum of the squares of the four sides of the 
parallelogram OAHP; that is, (OA'+AH'+ODMDH') = (0A«-1- 
A H' + O P' + P H'),and this equation = area of the circle Z. But, 
" in any qtiadrilaieral the sum of ike squares of the four sides is 
equal to the sum of the squares of the diagonals, together •with four 
times the square of the line joining the middle points of the dia- 
gonals'' Now, when the diameter of the circle Z=8,then, - ■ --^ — 
4---3 ;= — =, '7, and this is the length of the lino that would join 
the middle points of the diagonals in the quadrilateral O A H D. 13ut, 
4j - - -1 = 4{7') = 4 X '49 = 1-96 =DP' ; and it follows, 
that the sum of the squares of the diagonals in the quadrilateral 
OAHD + DP' =31 (OA=), thatis, (O H' + D A ' + D ?') = 
3^(0 A'); or, {5' +4-8' + r4') = 3J (4'); or, (25 + 23'o4 + 1-96 = 
(3"i25 X 16), and this equation = 50 = area of the circle Z. 

Again : M A H D is an equilateral parallelogram, of which the 
sides = 3, and the diagonal D A = 4-8, when the diameter of the 
circle Z = 8 ; therefore, — = 2-4 = D :r, and D # M is a right- 
angled triangle; therefore, DM' — D;f= = 3= — z'4= = 9— 576 
= 3-24= M;i-*; therefore, ^3-24 = i-8 = M^; therefore, 2 (Ma-) 
= 36 = the diagonal M H. Hence : the sum of the squares of the 
diagonals = the sum of the squares of the four sides of the paral- 
lelogram MAHD, that is, (4.8= +3'6') = 4(3'), or, [23*04 + I2'96) = 
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(4 X 9) ^nd this equation ^ 36, and is equal to a square on A L the 
base of the right-angled triangle C A L. 

Now, D F O is a right-angled triangle, and D O is a radius of 
the circle Z = 4, and D F = 3'34 ; therefore, [D O' — D F°) = (4° 
— 3-84°) = ^i6 — 147456) = 1-2544 = F 0' i therefore, ./i-2544 
FO 
'' D O = 



2 = F 0. But, z— ■ = ~— = -28, and this is the natural si 



of the angle O D F : and, — = -■- = -96, and this is the 
natural sine of the angle D O F. Again : A D P is a right- angled 
triangle, and the side AP = 5, the side DP = r4, and the side 

A D = 4-8. Hence : ^ = '-f = '^^ ■ and, J^ = y = '9('- 
Again : A F M and D G H are similar and equal right-angled 
triangles. Take the triangle D G H. The side D G = 2'88 ; the 

side G H = -84 ; and the side D H = 3. Hence : ^ ^ = = '^^i 
and ^ = — ^ = -96. Hence : the triangles D F O, A D P, 
A F M, and D G H, are similar right-angled triangles, and have 
the sides that contain the right angle in the ratio of 7 to 24 ; the 
hypothenuse to perpendicular.in the ratio of 25 to 7; and the hypo- 
thenuse to base in the ratio of 25 to 24. In all these triangles 
the acute angle is an angle of 16° 16', and the natural sine = '28, 
and the obtuse angle is an angle of 73° 44', and the natural sine = 
■96. You may readily convince yourself that these are the true 
arithmetical values of the natural sines of the angles, and not 
■2801083 and -9599684, as given in Mutton's Tables.* 

Again : The triangles A O P and A D L are similar right-angled 
triangles, and when the diameter of the circle Z = 8, A O = 4 : 
■0 P = 3 : A P = 5 : A D = 4-8 : D L = 3*6 : and A L = 6. 

Hence : -—r = ---- , that is, 7 = V = S, and this is the natural 
AP AL S 6 

sine of the angles A P and DAL; and, ^ = ^, that is, * 

;= ~ = '8, and this is the natural sine of the angles AP O and 

* It is self-evident (hat — geometrically — tlie natural sines of the angles in 
the trianglesDFO, ADP,and AFMarealldifferenl. Hence, -28 and '96 
are not the arithmetical values of the na/nnil smts, hut oS the Irigsnomtlrkal 
Sims of the acute and obtuse angles. 



Hosted by 



Google 



29 

ALD. The acute angle in these triangles is an angle of 36° 52', 
and the obtuse angle an angle of 53° 8'— and again I say, you may 
readily convince yourself that '6 and -8 are the true arithmetical 
values of the natural sines of these angles, and not '5999549 and 
■8000338 as given in Hutton's Tables. I need not point out the 
numerous right-angled triangles in this remarkable geometrical 
figure, which have the sides that contain the right angle in the ratio 
of 3 to 4. 

Now, it is self-evident, that the angles O A P, PAD, and 
DAL, are together equal to the right angle O A L. If it be said 
that this is not self-evident, the proof is very simple. We have 
only to describe an arc from a point in C A to a point in A L, with 
A as centre and A P as interval, thus describing a quadrant of a 
circle, of which the angle A would be an angle at the centre = 
90° Hence : the angles O A P, PAD, and UAL = (36° 52' + 
16° 16' + 36° 52'), are together equal to a right angle = 90°, 

I must now direct your especial attention to a right-angled 
triangle in this remarkable figure, which has no companion ; that is 
to say, there is no similar triangle in the figure. This is the triangle 
D F E, of which the sides that contain the right angle are in the 
ratio of 2 to I. Now, when the diameter of the circle Z = 8, the 
side DF = 3'84, and the side FE = 1-92; therefore, D F' -^ 
FE' = (3-84' + 1-92') = (147456 + 3-6864) = i8'432 = DE^; 
therefore, Vi'8'433 = 4-2932$ = D E, approximately; and the 

triangle is an incommensurable right-angled triangle. But, r—r. - 

natural sine of the angle 

F D E ; and, ---^ = — = "8944272, and this is the natural 

■L) i^ 4 '25325 
sine of the angle D E F. The angle F D E is equal to half the 

angle F D C = — — = 26° 34', and makes the angle U E F, and 
angle of 63° 26'. 

Well, then, it is perfectly obvious, that in a right-angled triangle 
of which the sides that contain the right angle arc in the ratio of 
2 to t ; the arithmetical value of the natural sine of the obtuse angle 
must be the double of the arithmetical value of the natural sine of 
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the acute angle. No angle answering to this is to be found in tables of 
natural sines, and it follows, by " the rules of logic and common 
sense" that these tables avc fallacious. You will find that an angle 
oi 26° 34', approximates very nearly to this requirement, the natural 
sine and co-sine being given as ■4472388 and ■8944146. 

Now,byliypotheais,let CAthediameter of thecircleZ = r. Then: 
-^- = ; = -5 = O A = radius. Hence : 4^ (O A) = ^^—^ = —^ = 
■5203333333 with 3 to infinity. But, 6 times '5203333333 = 
3.124999998, and "represents to us the determinate arithmetical 
value''' 3"i25, as certainly as the never ending series r + i + i + s 
+ Tir ''"A +1 ^Q-i''^ represents tons the determinate arithmetical value 
2." Well, then, this makes 3-125 the true arithmetical value of tt. 
Hence : ~!(3"r2S) = -i— ■ — -■ = 3, and it follows of necessity, that 
— and — -— are equivalent ratios, and both express the ratio between 
the perimeter of every regular hexagon and the circumference of its 
circumscribing circle. 

Now, D F C is a right-angled triangle, and D E C a part of it, is 
an oblique-angled triangle. Hence: {D E' -h E C= -t- 2 (E C x E F)} 
= C D' ; that is, { 18-432 -F 10-24 + 2(3"2 ;< 1-92)} = 6-4^ ; or, (i8'432 
-H 10-24 + 12-288)= 40'96. Again : D F C is a right-angled triangle, 
and D F O a part of it, is an oblique-angled triangle. Hence : 
{DO' + OC ■H2(0C X OF)} = DC", that is, {4' 4- 4' +2(4 x 
1-12)} = 6-4' : or, (16 -F 16 + 8-96) = 40-96. Again : A D C is a 
right-angled triangle, and A P C a part of it, is an oblique-angled 
triangle. Hence: {AP= + PC^ -t- 2{P C x P D)} = C A= ; that is, 
{S= +5'-!- 2(5 X 1-4)} = 8'; or, (25 -H 25 -H 14) =64. Again: DGA 
is a right-angled triangle, and D H A a part of it, is an oblique- 
angled triangle. Hence: {DH'+ HA^ + 2(HAi< H G)} = DA': 
that is, {3'■^3=-^2(3 X -84)} =4-8=; or, (9 + 9 + 5-04) = 23-04. 
Again : the triangle D F C and D F A on each side of D F, are 
similar to the whole triangle C D A, and to each other. Again : the 
triangle ADC and A D L on each side of A D, are similar to the 
whole triangle CAL, and to each other. Again: the triangles 
DGA and D G L on each side of D G, are similar to the whole 
triangle A D L, and to each other. 
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Now, my dear Sir, you cannot fail to perceive, that from tlie 
properties of this remarkable geometrical figure, we can reason — 
"soundly and logically" —'CasA Euclid is not at fault in the 12th 
proposition of the second book, and 8th proposition of the sixth 
book: and yet, it may be readily demonstrated, that Euclid is at 
fault, in. attempting to make these propositions of general and 
universal application, and therefore true under aU circumstances. 

In conclusion, I may observe : — Without putting you to the 
inconvenience of purchasing any of my publications, I cannot help 
thinking that in this communication I have given sufficient 
information to convince you, that neither by the series 



J^SJLjf. .?.. ■ 1 + . J_ / J )" + &c. I , nor any other series, c; 

arrive at either the true arithmetical value of tt, or the ti-ue 
metica.1 value of the natural sine of an angle, 
Believe me. 

My dear Sir, 

Very truly yours, 

James Sim 
Professor W. Allen Whitwortii, 
QueeT^s College. 



The Rev. Professor Whitworth to J.ames Smith. 

hiY's.RPOOi., November 2&fk, r868. 
My Dear Sir, 

I am surprised that you should write on page 4, of your 
Letter, \ = ■142857, |. = 'iSS^H, &c., and then add up these results, 
as if the decimals stopped after six places. Of course we can get 
no true results, unless we recognise the fact that the periods of 
decimals continue ad injinitum. The same remark applies to 
reasoning on p. 3, about the fractions ^^^ ^\, ^^ 
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I perceive by your obsei-vation, on page 5, that you do not 
realize what we mean by a series tending to a limit. Neither of the 
series which you name, has the property which you attribute to both, 
viz. :that by an extension of the numher of terms they can be made to 
tend towards an integral finite quantity, and differ from that finite 
quantity by less than any assignable quantity. You seem to speak 
indifferently of the series (a) ^ -)■ f + f + ... and of the smaller series 

(fi) '142S57 + ■385714 + -428571 + You would be quite right in 

asserting that 7 terms of (o) come to 4, that 14 terms come to 15, 
that 21 terms come to 33, that 28 terms come to 58, and so on. But 
you must use the word tend ia a ditferent sense from that in which I 
use it, if you say that the sum of this series (o) tends to anything 
but 00, 

But it is probably to the series (fi) that you intend the assertion 
on page 5 to apply. But then this series does not tend to a finite 
quantity. All you can mean is, that by takinga certain fixed number 
of terms, you can make the sum come very nearly tacerta-rn different 
integral sums. But I simply do not understand the assertion, that 
the sum can be made to differ from such a finite quantity, by less 
than any assignable quantity. For instance, if 1 assign the quantity 
jJ-^, can you by extending the number of terms of the series (fl) 
make the sum differ from 4, by less than the assigned quantity -^} 
The case is quite difTerent with such a series as I instanced. I 
say that the sum of the series i + ^ + i +.4 + \s + ^'^■> tends to the 
limit 2, and can be made to differ from 2 by less than any assigna- 
ble quantity, by sufficiently increasing the number of terms. For 
instance, if you assign the quantity -^^ you have only to take 61 
terms of the series, and the sum of those 61 terms will diifer from 2 
by less than y'-^, and similarly for any other assignable difference. 

Of course you see that as f is not equal to -142857, the two 
series (a) and (B) are totally distinct series ; and the series {7) 
■142857142857 + -285714285714 +, &c., would again be an entirely 
different series from either of the others. 

I again repeat, that if the value of tt, and the theory of series 
be upset, the calculations of eclipses are upset also. It is true that 
the rough periods of 18 years 11 days, and the hke, have been 
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gathered from observation ; but tlie accurate calculations of the 
exact second at which an eclipse occurs depend upon mathematical 
reasoning, which must be abandoned if you upset tt and the theories 
of series. 

With respect to your reasoning on page 7, I would point out 
that you cannot infer, that, because two numbers have the same 
Logarithm to 20, or to 100 decimal places, therefore they are equal. 
For the two numbers may differ hy a quantity so small as only to 
affect the loist decimal place in the Logarithm, and yet sufficient to 
destroy equality between the numbers, 

I am much obliged to you for giving me, on pages 8 and 9 of 
your Letter, what you consider a proof that ir = '^^ . You, however, 
unfortunately assume your result, and merely shew that it leads to a 
true conclusion : and you say, that we cannot get these equations 
by any other value of ir. If you c^Tiprove this last assertion, it may 
complete your demonstration, but, of course, if any other assumed 
value of IT will give the same identities at last, the claim of 3J falls 
to the ground. 

Now, it appears to me, that if you will assume it = any fraction 
whose numerator and denominator are powers of 5 and 3, the same 
identities will be obtained. For instance, we may write V instead 
of V ^ through your work, and the result holds good. Or the 
same "proof' will equally apply to t = 4if ■ May I ask whether 
you tried such numbers as these before you asserted that tt = 3'i2S 
was the only hypothesis that would lead to the true result you 
gained ? 

Indeed, any value assumed for x would satisfy your argument 
on pages 8 and g, if we were to work algebraically. The only reason 
why V^, or -1X5, or 3'i4i59 seem to fail is, that these numbers them- 
selves, 01; else their reciprocals when expressed arithmetically in 
decimal notation, have an infinite series of figures in their CKpansion, 
and you only take a few of them. 

I give you the credit of desiring only to arrive at the truth in 
this matter ; you will therefore not think me ill-natured in pointing 
out the fallacy of your reasoning — I feel sure that, on the contrary, 
you will thank me. I, for my part,— if it be true that tt = 3'i2S— 
should be glad to arrive at that truth. But, as yet, I have found no 
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flaw in the argument by which it is shewn that tt has the value 
defined in my last Letter, nor have I met with an argument in 
favour of any other. 

Looking at pages 14 and 15, I find that you prove, at consider- 
able length, that (i) when tt = Vi and (2) when w = 3'i4i6, we 
have the following equation :— 

Circular measure of 90° 
Circular measure of ^^^th of 360° = °*^S- 
No one would have doubted this, since the numerator and denomin- 
ator of the first fraction, are evidently in the ratio 25 : 4 ; and 
therefore, (whatever assumption be made about jr,) the fraction = 
V ^ 6'2S. But you observe, and truly, that, on your hypothesis, 
this number 6-2$ expresses the circumference of a circle whose 
radius is unity ; and, oa the orthodox theory, it does not. But, 
you have not shewn value. When you have tried jt^ V) a"d found 
it to answer all the purposes to which you apply ir => V i in your 
Letter ; you will perceive that your argument, ingenious as it is, 
really proves nothing. 

I now pass on to the next argument you put forth. You refer 

me to a pamphlet, of which you kindly forward a copy ; and you 

quote a Letter from a "recognised Mathematician " (recognised by 

whom ? ? ?) who says the demonstration on pp. 14 and 15 ought to 

have sufficed. 

i_ ,j ■. 1, . J 1. . Circular measure of 00° 

Why should it be expected that jt- ; ■ . . > — r 

Cncular measure of ^ of go 

should represent the circumference of a circle of radius unity .'' We 

cannot draw an inference in favour of either theory, and all that is 

proved is this ; i^/ the two theories do not agree, which 1 think we 

knew before. 

Perhaps it will suffice to stop here for the present, and leave 
the discussion of your other arguments till you have considered the 
objections to these. 

Of course a plurality of proofs is needless. If you can give one 
proof that IT ^ Vi we shall be satisfied. 

I would point out, in conclusion, that as our question is not about 
the approximate value of ir, but its absolute value ; no satisfactory 
arguments can be drawn from elaborate calculations which assume 
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the APPPOXIMATF, values of logarithms, and of trigonometrical 
ratios. At least, yon must not use these approximate values without 
calculating to what degree the error of the approximation will affect 
the accuracy of the result. 

As I tind that, in the latter part of your Letter, you quote 
Euclid, may I enquire, before I study that part of your argument, 
whether you have given up the idea that " Euclid is at Fault ;" or, 
if not, where his fault begins? You assume Prop. 31, Book 3. Shall 
you object to ray assuming, in reply, any proposition previous to 
this one ? 

I hope you are not going to drag my name into a pamphlet, as 
I don't like notoriety. But if you do publish any of the Letters 
which you have addressed to me, giving ray name, I should wish 
this Letter, in its integrity, to accompany them. I should, however, 
much prefer to escape the publicity which I see you have given to 
previous Correspondents, as my only wish is to convince— or to be 
convinced — (as the case may be) of the TRUTH, and not to estab- 
lish a tournament for the entertainment of others. 
I am. Sir, faithfully yours, 

W. Allen Whitworth. 

P.S. — I thank you for your kind invitation, but I at present 
arrange not to go out to Seaforth. W. A. Wh. 



James Smith to The Rev. Professor Whitworth. 

Barkeley House, Seaforth, 
Saturday Evening, 

i%th November, 1868. 
My Dear Sir, 

I beg to thank you for the promptitude with which you 
have replied to my Letter dated 23rd inst.,— posted yesterday — 
which could only have come into your hands this morning. 

I assume that your knowledge of my pamphlet, " Euclid at 
Fault," is limited to the quotation taken from the Liverpool Leader, 
of 19th September, 1868, and given in your original communication, 
from which you inferred that I am a maligner and libeller of " recog- 
nised Matkematicians" 
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I send you, herewith, a copy of " Euclid at Fault," and if you 
compare the diagi'am in it, with that enclosed in my last communi- 
cation, it will be self-evident to you, that both contain a rectangular 
parallelogram within a circle, having all the angles touching the cir- 
cumference : and I put the following questions to you ; — 

Can dis-sirailar rectangular parallelograms be inscribed in 
circles of the same diameter, and have all the angles touching the 
circumferences ? 

When the diagonals of the rectangular parallelograms, in the 
two diagrams, are represented by the arithmetical symbol 8, what 
are the arithmetical values of the sides of the parallelograms ? 

Waiting the favour of your answers to these two questions. 
Believe mc, my dear Sir, 

Faithfully yours. 

James Smith. 
The Rev. Professor Whitwoeth. 



The Rev. Peofessor Whitworth to James Smith. 

Liverpool, November ■2%th, 1868. 
My Dear Sir, 

Continuing my examination of your Letter received this 
morning, I now come to your geometrical construction in pages 
15, et seqq. 

When I come to page 19, 1 find that you assume it = 3^. 
Consequently the deductions from your argument can not be taken 
a^ proving tt = Sj-— you argue in a circle. 

However, none of your results are very startling, till we get to 
page 21, where you assume, without proof (and I should say you 
wrongly assume,) that certain acute angles in your figure are 16° 16' 
exactly. Pray how do you arrive at this conclusion ? Is not the 
angle a very small fraction less than this ? I will giant that the 
sines of your angles are -28 and '96, but I deny that the angles are 
exactly i6° 16' and T>,° 44', 
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But the most curious instance of false reasoning, which I have 
met with, is on page 23. You shew that two angles must have their 
sines in the ratio of 2 to i : and then you observe that no angles, 
satisfying the required conditions are found in the published tables : 
whence you reason that the tables must be ivrong, forgetting that the 
tables only register the sines and co-sines of angles which contain 
a^ integral number of seconds (or it may be, minutes). The only 
conclusion therefore which " the rules of logic and common sensi' 
can lead you to is this, that the angles in question do not contain an 
integral number of seconds (or minutes). If I had any tables here, 
I could readily calculate to the decimal of a second what the angle 
must be. You will probably find it VERY little less than 26° 34'. 

(Its circular measure ~ \ — ^t + tStt—wb + j5iiE^ifisY¥ + 1 

ad infinitum^ 

I am sorry to have to object to one of your statements on page 
24, when you say that "3'I34999998 represents to us the determinate 
arithmetical value 3-125," luhich is' as much as to say thaf 000000002 
== o. ! ! ! But of course I should be ready to admit that 
3'J2499999 (where the dots indicate that the 99... are to be con- 
tinued for ever) ; or, 3 ■1249 {where the mark over the 9 indicates 
that the 9 is to be repeated for ever) represents to us the determinate 
arithmetical value 3-i2S, as certainly as the never ending series 
' +i + 4 + i + ^c., represents to us the determinate arithmetical 
value 2, (where the " &c. " indicates that the series is to be continued, 
ad infinitum^ 

Finally, with reference to the paragraph at the foot of page 25, 
I must observe that, as Euclid's reasoning is perfectly general, his 
results in the propositions you name are true universally, unless 
there be a flaw in his reasoning. If there is a flaw you can doubtless 
point it out. If the propositions are not true universally, they are 
not true as Euclid states them, and therefore Euclid is at fault. But 
I am familiar with every step in Euclid's proofs, and have satisfied 
myself of the soundness of his arguments. I cannot see that when 
we eliminate the errors you have fallen into, which I have pointed out, 
there will remain anything in your Letter to justify any hesitation 
in accepting the orthodox value of tt, which is both finite and 
definite ; or to lead us to doubt the truth of the propositions to which 
you object, in the Second and Sixth books of Euclid's Elements. 
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However, as you think that Mathematicians have treated you 
with impatieoce and discourtesy, I shall be ready to read, with the 
utmost patience and the most courteous consideration, anything 
further that you may have to allege in favour of your views ; and 
shall also be happy to explain myself more fully, if you are unable 
to recognise the fallacies which I have attempted to point out. 

Will you please to consider this as a continuation of my Letter 
of this morning. 

And believe me, my dear Sir, 

Very truly yours, 
James Smith, Esq. W. Allen Whitworth. 



observe, with respect to your argument o 
isult is sufficient to prove that w is not V' 



P.S.— 1 omitted 
page 14, that your own re 

I adopt your con- 
struction of page 10, so 
that A is the centre of a 
circle in which is des- 
cribed a regular xxv.-gon, 
of which one side B C 
is bisected in D. You 
say, page 13, A B : B D 
= I : 125 = 8:1; 
B D = ^th of radius 
AB ; therefore, BC, the 
double of B D, must be 
Jth of the radius, or ^th 
of the diameter, i.e., 
chord B C = ^th of dia- 



But, arc B C = ijVth of circumference. 

= ^yth of Vth of diameter— 

on Mr. Smith's hypothesis 
= ^th of diameter. 
Therefore, Chord B C = Arc B C. 
Or the straight line is not the shortest distance between the two 
points B and C ! ! I 

I should think that this must satisfy you that you have been 
misled. W. A. Wh, 
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The Rev. Professor Whitworth io James Smith, 

Liverpool, iViJ'wwjfcj- 30/A, i868. 
My Dear Sir, 

I am very much obliged to you for your copy of 
" Euclid at Fault ;" for, though I read the Pamphlet some months 
ago, it may be convenient to possess a copy, to refer to in the 
present correspondence. 

I do not, however, quite understand whether you still hold the 
views expressed in tlie Pamphlet, or whether I am to infer, from 
your quotation of Euclid iii. 3i,that your confidence in Euclid's 
soundness is restored. Of course, if he is wrong in the Second 
Boolt, or in the Sixtli, there must be a flaw in his reasoning some- 
where, and his objectors ought to point it out. If he is wrong in 
Book ii., of course we cannot accept the results which he deduces 
in Book iii. 

You ask two simple questions in your Letter received this day. 
Whether you ask them in order to examine me, or for any other 
purpose, I have no objection to give you the answers which any 
Mathematician must give. 

To the first question, wc say that any number of dis-similar rec- 
tangles {i.e., "rectangular parallelograms") can be inscribed in circles 
of the same diameter, having all the angles touching the circum- 
ference. 

The second question falls to the ground, when the first is 
answered in the affirmative. For, as you can describe a thousand 
such rectangles, there is no limit to the number of different values 
which the sides of the parallelograms may have. I will give you as 
many as you please ; and, indeed, the Leader lias already answered 
an equivalent question, in the Article you refer to. 

Taking, as' you suggest, a circle whose diameter is 8 units of 
length, the following will express the lengths of the sides of various 
dis-similar rectangular parallelograms, which may be inscribed in it. 
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. Or we may get the following, 
incommensurable ; but which can 



And so on, as many as you plea 
of which the ratio of the sides 
be constructed geometrically with psrfect accuracy. 

Length, Breadth. Area. 



8th Rectangle 3 -Jl • 



9th 
loth 



i3tb 
14th 



■Jfs- 



■ 4 Vis 

■ • 3 V55" 
..i6j'3 

■ ■ s V39 
.^ 7 V.7 

Or you may take the following, in which the sides 
surable with one another, but incommensurable with the 
length ; and the area is commensurable with unity. 

Length. Bread 111. Area. 

i5th Rectangle Y Vs s Vs ^4^ 



3 V7... 



1 6th 



17th, the Square 4 J2 4 iji .... 

Any number of these may be determined at once 
I have supplied you, in these seventeen, with sufficient i 
rectangles dis-similar to one another, but all inscribable in a circle 
of radius 4. 

And now that I have answered, in all fulness, the questions which 
I had the honour to refer to you, may 1 recall your attention to the 
subject of my previous Letters, and ask you to mention if there is 
anything illogical or unconclusive in my review (in my Letters of 
Saturday last) of your arguments on the subject of the value of r. 
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And if you recognise and appreciate the correctness of my strictures, 
on the arguments you have adduced, will you point me to any other 
arguments which you can bi'ing forth to prove tt = "^'. If you can 
give me one single proof [in which I can detect no flaw) that your 
value of X is correct, I will then scrutinise once more the proofs by 
whicli the orthodox value of ir is established. Of course, both results 
cannot be right, and therefore either your argument or the argument 
of recognised Mathematicians must be unsound. I am quite ready 
to go on and find where this unsoundness hes. If you can give me 
a proof in which I see nothing illogical or unsound, I will imme- 
diately publish it in the Mathematical Journal* which I edit. 
If, on the contrary, I am able to point out something defective in any 
demonstration you may present, I think it will then, at least, be 
your part either to shew where is the fault in the orthodox proof, or 
else to acknowledge yourself in the wrong. 
Beliereme.dearSir, 

Faithfully yours, 



Jamf.s Smith, Esij., 
Seaforth. 



. Allkn Whii 



James Smith to The Rf.v. Professor Whitworth. 

Baekeley House, Seaforth, 
30/A November, 1868. 
Mv Dear Sir, 

You will see the importance of the questions I put in 
my short Letter of the 28th instant ; for, since H 0^ + O K' + 
2 (O K « O F) = H K=, in the diagram in " Euclid at Faults" that 
is to say, when the radius of the circle = 4, then, H O^ + O K' + 
2 (OK X OF) = 40, it follows, that ifthe lines CD and K A, sides of 
the rectangular parallelogram in the diagram enclosed in my Letter 

' "The Oxford, Cajnhridge, and Dublin Messenger uf Mathematics; a Jour- 
nal supported by Junior Mathemaiical Students of the Three Universities." 
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of the 23rd inslant, can be proved to be 1J40, when C A the dia- 
meter of the circle Z = 8, that Euclid is Mot at fault, and that I am 
altogether wrong. 

I cannot pretend to answer your Letter paragraph by para- 
graph, but in one part of it you say :—" JVow, it appears to me^ that if 
you will assume v = any/raclioH, whose numerator and denomina- 
tor are powers of$ and 2, the same identities will be obtained. For 
instance, we may write Vi instead of V) "^^ through your work, 
and the result holds good; or the same will equally apply ton = 
W\-^ This I must respectfully deny ; these are mere assertions, 
without a shadow of proof You then put the question : — May I 
ask whether you tried such numbers as these, before yau asserted that 
T = 3'I2S was the only hypothesis that would lead to the true 
result you gained f" I certainly never attempted anything so absurd 
as to assume such a value of ?r as W%, which would make the value 
of TT greater than the perimeter of a circumscribing square to a circle 
of diameter unity. But, I can show you some important conse- 
quences resulting from assuming V = 3'^ as the value of x. In 
the analogy or proportion, A ; B ; : B : C, when A denotes '4-' and 
B denotes i ; then, '8 : i : : i ; -125, and the product of the means is 
equal to the product of the extremes. Now, if the radius of a 
circle = '125, then, (6 >; '125) = 7; = the perimeter of a regular 
inscribed hexagon ; and 3 ;3"i25 : ; 75 : 78125. Hence: j-rVs ^nd 
■T^YsT are equivalent ratios, and both express the ratio between the 
perimeter of every regular hexagon and the circumference of its 
circumscribing circle. Again: 3'2 (lo x '125) = 3'2 x i'25 = 
3'9o63S. Hence : 3-90625: rzj :: 3-125 : 1, and it follows, that ^'^Vs'^ 
and ^'\^ ' are equivalent ratios, nnd both express the ratio between 
the circumference and diameter in every circle. 

Take the following example of continued proportion ; — 
A:B::B:C::C:D;:D:E. 
Let A = + and B = 5. 
Then 
C = 6-25 : D = 7-8125 : and E = 9765625 = 3-125' = jr* : and I 
must leave you to follow out the consequences. 

I am afraid you have read my Letter of the zgrd inst. too hastily, 
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for there are several points in your reply in which you " miS' 
mierpret" me. 

A short tirnc ago I received a Letter, of which the following is 
a copy. The writer is a well known author on Scientific subjects : — 

London, ijth October, 1868. 
My Dear Sir, 

I am to give a Lecture shortly, at the Crystal Palace, 
where they have Free Lectures once or twice a month during the 
season now commencing. As my subject takes in Astrology, 
Alchemy, Squaring the circle, &c. — I should like to shew the latest 
offered solution of the latter problem. Now, if it would be agree- 
able to you, I would put up, among my illustrations, an enlarged 
diagram of your mcthod^and read a short — -very short notice 
of it-— for I should necessarily be obliged to be brief 

I simply place these matters before my audience in an historical 
point of view, and shew that, to the present time, they are none of 
them wholly extinct. 

I saw very little of you at Norwich, but the fact is you had such 
a learned and lively coterie at the Royal Hotel, tliat we of the 
Norfolk were quite thrown into the shade I 
Hoping this will find you in good health, 

I am, Yours very truly, 

D. 

The following is a copy of my reply, which is plain and simple 
enough, and is based on facts admitted by Mathematicians, and 
ought to be convincing that the problem of squaring the circle is 
" un fail accanplL" 

Barkeley House, Seaforth, 
19/A October, 1868. 
My Dear Sir, 

I am in receipt of your much esteemed favour of the 
17th inst. 

In that communication you inform me, that you are to give a 
Lecture at the Crystal Palace shortly, and observe : — " As my 
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i-ubjecf takes in Astrology, Alchemy, Squaring the Circle, &'c., I 
should like to shew the latest offered solution of the latter problem'' 
Vou also sayr "Now, if it -mould he agreeable to you, I would put 
up, among my illustrations, an enlarged diagram of your method. 

Now, my dear Sir, my methods are manifold, but I can give 
you, " the latest offered solution " of the problem of " Squaring the 
Circle^'' atid am vain enough to think that I can make it a labour of 
love to you, to refer to it in your Lecture, 

The following geometrical theorem was long ago discovered, 
and known to Geometers and Mathematicians, 

"■ In any quadrilateral the sum of the squares of the four sides, 
is equal to the sum of the squares of the diagonals, together with 
four times the square of the lines joining the middle points of the 



Now, if I were to say that this theorem is not true. Professor de 
Morgan might very properly say of me -.—James Smith, Esq., of 
Liverpool, is nailed by himself to the barn-door, as the delegate 
of miscalculated and disorganised failure." * But, had that 
learned gentleman been "a reasoning geometrical investigator"— 
which he says I am not — he would long ago have made this theorem 
the means of " Squaring the Circle : " or, in other words, the means 
of discovering the true ratio of diameter to circumference in a circle. 

I construct the enclosed figure (See Diagram //.Jin the following 
way. i draw two straight lines at right angles,makingOtheright angle. 
From the point O in the direction O A, I mark off four equal parts 
together equal to O A ; and from O in the direction O B, I mark off 
three of such equal parts, together equal to O B, and join A B. It 
is obvious or self-evident, that A O B is a right-angled triangle, of 
which the sides that contain the right angle are in the ratio of 4 
to 3 ; by construction. With A as centre and A B as interval, I des- 
cribe the circle X, produce A O and B O to meet and terminate in the 
circumference of the circle at the points G and C, and join AC, C G, 
and B G, producing the quadrilateral A C G B. 1 bisect A G at F, 
and with O as centre, and O F as interval, describe the circle Z. 
The line O F is the line that joins the middle points of the diagonals 
in the quadrilateral A C G B ; and it follows, that, {A G= + C B' + 

" .Si-e Atheiuxum : 25111 July, 1S6S. Article: Our Library Table. 
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4(0F=jj ^ {AC- + CG' + BG- + AE'}. When A O = 4, we get 
the following equation {5= + 6' + 4 Us')} = {s' + 'Jio' + Jicr 
+ 5'j, or, (35 + 36 + 9) = (2; + 10 + 10 + 35) = 70. From the 
points B and C I draw straight lines at right angles to A B and A C, 
and therefore tangental to the circle X, to meet A G produced at D, 
and join B D and C D, producing the quadrilateral A C D B. I 
bisect A D at E, and with O as centre and E as interval, describe 
the circle X Y, and with E as centre and E A or E D as interval, 
describe the circle Y. 

By Euclid : Prop. 31 : Book 3 : the triangles A B D and A C D 
are right-angled triangles, and it is self-evident that A D is the hypo- 
thenuse of, and common to, the two triangles. It is also self-evident, 
that the triangles on each side of AO are similar and equal triangles ; 
and the triangles on each side of O D are also similar and equal trian- 
gles. It is also self-evident that the triangles on each side of B O and 
C O are right-angled triangles, and the sides B O and C O perpendicu- 
lar to A D, the diameter of the circle Y. Hence : By Euclid : Prop. 8 : 
Book 6 : the triangles on each side of B O are similar to the whole 
triangle A B D, and to each other : and the triangles on each side of 
C similar to the whole triangle A C D, and to each other. Now, 
(A O X. D) = O B= or O C r but, Euclid nowhere proves this fact : 
nor could he, without travelling out of the domain of pure Geometry. 
It can, however, be demonstrated, by wielding "i^Art/ /arf/^^jaW^ 
instrument of Science, Arithmetic''' By analogy or proportion, 
AO:OB;:OBtOD, and, A : C : : O C : O D : but to find 
the value of O D, we must put a value on some line in the figure, 
and have recourse to " that indis^eMsable instrmns}!! of Science, 
ArithmeticV * 

Now, by hypothesis, let A O = 4 ; then, O B = 3 ; by construc- 
tion. Hence : AO : O B : : O B : O D ; that is, 4 : 3 : : 3 ; 2-25 ; 
tlierefore, O D = 2'2S ; and it folloivs, that (A O x D) = O B^ 
that is, 4 X 2-25 = 9 = O B=. It is self-evident, that B O D is a 
right-angled triangle ; therefore, B 0' + O D' = B D' ; that is, 3' 
+ 2'25' = 9 + 50625 = I4X>625 = BD' ; therefore, x/i4'o625 = 

* See " Euclid's Elements of Plane Geometry." Hy W. B. Cooley, A. B. 
Appendix tu the Second Book, 



Hosted by 



Google 



46 

375 = B D : and it follows, that A B= + B D= = (A O -(- O D)' ; 
that is, 5' + 375^) = (4, + 2-2Sf ; or, (25 + i4'o625) = 6'2s' = 
39-0625 = AD^ ; therefore, A D^^ = J'i9'o€2l = 6-25. Now, AD is 
bisected at E ; therefore, E D = ^'f = 3T25. But, E D — O D 
= E O ; that is, 3-125 — 2^25 = -875 = E 0, and E O is the line 
that joins the middle points of the diagonals A D and C B in 
the quadrilateral ACDB, Hence: {AD= + C B' + 4(E0')} = 
{AC + CD' + BD= + AB'}; that is, {6-25' + 6' + Ai'^lS')} 
= {5° + 3*73' + 375' + 5'} ; or, {39-0625 + 36 -I- 3"o625} = {25 + 
i4-o625 + 14-0625 + 25}, and this equation = 78-12;. But, 
{AC + CD' + BD' + AB'} = 3i(AB=); that is, {2s + i4"o62S 
+ i4-o62S + 25} = 3'I25 X 25 = 78*125: and these equations = 
area of the circle X. Hence: 3-125 must be the true arithmetical 
value of TT, which makes 8 circumferences = 25 diam.cters in every 

Now, to upset this Geometrical coach. Mathematicians must 
prove one of two things. They must either prove that tt times the 
square of the radius is not equal to area in any circle ; or they must 
prove that the sum of the squares of the four sides in a quadrilateral, 
is not equal to the sum of the qu f 1 diagonals in the same 

quadrilateral, together with f u n 1 quares of the line that 
joins the middle points of th d ago a! 

Now, my dear Sir, if yo n q the circle, or in other 

words, if you want to get a sq a 1 q al in superficial area 

to the circle X, 1 will show y 1 fid From the point G, 

draw a straight line— say G N — perpendicular to E D, making G N 
equal to G D, Produce G A to a point M, making G M equal to 
{2 A G — G D}, and join M N. The square on M N will be the 
required square. (/ have indicated this square by dotted lines.) 
For example: If OA = 4, then, A G = 5, and GD = 1-25 ; 
therefore, (aAG — G D} - {10 — ras} = 8-75 = M G, and 
G N = G D = I-Z5 ; therefore, M G' + G N= = 3J (AB') ; that is, 
{875' + f2S'} = 3MS'); Oh {75-5635 + '■5625} = 3-125 ^ 25: 
and this equation = 78'i25 = area of the circle X, and area of the 
square on M N : and it follows, that the area of every circle is 
equal to the area of a square on the hypotlienuse of a right-angled 
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triangle, of which the sides that contain the rtght angle are in the 
ratio of ^ to i, and the sum of these two sides equal to the diameter 
of the circle. In. how many ways have I proved this fact by prac- 
tical or constructive Geometry ? 

The discovery that Euclid is at Fault has opened up to me new 
methods of examining the geometry of a circle. The tnmgles on 
each side of B in this interesting geometrical figure aie s m lar 
triangles, and similar to the whole triangle ABD and folio vs 
that the triangles on each side of C are similar triangles and 
similar to the whole triangle A CD. Now, by Euclid Pi op 8 
Book 6 : it is made to appear that t In a right-angled triangle, tf a 
perpendicular be drawn from the right angle to the opposite side, 
the triangles on each side of it are similar to the whole triangle and 
to each other, and that this is of general and universal application. 
This is not true ! You will observe that, I have not said in "Euclid 
at Faall," that under no circumstances is it true, but that it is not 
true under all circumstances. The reason is this 1 Euclid in his 
fifth book on proportion, attempted to make his theorems of general 
and universal appUcation, alike applicable to commensurables and 
incommensurables. In this, Euclid attempted an impossibility, and 
is of necessity at fault : that is to say, his theorems in the sixth book 
rest for their proofs on the lifth, and will not stand the test of " that 
indispensable instrument of Science, Arithmetic" and axe therefore 
not true under all circumstances, and this may be demonstrated in 
many ways. 

Well, then, Mathematicians assuming Euclid to be infallible, 
are led into the most extraordinary blunders. I will give you one 
instance. W. D. Cooley in his Appendix to the fifth and sixth 
books of Euclid, broadly asserts ; " Tofindtwo mean proportionals, 
or, A and B being given, to find x and y, so that A ; x : ; y : B is n 
problem beyond the reach of Plane Geometry T In a correspondence 
I am having with a gentleman, whose acquaintance 1 made at 
Norwich, I have proved the absurdity of this assertion in several 
ways : Mr. Cooley would be right, if ir were incomtnensurable, and 
Euclid not at fault. 

I was nearly forgetting what appears to me a very convincing 
proof of the true arithmetical value of ;7-. Every Mathematician will 
admit that 2 r (radius) = circumference in every circle : aodthatcir- 
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cumference >; semi-radius = area in every circle. Let us try what one 
of my correspondents calls " the Seaforth mince jt " by this test. 
Thea ; 2ir (A B) = 6-25 x 5 = 31-35 = circumference of the circle 

X : and, = V = 2'5 =^ semi-radius of the circle X : and it 

follows, that (E D X A B=) = 2 5r (A B) >c --!~^', that is, (31-25 >. 2-5) 
--= {3125 i< 35), and this equation^ 78'i2S ^ area of the circle X. 
I may put the following question to all opponents: — What in the 
name o/commoti sense can the arithmetical value ofir be but 3'iz5 ? 

I know of no diagram so wel! adapted as the enclosed, to a 
Lecture such as yours, it is simple in construction, is based on the 
admitted properties of quadrilaterals, and the proofs by means of 
it, so far as " Squaring the Circle " is concerned, can be brought out 
simply and shortly, and even made perfectly intelligible to a mixed 
audience. 

"ifai/^yi!/ /-rta/i" has brought me numerous correspondents, 
and kept me very busy while at Norwich. You would be greatly 
amused if you saw this correspondence, and I think it is very 
probable I may some day publish, it. I had something more to tell 
you, with reference to " Euclid at Faulty and may write you again 
when I have a leisure day, 

Beheve me, 

My dear Sir, 

Very truly yours, 

James Smith. 

Now, my dear Sir, you cannot fail to be acquainted with 
Cooky's Elements of Plane Geometry ; and Cooley was a ^''recog- 
nised Mathematician" You either agree with him, or you do not, 
in the assertion I have quoted from the Appendix to his Fifth and 
Sixth Books. Perhaps you will be kind enough to say which alter- 
native you adopt, and whether you would wish me to furnish the 
proof that Cooley is wrong. 

December ist. 

I had written so far when I received your second Letter, under 
date 28th November, and this morning's post brought me your 
favour of yesterday. You admit, that if the longer sides in a paral- 
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lelogram, of which the diagonals are 8 units of length, be 6'4, the 
shorter aides are 4.'8, making area 3072. And you also admit that 
the sides of an. inscribed square, to a circle of diameter S, are 4 s/l, 
making area 32. These admissions I wanted, and nothing more, 
and am sorry to have given you more trouble than was necessary, 
for which I must apologise. 

1 am not very well to day, and must therefore conclude this 
epistle ; but will take the earliest opportunity of replying to your 
last communication. 

Believe me, my dear Sir, 

Very truly yours, 

James Smith. 
The Rev. Peofessor Whitwoeth. 



The Rev. Professor Whitworth to James Smith. 

Liverpool, znd December, 1S68. 

My Dear Sir, 

Your Letter has just reached me. You gave me what 
professed to be tt ^ V* The whole cogency of your argument 
depended on the assertion contained in the words, " ive cannot get 
these equations by any other value o/'K^' 

I pointed out, that even such absurd suppositions as ir =: y 
or JT = W%, or, if you like, the equally absurd ?r := ^, or n- =^ any 
fraction, whose numerator and denominator are powers of 2 and 5 
only, will, in your way of working, produce your vaunted equations, 
or (as Mathematicians would call them) identities. And you com- 
plain that I give no shadow of proof of the assertion that these 
values will thus apply. But the onus probandi is on your side. It 
is you that profess to prove that 17 = V- And an essential step of 
your argument is found in the statement, "■n/f cannot get these equa- 
tions by any other vabte o/ir." Prove this statement, and your argu- 
ment may become complete. Leave it unproved, and you are 
begging the whole question. 
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Now, Sir, may I ask what proof you have that no value of r, 
except VjWill produce the said equation? You cannot prove it. 
But you have, perhaps, strong grounds for fancying it to be true, 
because you have (perhaps) tried one or two thousand other values 
for jr which seemed to fai! ! In this case, the only ground you CAN 
take up in defence of your argument is to sny," I assert that ir = V 
is the only value which will produce the identities, and I ant ready to 
shew you thai any other value you like to mention -will fail" But 
it appears from your Letter this morning, that you are not prepared 
thus to maintain your assertion. We are expected to accept it 
without proof, simply on Mr. Smith's ipse dixit; and if we suggest 
two or three other values which will equally apply, nay more, if we 
suggest that some admittedly absurd values have just as much claim 
to acceptance as V itself, they are thrown back at us, and the 
writer, who rests a whole argument on the assertion that nothing 
but V will do, declines to consider or to try whether other absurd 
values will do or not. 

Of course I do not want you to try the application of V or 4isi 
to your argument, unless you like ; but of course if you cannot 
defend the assertion that " we cannot get these equations by any 
other value o/tt " than ''^, your argument falls to the ground, and 
must be cast aside. 

This is the only case, in which you have objected to the argu- 
ments, whereby I have shewn that each of your proffered proofs is 
defective. 

You have given what you thought were proofs, and I have 
patiently, and I hope courteously, pointed out the fallacy of each one. 
We had better now rest until you are able to consider my observa- 
tions, and to determine whether there still remains to you any one 
argument, which you still conceive to be sound. 

But, 1 must point out a mistake you fall into respecting Mathe- 
maticians, and the ground they hold. 

You speak of them as assuming Euclid to be true, and I 
perceive you continually introduce a theorem with such words as 
these : — " 7he following was long ago discovered, and known to 
Geometers and Mathematiciansl' As if Mathematicians would 
accept a theorem without proof, because their predecessors accepted 
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it. Allow me to say that no Mathematician will accept a' 
as to a math.ematical truth, either on the authority of Euclid or of 
any one else. We accept Koi/iiii^ unless we can prove it. We do 
not assume Euclid to be true, but we continually refer to results 
which Euclid gives, because we have followed out for ourselves the 
arguments by which he establishes them, and thus they are proved 
to us ; but we do not expect any one else to accept them, unless he 
also for himself has followed out the reasoning by which they are 
established, and has satisfied himself of their truth. 

Ihavehardly patience to read thelongLetter,whicbyou copy out 
for me, addressed by yourself to " D," because it is full of miserable 
personalities ; but I see that you fall into your old fallacy of arguing, 
that because ^^ satisfies some conditions that v ought to satisfy, 
THEREFORE it is the true value of tt ; forgetting that is necessary to 
PROVE that 'J is the only value which satisfies the conditions. In 
all these so-called proofs you will arrive at the same result, if you try 
instead of y any other fraction whose numerator and denominator 
are powers of 2 and 5 only. And the only reason why I have to 
specify such fractions as these is, that other fractions would either, 
in themselves or their reciprocals, generate decimals which would not 
termmate, and I find that you never work accurately with recurring 
decimals. You always take a few of the figures as '^sufficiently 
accurate for practical purposes" and by the errors thus introduced, 
you arrive at discrepancies which you are unable to trace to their 

I am very glad that the simple answer, which I gave to your two 
extraordinary questions of 28th November, contain " the admissions " 
which you wanted. Of course, all Mathematicians and all school 
boys, who have got as far as Euclid iii., would make the same 
" admissions " without the slightest hesitation. You are the only 
Geometer I ever met with who could have any doubt on the subject, 
and the only one who could speak of the dimensions of the inscribed 
rectangles in a given circle, as if they were limited in number, or 
as if there were one or two which could be regarded as the inscribed 
rectangles, «ot' ^oxh'- (But now that you have the admissions, what 
will you do with them? W. A. Wh.) 

Your Letters have been very interesting, because they have laid 
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Open to me (what was before most marvellous) the process by which 
a person could work out for himself such a result as ff = \', and be 
satisfied with it without professing to shewthefallacy of the reasoning 
of ordinary text books. You have evidently been led astray, by 
your habit of working decimals incorrectly. You have made 
calculations involving the value of the reciprocal of ir, or involving 
division by w, and the decimals you have only carried to a finite 
number of places. Hence, discrepancies arose, which you found did 
not occur in working with n-= 'g'^ because neither i nor ^^ gives 
a recurring decimal. Hence, you too hastily concluded, that \^ was 
the correct value of x. But if you would work with tt ^^ 3-i4iS9 or 
7r=Y, taking care to use vulgar fractions instead of recurring 
decimals, you would be unable to deduce a single inconsistency, or 
to maintain any ground for the preference of 7r=^ y. 

You ask a question about a statement made by a Mr. Cooley, 
a man of whom I have never heard. If your inverted commas 
mark a true quotation from his work, of course he must be quite 
wrong. The problem (as you propose it) is not beyond the scope 
of pure Geometry, but is " indelerminate j" that is, it admits of an 
infinite number of solutions. 

But possibly you quote from memory, and the explanation 
A : .r = ^y : B may be your own. If this be so, it seems probable 
that Mr. CooJey's definition of two mean proportionals is not what 
you take it to be. Thus, the problem may be to find two quantities, 
X and^, between A and B, so that h: x = x : y = j' : B, or so that 
all the four are continued proportionals. Thus, the problem be- 
comes a determinate one, of which the solution (.!■ = '>/a'B and 
J* = ' \/A B*) can be written down at once algebraically, but is 
certainly beyond the reach of Plane Geometry, as far as I am a 
Geometrician. 

Will you please say whether the quotation you have made is 
accurate, or whether iny conjecture may be correct ? 

I am sorry to hear that you are unwell. Pray do not hurry 
yourself to reply to me. 

Believe me, yours very truly, 
James Smith, Esq. w. Alle-j Whitworth. 

P.S.— What about the Postcript to my last Letter ?— W. A. Wh. 
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Barkeley House, Seaforth, 
ind December, iS68. 

My Dear Sir, 

Permit me to refer you to the diagram enclosed 
in my Letter of the 30th November (see Diagram II.), posted 
yesterday, and ask you to iavour me by drawing a straight 
line, joining E E. You will find, that the triangle B O E, 
constructed by this simple operation, is a right-angled triangle, 
of which the sides that contain the right angle are in the 
ratio of 7 to 24,* The triangle is a cotnmensurable light-angled 
triangle, and when BO = 3, then, B E the hypothenuse = 3-125 -v. 
It is self-evident that B E = E D, for they are radii of the circle V. 
You admit that in such a triangle the natural sine of the acute angle 
is -28, but you doubt that the angle is an angle of 16° 16', and ask me 
for the proof. I could give you the proof in many ways, but each 
would involve a diagram and long Letter, and I should have to 
travel over the same ground that I have already done with other 
correspondents. This is to me wearisome, and I think I can pursue 
another course, that will better serve your purpose, and be more 
convenient to me. 

In the right-angled triangle A OB, the sides AG and OB, 
which contain the right angle, are in the ratio of 4 to 3, by construc- 
tion : and when A O = 4, then, O B = 3, and A B = 5 ; (A O + O B) 
= 7, and, 2 (A O X B) = 24, and thus, we get the ratio between 
the sides that contain the right angle in the triangle B O E. Now, 
if we take any two consecutive numbers, and make their sum and 
twice their product the sides of a right-angled triangle, and contain 
the right angle, the triangle will be a commensurable right-angled 
triangle ; and under all circumstances, the longer of the sides that 
contains the right angle will be less than the side that subtends the 
right angle by a constant quantity, represented by the arithmetical 
expressions i, i', or ^/j^ Thus, from the numbers i and 2 we get 
the triangle of which the sides are 3, 4, and 5, and this I call the 
primary commensurable right-angled triangle, since it is the smallest 
triangle of which all the sides can be arithmetically expressed in 
* The triangle B O E, and the triangle H PT in the Diagram in " £«rfi/ 
at Fault" are similar right-angled triangles!. Hence ; the side P T in 
the triangle H P T = j'j (HP), or, ^ (BT), and it is self-evident that 
B T is a side of the right-angled triangle O B T. 
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whole numbers. From the numbers 2 and 3 we get the triangle of 
which the sides are 5, 12, and 13 : and from the numbers 3 and 4 we 
get the triangle of which the sides are 7, 24, and 25, and so on, ail 
infinitum. 

In the triangle AOB the trigonometrical sine of the acute angle A 
is -6: and thetrigonometricalsine of the obtuse angleB is'S; and are 
in the same ratio as the sides that contain the right angle, when AOB 
represents the primary commensurable riglit-angled triangle.* In a 
Letter recently written to a very eminent Mathematician, I have 
dealt with a geometrical figure so constructed, as to contain three 
similar right-angled triangles, having the acute angle common to the 
three triangles : and another right-angled triangle quite dissimilar, 
but in which the side subtending the right angle is exactly equal to 
the side subtending the right angle in one of the three similar right- 
angled triangles, for they are radii of the same circle, by construc- 
tion. By means of this geometrical figure, I have proved that if 
existing tables of natural sines and co-sines be correct, the acute 
angles in similar right-angled triangles may be arithmetically 
different. It is more than my health will permit to write Letters 
over and over again, or I might give you a copy ot the Letter 
referred to. You are decidedly in error, if you mean to tell mo that 
the natural sine and co-sine of an angle of 16° 16', as given in tables 
—the one greater than "28 and the other less than -96 — is not intended 
to convey the idea, that they are the true values of the natural sine 
and co-sine of the angle, as nearly as these values can be given to 
7 places of decimals. Does not i —'9599684^ = ■2801083^ very 
nearly ? Does not i — ■96' — '28' exactly ? I have been told 
before, that '28 is the natural sine of an angle of 16° 16' — x. It is 
not reasoning when Mathematicians assum 
and then boldly assert that I am wrong, 
expect them to furnish the proof ? 

* "When AOB represents the primaiy c 
triangle, the natural sine of the acute angle is 
sine '6. The natural sine of the obtuse angle i 
sine '8. Hutton gives the natural sine and cc 
'5999549 ^^"^ '8000338. But, by analogy or proportion, 3 ; 4 : ; "5999549 
; 79953986 with 6 to infinity, and this is at variance with the known and 
indisputable ratio between the sides tha,t contain the right angle in the tri- 
angle AOB. How then, can Hutton's Tables be correct? 
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Now, let A B C denote a right-angled triangle, B the right angle, 
and the sides A B and B C, which contain the right angle, be lo units 
and 5 units inlength. It cannot be disputed that such a triangle can 
be constructed. Then; AB" + BC = Io= + 5^ = loo + 25 = 125 
= AC; therefore, 1J12S = 11-18034 nearly = AC, the hypothenuse. 
,7=i = ~^ — ='447 2 1 36 is the arithmetical value of the natural ((^n^o«o- 

A.\^ II ■10034 

metrical) sine of the acute angle : and, j-^ = yyTSoT ^ '^944272 is the 
nattwal [trigonometrical) sine of the obtuse angle, and natural 
ifrigonometrical) cosine of the acute angle. Hence : -i——- = 

the natural {trigonomeiricalj sine of the acute angle: —-^ 
= the natural {trigonovteirical) sine of the obtuse angle ; the 
sines of the acute and obtuse angles are in the ratio of i to 2 ; 
and the acute angle is an angle of 26° 34', and answers to 
the angle F D E, in the diagram enclosed in my Letter of the 
23rd November (see Diagram I.), and is equal to half the angle 
F D C. You cannot fail to perceive that your argument — with refer- 
ence to a right-angled triangle, of which the sides that contain the 
right angle are in the ratio of 2 to i — falls to the ground ; and 1 
cannot help thinking, you will perceive that your reasoning is 
extremely fallacious. 

I shall now direct your attention to some very remarkable facts 
that will be quite new to you. We know that, as the diameters of 
circles increase, the circumferences increase in arithmetical pro- 
gression ; but, we also know that, as the diameters of circles in- 
crease, the areas increase in ^*'f)ra«fr('c«/ progression. Hence : if we 
double the diameter of a circle we quadruple the area. 

Now, referring to the diagram in my Letter of 30th November, 
I have proved that when AO = 4, then, A D = 6-25. But, -^ = 
*-j- = 3"i25 = ir = radius of the circle Y ; and it follows, that ?r' = 
area of the circle Y: that is, (E D' x tt) = (3-125^ x 3-125) 
= 9765625 v. 3*125 — 30'S 1757S125 = area of the circle Y, Now, 
by analogy or proportion, E D ; A B : : 3'i25 : 5 ; and it follows, 
that the diameter of the circle Y, is to the diameter of the circle X 
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as 6'25 : lo. Hence, when E D=3'i25, then, AD ; 2 AB:: 6-25 no. 
Now, the area of the circle Y = 30-517578125, and AD the diameter 
is to the area of the circle Y, as the diameter of the circle X is to 5 (jt'): 
that is, 6-25 : 30-517578125 : : 10 : 48'828i25. But, 10 times E D = 
3i'25, and the mean proportional between jras and 48'828i25 = 
(2 v-y = 6-25> = 39-0625. Hence : the mean proportional hetween 
10 E D and 5 (57=) -^ J (31-25 x 48'828i25) = s/iy25"^8789b625 = 
39-0625, and is the area of a circumscribing square to the circle Y, 
Hence : the area of circle X is exactly equal to twice the area of a 
circumscribing square to the circle Y ; that is, 3-125 (5') = 2(6-25'), 
and this equation = area of the circle X. You may invent as many 
values of v as you please, from fractions whose numerators and 
denominators are powers of 2 and 5, but by none of them could you 
produce these results, and I put the question ; Wkal, in the name 
of common sense, can the arithmetical valtieo/T be, but V = 3'i25 f 
Now, 3-125 (10) = 31-25 = circumference of the circle X ; and, 
8 (31-25) = 25 (10) = 250- Again : 3-125 (6-25) = 19-53125 = cir- 
cumference of the circle V : and, 8 (19-53125) = 25 (6*25) = 156-25 
= 50 TT. And it may be proved in a thousand ways, by practical or 
constructive Geometry, that 8 circumferences = 25 diameters in 
every circle. For the sake of argument, let it be granted, that I 
assume the theory which makes '5^ = 3-125 the value of tt. Will 
you venture to tell me that Bacon was not in his senses when he 
penned the following remark 1 " Theoriarum vires, arcta et quasi 
St muiuo sustinente partium adapiatione, qua, quasi in orbem 
coharent, firmanturT Am 1 to understand that, with ^^ recognised 
Mathematicians" Baconian philosophy is "a mockery, delusion, and 

In the example of continued 'proportion, I gave you in my 
Letter of the 30th November, the product of the means is equal to 
the product of the extremes : that is, A x E = C= : A x C = B' : B 
xD = C'; and CxE = D'. From these facts it follows, that 2(11^ is the 
mean proportional between 10 (jt) and 5 (tt^ : that is, 6'25'' = 39-0625 
is the mean proportional between 31-25 and 48-828 125 : and you cannot 
fail to perceive that we can work out the same result by means of 
the geometrical figure enclosed in that Letter. 

From these facts we get a means of proof of the value of ir, by 
the inscribed and circumscribed squares to a circle, of which I gave 
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you an example in my Letter of the 23rd November, and which you 
have hardly condescended to notice. It will be convincing to any 
reflective Mathematician, and I shall give another example of it. 

In the analogy or proportion, A : B : : B : C. When A denotes 
2^iS_s and B denotes r, then, C = 1*28: that is, 78125 : I :: i :r28, 
and the product of the means is equal to the product of the extremes. 
Hence: -iEJ_L5. and -?r~ are equivalent ratios, and it follows, that 
the product of any number multiplied by 1-28, is equal to the 
quotient of the same number divided by 78125. 

Now, let the area of an inscribed square to a circle be 
represented by the number 2. Then : { (2 + 1) + ^ (2 + ^)} = 3^ (i '), 
that is, {2-5 + -Czs} = (3T25 X 1) = 3'I2S = area of the circle ; 
and, 3'125 (r28) = 4 = area of the circumscribing square to the 
circle. Buti.^jJj^j =i3'i35 x 1-28 = 4^areaofthecircumscribing 
square, and 1 presume you will not venture to tell me that the area 
of a circumscribing square to any circle is aai the double of the 
area of an inscribed square. Well, then, will you be good enough 
to work out this result with the mysterious tt :^ 3'i4t59, &c. ? I need 
not shew _Vf?K that, from a given area of a circle, we can find the 
areas of the inscribed and circumscribed squares ; a thing impossible 
withir ^ 3'i4i59, or ir = 3'i4i59 with any number of additional 
decimals, it can hardly be called fair reasoning to dispute my value 
ofjT, because we can work out certain results with jt = Y ^ 3'2, 
when you know as well as I do, that we can prove tmckanically that 
JT must be less than 3'2. According to my ethics, it would have 
been much fairer on your part to have at once frankly admitted that 
JT is greater than 3 and less than 3'2. 

yd December. 

I had written so far when your Letter of yesterday morning 
came into ray hands, it has astonished me, and I am almost 
tempted to doubt, whether a desire to arrive at truth be your object. 
I shall wait your reply to this communication, and in the mean- 
time consider how I can best deal with your extraordinary epistle. 
Believe me, my dear Sir, 

Faithfully yours, 
The Rev. Professor Whitwokth, James Smith. 

P.S. — The quotation from Cooley is perfectly correct, and 
Cooley's Elements is a well known text book on Geometry. 
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The Rev, Professor Whitwoeth to James Smith. 

Queen's College, Liverpool, 
^th, December, iS68. 
My Dear Sir, 

We do not " assmne Tables to be infallible',' and though it is 
quite true that the values given in Tables profess to be correct is 
far as seven places of decimals go, yet no one supposes that the 
seven places express the true value of the sine or the Logar thm 
When Mathematicians use such tables, they know that there may 
be an error ; = (jS,-)' in the quotations from the Tables and they 
always consider to what degree that error can affect the r results 
Your mistake is, that you think that if you use values tiue to seven 
places, they ought to produce results true to seven places, which 
they will not necessarily do. Thus, if you take the Logarithm of 3 
from the Tables, true to seven places, and thence calculate the 
Logarithm of 3", it wiU only be obtained true to six places ; and 
similarly in other cases. Values may be true, " as nearly as these 
values can be expressed in seven places of decimals," and yet the 
error maybe quite suffi.cient to vitiate arguments which involve very 
small quantities. 

You say, on page 5 of your Letter just received, that you will 
now direct my attention to some very remarkable facts, that will 
be quite new to me. And the first which you mention is certainly 
very remarkable and very new. You state it thus : — 

" As the diameters of circles increase, the circumferences 
increase in arithmetical progression ; but, as the diameters in( 
the areas increase in geometrical progression." 

You do not say here by what law you suppose the diai 
themselves to be increasing ; but, in order to make the first part of 
your statement true, we must suppose them to increase in arith- 
metical progression. We may, therefore, take a series of diameters 
of circles proportional to their numbers, 1, a, 3, 4, 5, 6, etc., and 
then I quite agree with you that the circumferences will be in arith- 
metical progression, being also proportional to the numbers i, 2, 3, 
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4, 5, 6, etc. But it is certainly very remarkable to be told that the 
areas will be in geometrical progression, commencing with i, 4, and 
therefore proportional to the numbers i, 4, 8, 16, 32, 64, etc., for I 
always thought the areas were proportional, as Euclid proves them 
to be (in Book vi.), to the squares of the diam.eters, and therefore to 
the numbers i, 4, 9, 35, 36, 49, etc., which are not in geometrical 
progression at all. 

My last Letter (which, you had not received when you 
wrote your Letter of December 2nd}, really answers nearly all 
your objections. And I do not think I can say anything more until 
I hear whether my former observations have satisfied or con- 
vinced you. 

But 1 must say a word about the arguments by which you 
think you show some of my reasoning to be fallacious. You ask 

" Does not 1 — ('9599684)' = ('3801083)' very nearly ? " 
" Does not i — (■96)' = (-28)= exactly ?," 

I answer, to both questions, yes. And this proves that ■9599684 
and '2801083 are iiery marly the co-sine and sine of some angle X ; 
and that '96 and '28 are exactly the co-sine and sine of some other 
angle Y. You assume that Y = 16° 16', which is not correct. The 
Tables (you say) tell us that X = 16° 16' very nearly, or that X may 
be any angle, differing so little from 16° 16', that its sine and co-sine 
are not affected to the seventh decimal place. 

in your argument on pages 4 and S) in which, as in your former 
Letter, you adopt a new definition of the term " obtuse angle," you 
say, s/r2S = ii'i8o34 nearly ; but, in arguing from this statement, 
you drop the qualifying adverb nearly. I think you would find it 
convenient to use the symbol ^ for " nearly equal," and add another 
accent for every step at which a new error is introdued. Thus : — 

Ji2S 4 iri8o34. 
And if you use this quantity as a divisor, and again neglect some 
figures of decimals, you would write (e.g.)— 

Thus, we should understand exactly what you meant. 

I grant that the result, " the area of the circle X is exactly equal 
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to twice the area of a circumscribing square to the circle Y," could 
rot be obtained by any value of ir except that which you assign. 
But that only proves that your value of ir and this result are both 
right or else botli wrong. You assert they are both right ; and I 
assert they are both wrong. But we want proofs, not assertions. 

We prove x = 3'i4i59 ; you assert tt = 3'i25. We ask you 

for a proof, and you say that no value of jt, except yours, will make 
a certain circle X double of a certain square about Y. We ask why 
should this circle be double of this square, and you say because ir = 
3'12S, which is & petitio principn. 

Let me observe, that it is only wasting time for you to sead me 
new demonstrations, until you have either defended or abandoned 
your old ones. 

But I would suggest a very practical test. Take a round table, 
five or six feet in diameter, and, with an inelastic tape, measure the 
diameter and circumference. 

As you have a taste for Geometry, perhaps the following little 
question may interest you ; I should be much obliged for a neat 
geometrical proof 

Let A, B, C, be the middle points of the sides B C, C A, A B, 
respectively, of any triangle AB C. And let A A, B B, C C, intersect 
in G. Also, let A A,, B B^, C Cs, be the perpendiculars from 
the angular points on the opposite sides (produced if neces- 
sary) ; and let Gj be the point of intersection of A As, B Bs, C Q. 
Also, let B, C, and Bj C, intersect in P ; C, A, andlQ Ai in Q ; A, B, 
and Aa B, in R ; all the lines being produced, if necessary. Then 
prove that A P, B Q, and C R will necessarily be parallel to one 
another, and perpendicular to GGj. Also shew that the triangle 
P Q R circumscribes the triangle ABC. 
Believe me, my dear Sir, 

Very triily yours, 
James Smith, Esq. W. Allen Whitworth. 

P.S. — I am wondering whether you are going to adhere to your 
proof that a certain arc equals its own chord. 
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James Smith to The Rev. Peofessor Whitworth. 

Barkeley House, Seafoeth, 
^th December, i858. 
My Dear Sir, 

After some consideration, I have arrived at the conclu- 
sion, that there is no necessity to wait your reply to my Letter posted 
yesterday ; and I shall pursue what appears to me the best course, 
with, reference to our controversy, and proceed to test your capacity 
in constructive geometry. 

Will you favour me bytaking the diagram enclosed in my Letter of 
the 30th Yiavt\rA>&r (see Diagram I I.),&r\Aitaa\ the point E, the cen- 
tre of thecircleY,drawastraight line parallel to A B, to meet a tangent 
of the circle Yjdrawn from the point D, at apoint— say X — producing 
a right-angled triangle E D X .' It will be self-evident to you that 
E D X and A B will be similar right-angled triangles : and when the 
diameter of the circle Y^ 6-25, it follow of necessity, that "-^^ =^ 
3'i25= E D, the radius of the circle Y. Now, these triangles have 
the sides that contain the right angle in the ratio of 4 to 3, by 

construction, and it follows, that i(E D)= ^— ^-'^^ = 9:375 = 

*' ' 4 4 

2'34375 =DX; therefore, (E D' -^ DX") = (3'I2S' -I- 2-34375") = 
(9765625 -I- 5-4931640625) = iS'258789o625 = E X'. 

Now, let A, B, C, D, and E denote the radii of circles, and let 
A = 2:B = 4;C = 5: = 6-25 : and E = 78125. 

If I were to ask you, how many times the area of the 
circle of which the radius is represented by A, is contained in 
the area of the circle, of which the radius is represented by E, I 
have no doubt you would solve the problem at once in the following 
way. Since the areas of circles are to each other as their radii, it 

follows, that —4-5 solves the problem ; that is to say, jt goes out, 
therefore, g _ii"P'_'i::53ii*!_ ,5-1587890635 is the answer, 
and is equal to the areaofasquareon the hypothenuse of the triangle 
EDX. This I admit, and you will perceive that the area of the circle of 
which the radius is 2, is contained in the area of a circle of which the 
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radius is 7'3i2S as many limes as there are units and parts of a unit 
in a square on the tiypothenuse of a right-angled triangle, of which 
the sides that contain the right angle are in tiie ratio of 4 to 3, and 
the longer of these sides =^ 3TZS. 

Now, if A denote the area of the smallest of 5 circles, constructed 
with their radii in the proportions given, and be represented by 
any given number— say 60 — it follows, that 60 (15 '2587890625) 
= 915'5273437S will be the area of the circle represented by E. I 
need not ttUyou that, ^/1 5-25 87890625 = 3-9o625, and I have shewn 
you the part that these figures play, when we assume ?r = V = 3'3- 
(See my Letter of 30th November.) 

May I ask you to construct a geometrical figure which shall 
contain s circles, of which the radii shall be in the proportions 
given; that is to say, of which the radii shall be 3, 4, 5, 6'25 and 
7-8125 : and which shall also contain aright-angled triangle of which 
the sum ot the areas of squares on the three sides of the triangle 
shall be 915*52734375, when the area of the smallest circle ^ 60 ? 

You must not tell me the construction of such a geometrical 
figure is impossible ; for, if you can'i solve the problem, I can, and 
will solve it for you in due season, if you don't. 

I have extracted from you certain admissions, with reference to 
which you tautiUngly put the following question ; — ^^BiU now that 
you have the admissions, what will you do with themf" I will 
relieve you from anxiety on this point, in my next Letter, if you do 
not divert me from my present intention. 
Believe me, my dear Sir, 

Faithfully yours. 

James Smith. 
The Rev. Professor Whitworth. 
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The Rev. Professor Whitworth to James Smith. 

i6, Percy Street, Liverpool, 
December ^ih, 1868. 

My Dear Sir, 

I suppose I am to infer, from your attempts to change 
the subject, that you have nothing further to adduce in support of 
5r = 3-125 ; and that my strictures on your quasi-proofs are unanswer- 
able. I have been waiting for any answer or objection you might 
bring against my demonstrations of the fallacies in all your proofs, 
and you say not a word on the subject ; you do not even tell me 
whether you are going to maintain the equality of the chord and arc, 
which, on your own shewing, must exist, if jt =yii^. 

In your Letter just received, you propose "/i? test -my capacity 
for constructive geometry." And to this intent you propose a 
question, which, if it has one solution, has a million— like the last 
question which you propounded. You -vitYt " salisjied" viiih what 
you were pleased to call the "i!i/ff;£(j/i!«j" which I made on that 
question, which, by-the-bye, were " admissions " which no one would 
ever deny or dispute. But I still wonder what you will do with 
them, or how they will help you to prove tt = Y, 

Do you not think it is rithei inpcrtinent to our investigations, to 
send a question to test mj capacities for constructive geometry ? If 
I were one of those who made assertions, without proof, in a 
mathematical argument, jesting conclusions not on argument but 
on my own character as a mathematician, it might be necessary to 
test my character and capacities But I have not done so. My argu- 
ments stand or Ml on their own merits ; either they are conclusive 
(without a thought of the capacity of the writer), or they are 
fallacious. I have waited in vain for you either to shew that they 
are fallacious, or to admit that they are conclusive. But, instead, 
you persistently try to change the subject. 

Now, if we are either of us to be the wiser for our correspondence, 
it can only be by following one subject till it is exhausted. The 
question, at present is this : — Which is the true value of ^r ? As soon 
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as you have either proved jr = 3'i25, or admitted that ir == 3-i4i592..., 
then I will answer your question about the constructive geometry, 
or consider any other subject you please. But my patient examina- 
tion of all your proofs deserves some consideration. You ought not 
to be ashamed to say plainly that you cannot maintain those proofs 
any longer ; or if this is not the case, you are surely bound to point 
out the fallacies of my strictures. I infer from your silence that 
you abandon the supposed arguments which I have shewn to be 
fallacious, but it would be more satisfactory to have it acknowledged 
by yourself. 

i ask then, again, have I made any mistakes m proving that 
these proofs of yours are utterly unsound ? If so, which are my 
mistakes? If not, have you any proof which jou still think sound, 
that n- =. 3-125 .' Are you going to allege the equality of a straight 
line and circular arc terminated by the same points ? 

Until these questions are answered, you have no right to expect 
me to enter on any extraneous discussions, Let us attend to one 
thing at a time. Either you can or you cannot prove jt = 3'r2S, 
Let us know which. 

Believe me, my dear Sir, 

Faithfully yours, 

W. Allen Whitworth. 
James Smith, Esq. 



James Smith io The Rev. Professor Whitworth. 

Baekeley House, Seaforth, 
7i/i December, i368. 
My Dear Sir, 

If you would write less, and think more, the sooner 
should we be likely to get to the end of our labours ; but, if you 
pertinaciously persist in assumi^ig that you have nothing to learn in 
Mathematics, and resolutely determine to take your stand in the 
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ranks of that numerous class who " despise wisdont and instruction^ 
I can't help it ; and there is no telling how long our controversy 
may continue. 

Your Letter of Saturday's date is before me, which you com- 
mence by observing: — ''^ I suppose I am to infer, from your attempt 
to change the subject, that you have nothing further to adduce in 
support of 17 ^yi2$,and that my strictures on your guasi-proofs 
are unanswerable? (Nonsense \) " / have been waiting for any 
answer or objection you might bring against my demonstration of 
the fallacies tn all your proofs, and you say not a -word on the 
subject." (Simply untrue ; if you had made an attempt to solve, 
and succeeded in finding the solution ot the problem I gave you, 
in my Letter of the 4th instant, you would have made the discovery 
that the arithmetical value of ir can be nothing else but ¥ = 3'i2S-) 
" You do not even tell me whether you are going to maintain 
the equality of the chord and arc, which, on your own shewing, 
must exist, if it — S'l^j." (Simply untrue. I answer this by 
putting a question ; — Is not the natural sine of the acute angle, in a 
right-angled triangle of which the hypothenuse and shortest side are 
in the ratio of 8 to i, as certainly 'ras, as the natural sine of the 
acute angle, in a right-angled triangle of which the hypothenuse and 
shortest side are in the ratio of 2 to i is '5 ?) 

Paragraph 2. In your Letter just received, you propose to test 
my capacity for constructive Geometry?'' (Why not?) '■'■And to 
this intent you propose a question which, if it has one solution, has 
a million, like the last question you propounded." (Simply untrue ; 
and this I shall prove before I conclude this communication.) 
" You were satisfied with what you -were pleased to call the ' admis- 
sions' which I made on that question, which, by-ihe-bye, were 
admissions which no one would ever deny or dispute. But I still 
wonder what you will do with them, or how they will help you to 
prove T = °e"." (I should have shewn you, in this coramuni- 
cation, what I shall make of your admissions, had you not diverted 
me from the intention I expressed at the close of my Letter of the 
4th instant. As it is, you must exercise a little patience, and wait 
my convenience, for this piece of information. I may, however, pay 
you the compUment of saying that you are about the first profes- 
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sional " recognised Mathematician," I have came in contact with, 
who has admitted anything. (The gentleman referred to in a former 
communication, as a " recognised Mathematician," and with refer- 
ence to whom you tauntingly put the question to me, " recognised 
by whom???" is non-professional, but is a "recognised Mathe- 
matician" by those who know him.) I only remember one exception to 

the rule : Professor de Morgan did admit that - is the circular 
° 300 



n angle of 36 minutes, whatever be the value of ir. 
Paragraph 3. " Do you not think it is rather impertinent to 
our investigations to send a question to lest my capacity for con- 
structive Geometry }" (Certainly not, if I think that the best method 
of convincing you of" TRUTH") "If I were one of those ■who 
made assertions without proof, in a mathematical argument, resting 
conclusions not on argument, but on my own character as a Mathe- 
matician, it might be necessary to test my character and capacities. 
But I have not done so." (Have you not given a method by which 

you say it is proved that ir ^J'f' {■rs + sV • b +i &«■) J say you 
have not proved this, nor can you, for it is not true ; and I may tell 
you that you have only yourself to thank for forcing upon me the 
necessity of testing your capacity for constructive Geometry. 
Will you venture to tell me that a circle has not the three proper- 
ties of diameter, circumference, and area ; just as certainly as a 
square has the three properties of side, perimeter and area ? I 
trow not ! Well, then, in due time, I shall give you a geometrical 
figure, in which there shall be a straight line exactly equal to the 
circumference of two circles in the same figure, and prove that 
whether the value of the diameter, circumference, or area of the 
circles, be the given quantity, we can find the values of the other 
two with arithmetical exactness.) ' My arguments stand or fall on 
their own merits, either they are conclusive {■without a thought of 
the capacity of the ivriter) or they are fallacious^' (True I) "I have 
■waited in vain for you either to show that they are fallacious, or to 
admit that they are conclusive" (I cannot feel assured that I should 
convince you that your arguments are fallacious and inconclusive ; 
or that your first step in the search after tt is based on an assump- 
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tion that never has been, and never can, be proved ; and were I to 
attempt to convince you on these matters, I fear our corrcspondeace 
would be never-ending. I shall, therefore, adopt a different course.) 
If we divide the circumference of a circle into any number of 
equal arcs, and from one of these arcs deduct iVth part, the remain- 
der multiplied by the number of arcs is a constant quantity, and is 
equal to tbe perimeter of a regular inscribed hexagon. For 
example: Let the circumference of a circle = 3'i4i6. Then; 
iii^ = "032 725 t and, ■■■■■■ = '001309: therefore, -032725 — 
■001309= ■03416= —, according to Orthodoxy. But, 96 (■031416) 

= 3^or5936, and this is the true arithmetical value of the perimeter 
of a regular inscribed hexagon to a circle of circumference = 
3'i4i6; and is greater than the known arithmetical value of the 
perimeter of a regular inscribed hexagon to a circle of diameter 
unity. Again ; Let the circumference of the circle = 3'I35. Then : 
^-^i^ = -125 : 'i^5 = -005 : therefore, '125 — -005 = -la. But, 

25 ('12) =3, according to Heterodoxy ; and yet, 3 is the known and 
indisputable arithmetical value of the perimeter of a regular in- 
scribed hexagon to a circle of diameter unity. Again ; Let the 
circumference of a circle = 3'i2S. Now, we kno'w that the peri- 
meter of a regular inscribed hexagon to a circle of radius 1 = 6; 
and, we know that the area of a circle of radius i, and the circum- 
ference of a circle of diameter unity, are represented by the same 
arithmetical symbols, whatever be the value of jr. Well, then, 
31^ = -52083333, with 3 to infinity : '55^13J ^ -02083333, "'i* 
3 to infinity ; therefore, -52083333 — '02083333 = 'S, But, 6 ('5) == 
3, the known and indisputable value of the perimeter of a regular 
inscribed hexagon to a circle of diameter unity. What, then, " m 
the name of common sensed' can the arithmetical value of 17 be, but 
¥=3' 125? 

Now, my dear Sir, you may call this either a mathematical or 
a geometrical coach (for, " a rose by any other name would smell as 
sweet ") ; but, I defy you to upset the coach. You may divide the 
circumference into 7, 9, 21, 27, or any other number of eqn.al parts 
you please, the result will be the same. 
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In the enclosed geometrical figure, (See Diagram III.) the 
equilateral triangle O A B is the generating figure of the diagram. 
The angle A O B and its opposite side A B are bisected by the 
line O H, by construction. Are not the angles H O A and H O B 
similar angles of 30° ? Is -not O A to A H, or, B to B H, ia the 
ratio of 2 to 1 ? Are not the natural sines of the acute angles in 
the right-angled triangles O H A and H B = J = -5 ? These facts 
I dare you to dispute ! Well, then, can I not charge you, with 
equal propriety, with making the chord A B = the arc A B, as you 
can charge me, with making the chord and arc equal, in a bisected 
isosceles triangle which produces two right-angled triangles, in 
which the hypothenuse and shortest side are trigonometrically in 
the ratio of 8 to i ? 

Now, let O K the radius of the circle P = 2. Then : O B the 
radius of the circle X == 4 : O C the radius of the circle Y = 5 : O F 
the radius of the circle M = 6'25 : and, O R the radius of the 
circle XZ = 7'8i2S : by construction. The triangles O B C, 
OCF, OFR, and ORV are similar right-angled triangles, and 
have the sides that contain the right angle in the ratio of 4 to 3, by 
construction. There is no similar right-angled triangle within the 
equilateral triangle O A B. But, if we draw a straight line joining 
A K, then, this line will intersect the line P at a point — say 
X— and since AK will be parallel to PC, it follows, that OKX 
will be a similar right-angled triangle to O B C, O C F, &c. ; that is 
to say, will be a right-angled triangle, of which the sides that contain 
the right angle are in the ratio of 4 to 3. But, O P = O C, for, 
they are radii of the circle Y : and O o = OY, for, they are radii of 
the circle M: and, 2 (O F*) = 3|(0 C") or, 3^(0 P'} = area of the 
square « op m, standing on the circle Y ; and it follows, that the 
square n op m and the circle Y are exactly equal in superficial area, 
and makes 8 circumferences = 25 diameters in every circle, making 
V =3-125 the true arithmetical value of tt. 

Now, my good Sir, the "onus probandi" rests with you to 
controvert these facts, and relieves me from the necessity of 
controverting what you are pleased to term the fallacies of my 
reasoning. The fact \%,ya\iT" strictures" are a mere exhibition of 
the ^'- power of assertion, not the force ofreasoningl' 
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You cannot espect me to wade through all the properties of this 
remarkable geometrical figure ; if you arc, what you profess to be, 
an authority in constructive geometry, you can trace out these 
properties without my assistance. It has more than once been said 
tome, " Siici to Algebra j" and_)'oa, in one of your communications, 
speak of working algebraically, as if Algebra could be made to over- 
ride " that indispensable instrument of science, Arithmetic" upon 
which it is founded. 

In my Letter of the 4tli December, I have shewn that the area of 
the circle P is contained 15 2587890625 times in the area of the circle 
XZ. Hence : when the area of the circle P = 60, then, 
60 (i5'2S 87890625) = 915 '52734375 =area of the circle XZ . Now, 
the sum of the squares of the three sides of the right-angled triangle 
O RV = 3^(0 R'}, and is equal to the area of the circle X 2. Proof; 
Since 77/-^ = area in every circle, it follows, that 1 ^— = radius in 
everycircle. Now, ^ ^9iS_|^375J^ ^(292'9687S) = OR,|(OR) 

= V (1 647949^1 87;) = R V, and -J (O R) =^(45 776367 1875) =0V, 
therefore, O R= + RV + OV = (293'9687S + 164794921875 
+ 45776367187s) = 915"S273437S = 35(0^")= area of the circle 
XZ. 

I have no doubt J'ca would have very little hesitation in telling 
me that to produce this result, I have assumed the value of ir : but I 
may tell you, that if your object be TRUTH, you will not over- 
look the proof that precedes It, that x=; V' = 2'^'^S- 

Now, if with O as centre and O V as radius we describe another 
circle, and from the point V draw a straight line at right angles to 
V, and therefore tangental to the circle, to meet R produced at 
a point — say X — and so, constructing another right-angled triangle 
OVX. This triangle will be similar to the right-angled triangles 
O B C, O C F, O F R, and O R V : that is to say, the sides that 
contain the right angle will be in the ratio of 4 to 3 ; and when the 
radius of the circle P = 2, O V the radius of the circle O V X ^ jt' 
= 9*765625, Now, we know the formula for finding the number of 
times the area of the circle P is contained in the area of the circle 
X Z ; and by the same formula, the area of the circle P is contained 
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in a circle of which O V is the radius 23-84i3579ioi5625 times. 
Well, then, let the area of the circle P ^ 60. Will you work out 
the calculations, and find the arithmetical values of the sides of the 
triangle O V X ? I think the results will surprise you. The area of 
a circle of which the diameter is 5, is 3I (3's^) = 3'i35 x 6'Z5, = 
'9'53'25, and this is the value of the perimeter of the right-angled 
triangle V X, when the radius of the circle P ^ 2. 

In your Letter of the 16th November, you said : — " My object 
is not contention, 7ny only desire being that truth should prevail. 
Any argument must cease to be edifying as soon as either party seeks 
for victory rather than for the TRUTH.'" How do you reconcile 
this language with your last Letter.'' It is impossible to read that 
communication without being led to the conclusion, that you have 
made up your mind to the resolute determination to write me down i 
but, I venture to assure you that you will certainly fail. I would advise 
you to be a little more careful for your own sake, and not attempt to 
play too desperate a game. 

Believe me, 

My dear Sir, 

Faithfully yours, 

jAMiiS Smith. 
The Rev, Professor Whitworth. 



The Rev. Professor Whitworth to Jamf.s Smith. 

Liverpool, December Ztk, 1868. 

My Dear Sir, 

The threats with which you solemnly close your Letter, 
are even more amusing than the tone of lofty superiority in which 
your opening paragraph is ivritten ; but I have not time to waste on 
personalities. 

1 am afraid your jokes are rather lost upon me, as I am very ob- 
tuse in such things. I cannot see the joke of calling a mathematical 
proof a "coach;'" nor can I perceive the connexion between the 
" coack " and the quotation from Shakspeare. 
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I am quite willing to admit, in reply to one of your questions, 
that a circle has diameter, circumference, area ; and that a square 
has sides, diagonals, perimeter, area, and as many more " properties " 
as you please. But i cannot see how I ever seemed to deny any of 
these facts. 

I will come to all your arguments in time. But I have not yet 
done with the proof you gave me, that a certain chord was equal to 
its arc. I have asked you several times, whether you still maintain 
that they are equal, and you decline to give an explicit answer. In 
your Letter to-day, you say — 

" I answer this by putting a question, Is not the natural sine, 
&c." (To this question, I answer yes, and the admission is at your 
service). But this question gives no answer to my question, aud 
before we go any further, I must ask you to tell me, as expUcity as 
possible, whether you still maintain the equality of chord and arc. 

To the other questions you have given me, I reply, in your own 
fondness for wandering beyond the mother tongue, Kn ohaia. irpU 

I thank you for your doiinition of the term "Recognised Mathe- 
matician," I think it is very neat. I really believe, that if you could 
furnish a list of definitions of all the terms you use, there would be 
little to dispute between us. 

I think " nonse/tse" and " simply -unlrue," are the concisest 
possible answers that can be given to a correspondent's arguments, 
and I congratulate you on having devised such a simple way of 
setting me aside. 

If it were quite courteous, I would conclude with the paragraph 
with which your Letter opens. 
Believe me, 

My dear Sir, 

Yours very faithMIy, 
James Smith, Esq. W. Allen Whitworth. 
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Now, Sir, you will observe that in the second para- 
graph of my Letter of the 7th Dec. to the Rev. Professor 
Whitworth, I put the following question to him : " Ts not 
the natural sine of the acute angle, in a right-angled triangle 
of which the hypothenuse and shortest side are in the ratio 
of %to I, as certainly "125, as the natural sine of the acute 
angle, in a right-angled triangle of which the hypothenuse 
and shortest side are in the ratio of 2 to 1, is 'j ?" You 
will not fail to perceive that the Professor gives the follow- 
ing reply : " To this question I answer, VES, and the ad- 
mission is at your service." If the Reverend and learned 
Professor had been a little more reflective, and a little less 
impulsive, he would have seen that this admission "upsets" 
his Mathematical "coach." It appears to me that the 
profundity of his reflection is on a par with the obtmtdity 
of his intellect* — as to the appreciation of a joke, or the 
* His Grace the Duke of Devonshire — then Earl of Burlington— was 
President of " Tlie British Association for the Advancement of Science," 
183 7-1838, A t the inaugural meeting, held in the Theatre Rojal, Liverpool, 
a gentleman of great wealth and high position in tha,t town, moved or 
seconded a resolution, — -my memory does not serve me to say which — hut 
he talked such an amount of nunsertse, that some of his friends on the plat- 
form stepped forward, and pulled his coat tails, by way of hinting to him 
that he had better bring his speech to a close ; but apparently there were no 
means of stopping him. At first there was a titter, then a laugh, then a still 
louder laugh, until not a woid he said could be heard, when an Irish gentle- 
man sitting beside me observed: — "Did you ei'er see sueh obtundity of 
inletkel?" At length, the Earl of Burlington rose, and liftmg up his 
hands, exclaimed: Order I Order 1 Order! Instantly there was a dead 
silence ; when the noble Earl observed ; — / hope you will giue a 
falieni hearing to so dislinguished a Mrmhcr of the British Association 
for the Advatscemeat of Science. The Liverpool philosopher was unable to 
finish his speech ; and did not utter another word. His Grace the Duke of 
Devonshire is still in the land of the living, and if this anecdote should meet 
his eye, I have no doubt that his memory will serve him to vouch for the 
major part of its accuracy. 
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distinction between tlie natural and trigonometrical sine 
of an angle. 

It may be admitted that in certain angles — such as 
angles of 45° and 30° — the natural and trigonometrical 
sines are arithmetically the same, to a circle of radius i. 
But, are they not arithmetically the same in all angles, 
according to the logic of Mathematicians ? You, Sir, can 
answer this question, and I may tell you that the blun- 
derings into which Mathematicians have been led in their 
application of Mathematics to Geometry, is involved in 
the answer to this question. It is the fallacious assump- 
tion, that the natural sine and trigonometrical sine are 
the same in all angles, that leads Mathematicians to treat 
the trigonometrical functions of angles as lengths, and not 
as ratios of one length to ^na^^t — whether the as- 
sumption be made tmttingly or unwittingly matters not-, 
so far as regards the fact — and this is the fallacy into 
which the Reverend Professor Whitworth has fallen, in 
the postscript to his second Letter of the 28th November. 

Referring to the geometrical figure in connection with 
Professor Whitworth's postscript (page 38), he makes A B 
and A C = I, and ABC denote one of 25 equal isosceles 
triangles inscribed in a circle ; and he has given an affirm- 
ative answer to the question I put to him in the second 
paragraph of my Letter of the 7th December. Now, I 
would ask you, Sir, what especial charm is there about a 
circle of radius unity ? I know of none ! ! If A B and 
AC = I, then, the ratio of A B to BD \s,(trigonometrically) 
as 8 to 1. If A B and A C = 20, then, the ratio of A B to 
B D is (trigonometrically) as 20 to 2'5, or as 8 to i. If AB 
and A C = 60, then, the ratio of A B to B D is (trigonome- 
trically) as 60 to 7'5, or as 8 to I. And, if the circumference 
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of the circle = 360, then, the ratio of AB to B D is (iri^- 
onometrically) as 57'6 to yz, or as g to i. Well, then, the 
angle B A C is an angle of 14'^ 24', and the angles DAB 
and D A C are angles of 7* 1 3 ', and the angles (expressed 
in degrees) are invariable, whatever arithmetical value we 
may put upon the radius of the circle. Hence, we may 
give as many arithmetical values as we please to the line 
B D, by changing the value of A B and B C, which are 
radii of the circle, but we cannot make the trigonometri- 
cal ratio of A B to B D other than g to r, or the tri- 
gonometrical sine of the angles DAB and D A C other 
than \ = -125. 

If ABC denote one of 24 isosceles triangles in- 
scribed in a circle, the angle BAC will bean angle at 
the centre of the circle, of 15°, and subtended by an arc of 
iS° Hence: J| (15"^) = — -^r^" = I4° 24' = the chord 
B C subtending the angle BAC, and the ratio of chord 
to arc is as 14° 24' to 150, and this is the invariable ratio 
between the sides of a regular polygon inscribed in a 
circle and their subtending arcs, whatever be the number 
of the sides of the inscribed polygon. It is self-evi- 
dent, that as we increase the number of sides of a polygon 
inscribed in a circle, the sides vary both geometrically and 
ariikmetically at every step, but not so the ratio between 
the sides and their subtending arcs ! ! Now, the angle 
B A C is bisected by the line AD, and it follows, that 
DAB and DAC are angles of 7° 30', and the ratio of chord 
t o arc is unchanged, whether ABC denotes one of 24 or 
one of 25 isosceles triangles inscribed in a circle. Hence: 
7° 30' : 7° 12' : : 15° : 14° 24', and it follows, that an 
arc has its sine as certainly as an angle, and geometrically 
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the sine of an arc is half the chord of twice the arc : but, 
trigonometncally and arithmetically the sine of the arc 
varies, as we increase the number of the sides of a polygon 
inscribed in a circle. 



Uarkeley House, Seaforth, 

Zth December, 1868. 
Posted lolh. 
My Dear Sir, 

When I get your reply to my Letter of yesterday, I shall 
discover whether the proofs I have given you in tliat communica- 
tion, that TT — 1^ =:: 3'i25i are satisfactory ; if not, I scppose 
I must adduce some other proofs in support of tt = 3T25. 
In the meantime I may be preparing to furnish you with the infor- 
mation you appear so anxious to obtain, with reference to the 
admissions you have made. 

If any number be multiplied by itself, the product is a square 
number, the number i excepted, which cannot be made arithmeti- 
cally greater by multiplying it by itself, or arithmetically less by ex- 
tracting its root. If a decimal quantity be multiplied by itself, the 
product is arithmetically less than that quantity, and if we extract 
the root of a decimal quantity, it is arithmetically greater than 
that quantity. Thus, '25' = '0625, and is less than -35 ; and 
,^■96^ is '979, &c., and is greater than -96, 

Now, the mystic number 4 is a square number, being the pro- 
duct of 2 multiplied byl2. Hence 1(^4 + V4) and (2 + 2) are 
equivalent arithmetical expressions, or identities, and are equal to 
V4 X 4 = Ji6 = 4 ; but, in this case, we may first extract the 
roots, and the sum of the roots gives the true result. Let the side 
of a square be represented by J^, Then : ( J 4-'' + v4') = v4 + 4 
= ^8 is the arithmetical value of the diagonal of the square. 
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Now, let the side of a square be represented by Js. Then : 
( s/8^+ n/P) = V8+""S = Jl6 = 4 — diagonal of the square. 
But, if we first extract the root of a side of the square, and 
double it, we get a very different result. Jb = 2-8284, &c., and 
2 (2'S284) = 5 '656S, and is a quantity far in excess of the true arith- 
metical value of the diagonal of the square. There is more in these 
facts than strikes the eye, and they have never received the atten- 
tion they demand at the hands of Mathematicians. Their impor- 
tance becomes obvious in dcahng with practical or constructive 
Geometry. 

Permit me to refer you to the diagram in "■ Eitdid at FauW 
K B and L H are diameters of the circle ; O B and O H are radii 
of the circle ; and O B is divided into four equal parts, by construc- 
tion ; and it foUoivs, that K F = 5, and F B = 3, when K B = 8. 

Now, according to Euclid, the square of a line drawn from the 
circumference of a circle perpendicular to its diameter, is equal to the 
rectangle under the segments of the diameter. Euclid nowhere proves 
this, nor could he, by pure Geometry; but, apparently^ it is very 
readily demonstrated byapphcd Mathematics. For example; When 
HO.a radius ofthe circle, = 4, then, OF = i. Hence: (H0=— OF') 
= {KF X FB),thatis,(4=-i') = (5 x 3), or, (16 - i) = (5 x 3) 
^ 15, and this equation, or identity — if you like the term better— is 
apparently equal to H F.' 

For what I am about to bring under your notice, I shall assume 
Euclid not to be at fault, and I think you will hardly firid fault 
with rne on this account. 

By Euclid : Prop, 47 ; Book i :— 
HF= + KF' = KH= ; that is, ( VrS' + 5") = (15 + 2S) -= 
40 = K H', therefore, K H = Js/40, when the diameter of the circle 
= 8. 

By Euclid : Prop. 12 ; Book 2, 
II O^ + OK^ + 2{OK X OF)=rKrP, that is, {4^ + 4" ■)■ 
2(4x1)} = KH%or, (i5 + 16 -v 81 = 40 = K H % therefore, K H 

= 'J^a. 

By Euclid : Prop. 8 : Book 6. 
K H^ — K B X K F, therefore, ^% ^ ^ = J40 = K H, 
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On all tliese " shewin^s " K H = \'4o. 

I shall now proceed to prove, that Vi5 is not universally 
■J\i,, when applied to practical or constructive geometry. Now, 
according to Euclid, H F ^ ^J\^ when the diameter of the circle 
= 8, and H F B is a right-angled triangle; therefore, H F' + F B= 
= ( Vis' + 3'^ — ('5 + 9) = 24 — H B' i therefore, H B = 4^i- 
But, P B = H F, for they are opposite sides of the parallelogram 
F B P H, of which H B is a diagonal. 

Now, by analogy or proportion, KH:HB::Hn:HM, that is, 
^/4o : Vi4::n/z4: ^/i4'4'; therefore, H M = ^14- 4. But (H B= 
+ H M^ = B M' ; that is, ( V24' + -Ji^) = (24 + r4'4) = 3S-4 
= B M' ; therefore, >Jz^'/^ = BM. But, by analogy or proportion, 
KF:FH::KB;BM, that is, S : 7i5 : : 8 : J38'4, again making 
B IM =^ iJ3i'4. Again : By analogy or proportion, K F ; F H : : 
H P : P M ; that is, 5 : s/ij : : 3 : JJ^; therefore, P M = ^54- 
But, (H M' — H P=) - ( ^/T?4" — f) = ('4-4 — 9) = 5'4 = P M=, 
therefore, P M = Js'4 J and again we prove in two ways that P M 
= Jc,\ Well, then, I am sure you will admit that B M = v'sS^: 
and, that P M = J^'A^ when the diameter of the circle = 8. Now, 
M B — P M = P B, and 1> B = H F = JT~s = 3*872 &c., and 
although ^ J5 is a definite arithmetical expression, it is nevertheless 
an irrational quantity, so that if we extract the root to 100 places of 
decimals, there would still be a remainder, and consequently the 
figures so obtained would not truly represent the length of the line 
H F. 

Now, the sides that contain the right angle in the right-angled 
triangle O B T are in the ratio of 4 to 3, by construction. This 
makes the sides that contain the right angle in the triangle HPT 
in the ratio of 24 to 7, by construction. Hence : H P T is a similar 
triangle to the triangles D G H and A F M in the geometrical 
figure represented by the diagram enclosed in my Letter of the 23rd 
November. {See Diagram I.) Now, when the diameter of the 
circle ^ 8, H P the longest of the sides that contain the right angle 
in the triangle H P T = 3, and makes P T = ^ (H P) or, ^ (B T) = 
■875. And, (H P= + P T=) = (3' + -Sis') = (9 + -765625) = 
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9765625 = H T^ ; therefore, ^9765625 -.= 3T25 - H T ^ tt. 
Hence : H P is to H T as the perimeter of a regular hexagon, to the 
circumference of its circumscribing circle, when the diameter of the 
circleis represented by unity: and it follows, that when ^15 represents 
the length of a line, it rea/fy represents the arithmeiical quantity 
3'875, although when wc extract the root we can only make it 
y&72, &c. Pray take these facts in connection with my Letter of 
the 23rd November ! ! 

Well, then, F B P H is a rectangular parallelogram, and is 
divided by H B, tlie diagonal, into two similar and equal right- 
angled triangles. Take the triangle HBP. Then : H T B, a part 
of it, is an oblique-angled triangle ; therefore, according to Euclid : 
Prop. 12: Book 2: {HT= + T B= + 2{TB x TP)) = H B'; 
that is, {3'I25' + 3= + 2(3 + -875)}; or, {9765625 + 9 + S'^s) 
= 24-015625 = H B\ Hence: |^ (O T^) + ? (T P)' ; = 
|;(5=)+'I25=);thatis,C24+'t2S=)=(24 + ■015625)^24-015625 = 
H B' : or, in other words, H B' is greater thaji |^ (O T') by — . 
Will you be good enough to find the arithmetical values of H T and 
P T, and prove by Euclid ; Prop. 12 : Book 2 : that H T^ + T R' 
+ 2 (T B X T P) = H B' ? 

Now, the acute angle O, in the triangle O B T, is an angle of 
36° 52', and the obtuse angle an angle of 53" 8' : the acute angle H, 
in the triangle H P T, is an angle of 16° 16', and the obtuse angle an 
angle of 73° 44'.. Hence: the acute angles of the two triangles are to- 
gether equal to the obtuse angle of the triangle O B T ; and the four 
angles B O T, TB, T H P and H T P are together equal to two 
right angles. 

Is not Euclid at fault in makmg I is book on proportion alike 
applicable to rational and irrit oi 1I qui 1 1 es ? If not, are not 
Mathematicians at fault in the r ipphcit is of Mathematics to 
Geometry ? I think both are wrong and I have given you my 
reasons for thinking so. The onus pioiandi" rests with you to 
controvert them. 0ns thing is certain, Euclid and Mathematicians 
cannot both be ri^ht ! ! 
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gM December. 
I had written so far when your Letter of yesterday caine to 
hand. Yqu say : — " Before we go any further, I must ask you to tell 
me, as explicitly as possible, whether you still maintain the equality 
oj chord and arc" When, or where, have I ever said anything so 
absurd ? It is iui easy matter to catch at a statement and pervert 
it, when it is very difficult to controvert it by argument. I not only 
answered this question by putting another, but I answered it 
in another way. Have you forgotten that the trigonometrical func- 
tions of angles are not lengths, but ratios of one length to another ? 
If you inscribe 25 equal isosceles triangles within a c cle 11 
not the angles at the centre be angles of 14° 24.' ? Do e not 
for all practical purposes, divide the circumference of the cle to 
360° ? Well, then, if we take one of these triangles, a d b se t the 
angle at the apex and its opposite side, dividing it into t vo s m lar 
and equal right-angled triangles, the trigonometrical rat o bet een 
the hypothenuse and shortest side in these triangles is as 8 to i, and 
\ = -125 is the trigonometrical sine of the acute angles. If the 
hypothenuse of the triangles be 57-6, and the base of the isosceles 
triangle 14-4, the ratio of chord to arc is as J4'4 to ij. The " onus 
probandi" rests with you to controvert this fact. How many things 
have I already proved ? Where have you ever attempted to contro- 
vert any of them ? Try a 24-sided polygon, of perimeter 360, 
inscribed in a circle, by the rule I gave you in my last Letter, and 
you will get at the ratio of chord to arc. 

If there was anything discorteous in my last Letter, you may 
thank yourself for it. It was the dogmatical and dictatorial tone of 
yours that provoked it. I may tell/o?^, that I had a correspondence 
which extended over a period of 18 months, with a gentleman about 
my own age, a St, John's College man, and a Qergyman, and 
although we agreed to differ at last, he admitted that nothmg had 
escaped me in the course of our correspondence, ■' unbefitting a 
Christian and a gentleman'' I can assure you, if you play a fair 
game with me, you shall have nothing to complain of in that respect. 
Believe me, my dear Sir 

Faithfully yours. 
The Rev. Professor Whitwoeth. James Smith. 
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P.S. — The last two pages are slovenly written, but 1 think you 
will understand my meaning. I am very unwell to-day, and could 
not manage to rc-write them. 



The Rev. Professor Whitwortii to James Smith. 



Liverpool, December iiih, 1868. 

My Dear Sir, 

"If you refer to that 'Postscript' in which I pointed 
out that you make a certain arc and chord equal, you will observe 
that I say nothing about trignometrical functions, and therefore you 
cannot answer my objection by asking, have I forgotten that the 
trignometrical functions are not lengths but ratios ? And you are 
not to think that I assumed a circumference to be equal to 360, for 
any such absurd reason, as that four right-angled triangles are often 
divided into 360 degrees. I simply accepted your caleulations, and 
pointed out, that on your own shewing your arc and chord are equal." 
" When you say : — By hypothesis, let the circumference of the 
circle = 360, you can only be understood to mean, let us take si-ii'0\ 
part of this circumference as unit of length. You may refer your 
measurements to any unit of length you please, but you must stick 
to the same unit for all your measurements or your comparisons fail." 
" Your inconsistency is shown quite distinctly (I think), as 
follows ; but I have yet to learn, in what point ray ' Postscript ' is 
unsatisfactory to you, as the objection about trignometrical ratios 
does not apply." 
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'' Let ABCD be 

i angular points 
ofa regular xxv.-gon inscri- 
bed in a circle, and let 
fall a perpendicular on the 
side BC' 

"Then, by Mr, Smith's 
Letter of November 23rd, 
foho 10:* ^ = ^^ . 

= 'laS = h or, B Z is iih 
of BO. And, therefore, 
B C is the Jth of B O, and 
therefore the perimeter of 
the polygon is ^ of B O, 
or, V of the diameter." 

" But, according to I\Ir. Smith's value of ir, the whole circum- 
ference of the circle is V of ^^^ diameter. Therefore, oa Mr. 
Smiths hypothesis ; Perimeter of inscribed polygon = circumference 
of circle ; therefore, chord B C = arc B C." 

"You will perceive that there is no hypothesis of mine involved 
in this reasoning ; nor do I say a word about sines ; neither do I 
assume anything as to the absolute lengths of any of the lines." 

" Now, may I ask you for an explicit answer to one question. 
How do you reconcile this with your denial (folio S, of Letter 
December 9, 1 868) that the chord and arc can be equal ?" 

" I will not pursue the subject till I receive your answer to this. 
But, before I close, I must refer to an extraordinary statement in 
your Letter of yesterday." 

" It may be said that this reference to my Letter of Ihe 23rd November 
is plain enough, and should have led me to read my copy of it. But! 
thought it was impossible I could have said anything capable of being con- 
strued into an argument, that I maintained the equality between a given 
chord a d its subtending ai-c. Whether this reference to my Lelter of the 
2jrd November should or should not have led me to read my copy of that 
lers not ; the fact is, I did not read it, and remauied in 
e of tl e lapsus on page 10, until I received Pi-ofessor Whitworlh'^ 
in nitatiun. 
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" You say (folio 3) : — ' Now, the square of a line [Quety — square 
on a line], drawn from the circumference of a circle, perpendicular 
to its diameter, is equal to the rectangle under the segments of the 
diameter. Euclid nowhere proves this, nor could he by pure 
Geometry, apparently : but it is very readily demonstrated by 
applied Mathematics.' Have you never read Euclid : Book 3 ; 
Prop. 35 : of which general theorem your theorem is a particular 
case. And, indeed, if you read the proposition, you will find the 
particular case specially proved in the paragraph beginning — 
Secondly .... and ending n 

with the conclusion— the 
rectangle B E ■ E D is 
equal to the square on 
A E, the very thing which 
you say Euclid has not 
proved, and [apparently) 
could not prove." 

" Is it not rather won- 
derful, that the author of 
' BuclM at Fault' should 
he thus ignorant of the 
contents of the book he criticises ? What will the public think of 
this, the next time you publish a pamphlet of correspondence ?" 

" Surely it is hardly necessary for you to appeal to an unnamed 
Member of my College, in support of your character as a Christian 
and a gentleman." 

Believe me, my dear Sir, 

Yours faithfully, 

W. Allen Whitworth. 




In his reply to my Letter of the 23rd November, 1868, 
Professor Whitworth observed: — "However, none of your 
resultsarevery startling tillweget to page2i,-wherejoua. 
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■wiikout proof (and I should say you wrongly assume) that 
certain acute angles in your figure are 16° \& exactly. Pray 
how do you arrive at this conclusion ? Is not the angle a 
very small fraction less than this ? / will grant that the 
sines of your angles are '28 aftd '96, but I deny that the 
angles are exactly 16° i& and 73° 44'." If I did not give 
the proof with regard to the angles here referred to, I gave 
him the proof, worked out by Logarithms, with reference 
to the angles of another right-angled triangle ; and as a 
" recognised Mathematician," he might, and ought to have 
convinced himself, that in a right-angled triangle of which 
the trigonometrical sines are "38 and '96, the acute angle 
is an angle of 16° 16' and the obtuse angle, an angle of 
73° 44': but this did not suit his purpose. With the 
" Postscript," of which he attempts to make so much, I was 
•ptritctly familiar, and also familiar with the argument 
founded on it, which I had refuted over and over again 
with other opponents. This "Postscript" appeared in his 
second Letter in reply to mine of the 23rd of November, 
igGg ; but at the time it did not occur to me to read the 
copy of my Letter of that date : indeed, there was no 
apparent necessity for it, since Professor Whitworth had 
declared that there were no results in it " very startling" 
previous to page 21. Is there nothing startling m an 
argument that would make a chord and its subtending arc 
equal .' Was not the fact of Professor Whitworth passing 
over the lapsus, on page 10, as n on- startling, and drawing 
my especial attention to the arguments on pages 2 1 and 23, 
calcaluted to divert my attention from the lapsus, upon 
which the " Postscript " at the end of his second Letter is 
founded.'' Was henotcowJaoj/J that I could not have clearly 
expressed my meaning on page 10 ? Would any fair and 
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candid controversialist have played the part that Professor 
Whitworth has done, with regard to that lapsus ? 

I am sure I need not prove to you, Sir, that the fallacy 
of Professor Whitworth's reasoning is based on the im- 
plied — 'but not expressed — assumption, that the trigono- 
metrical functions of angles are lengths, and not ratios of 
one length to another. When the isosceles triangle O B C 
denotes one of 25 equal isosceles triangles inscribed in a 
circle, is not the angle BOC an angle of 14° 24' ? Does it 
not follow of necessity, that ZOB and ZOC are angles of 
7° 13'? What is the natural sine of one of these angles? Hut- 
ton makes it ■1253332. Would not Professor Whitworth, 
if he attempted — on his own principle of reasoning— to 
compute the arithmetical value of the sine of an angle of 
14" 24', make it the double of ■1253332 = ■2506664? 
My arithmetical value of the tngonometncal sine of this 
angle is '25, and Hutton makes it less ! ! I cannot help 
thinking that you. Sir, will see at a glance, the absurdity of 
Professor Whitworth's reasoning. 



JASLES SMrTH tO THE REV. PROFESSOR WHITWORTH. 

Barkeley House, Seafoeth, 
wih December, 1868. 
Mv Dear Sir, 

It is probably well, that I was very univell, when I 
penned the concluding paragraphs of my Letter posted yesterday ; 
for otherwise, I should certainly have replied to your Letter of the 
8th inst. at greater length, and might have been tempted to give a 
strong expression of opinion with reference to it. Now, let us enter 
into 3. fair compact. For the future, let us " stick " to the " mother 
lcngiie"—m which if we are capable of reasoning, we shall be likely 
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to reason more logically than in any other— and let us keep our 
temper. 

Now, let 34 equal isosceles triangles be inscribed in a circle. 
Then : ^— = 15°, and it follows, that the angles at the centre of the 
circle are angles of 15°- But, -| = '6=36 lainutss, a.ad;you inow that 
the "recogTtised Mathematician!' Mr. de Morgan, has admitted that 
— is the circular measure of an angle of 36 minutes, whatever be 
the value of IT.* But, ^- = 14-4 = 14° 24'- Hence: 15° — 36' = 



r4° 24', which, multiplied by 24, gives 345^ 36', and this ii 
quantity, whatever number of equal polygons we may inscribe in a 
circle, and gives the ratio between the perimeter of every regular 
hexagon, and the circumference of its circumscribing circle. 
Will you venture to tell me that - does not express the ratio be- 
tween the perimeter of every regular hexagon, and the circum- 
ference of its circumscribing circle? I trow not! Well, then, by 
analogy or proportion, 3 ; 3-123 ; : 345° 36' ; 360°, and you know as 
well as I do, that we assume the circumference of a circle to be 
360°, for all practical purposes ; and, since proportion fails with 
every other value of ir, it follows, that Y = 3'i2S must be the true 
arithmetical value of tt, and the ratio of arc to chord as 1 5° to 14° 24'. 
Again: ^^- = 60°, ^ = 2° 24': and 60° — 2^24' = S7° 36', 
which multiplied by 6 gives the constant quantity 345° 36', which is 
the perimeter of a regular inscribed hexagon to a circle of circum- 
ference of 360° : and, by analog;' or proportion, 345° 36' : 360° 1:3: 
3'I2S| and we arrive at the same result as in the previous example. 
Pray attempt to produce this result either with x = 3'i4i59, &c., or 
any other false value of tt !! 

Well, then, whatever number of regular polygons we may inscribe 
within a circle, the ratio between a side of the polygon and its sub- 
tending arc is as 24 to 25, or, as 345° 36' to 360". I have given, you 
other proofs of this in ray Letter of the 7th inst., and hope I shall 
hear no more of your absurd chat^e, that I make a chord and its 
subtending arc equal, 

• See ; Athmmim. Aug. 5, 1S65. 
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In the enclosed figure (See Diagram. IV.), O A E B is a quadrant, 
of which O A, O E, O B, &c., are radii. O C B is an equilateral triangle 
of which the sides are equal to the radii of the quadrant. Hence ; 
C B is a side of a regular inscribed hexagon to a circle of which O B 
and O C are radii. The chords C D and D E are sides of a regular 
dodGcagon, and the chords C E, E D, D F, and F B, are sides of a 
regular 24-sided polygon, to a circle of which O B and O C are 
radii. 

It would be very absurd if I were to say that the sum of the two 
chords, C D and D B, or, the sum of the four chords C E, E D, D F, 
and F B was not greater arithmetically than the chord C B. But, C B 
= radius of the quadrant ; therefore, 2 tt (C B) = circumference of a 
circle of which O B and O Care radii. Well then, by hypothesis, let the 
chord C E, a side of the 24-sided polygon, be represented by the mystic 
number 4. Then : the equation or identity, 24 1 'z (chord C E' j = 

6 I" (chord C B)l and gives the circumference of the circle, whatever 
be the value of tt. For example ; By hypothesis, let tt = 3*1416. 
Then:24{^{chordCE)l= 6 |^(chord CB}};thatis,2+(^'''^'--^) 

= 6 (5— i— ^1 = IOO-53I2 = circumference of a circle, of which 

OA or OB is the radius, on the hypothesis that tt = 3'i4i6. 
What ! — you may say— do you mean to tell me that the four chords, 
C E, E D, D F, and F E are, together, only equal to the chord C B ? 
No ! I don't mean to tell you anything of the kind I I have already 
told you it would be very absurd to do so t But will you venture to 
tell me that 1005312 is tioi the circumference of a circle, of which 4 
times 4 = 16 is the radius, on the hypothesis that tt = 3'i4i6 ? This 
is a puzzle to IMathematicians, but as "a reasoning geotnetrical in- 
vestigator" you will, or ought to see, that I have given you the ex- 
planation in my Letter of the 7th inst. Well then, 100-5312 is the 
circumference of a circle of radius 16, on the hypothesis that tt = 
31416. Then : -' ^ ■ ^•^'^ - = 4-1888 = the arc subtending the chord 
CE. Hence: 24 {^(arcCE) j = 6(CB), that is, 2+ (^3_l^^l|!?^ 
= 6 X 16 = 96 = the perimeter of a regular inscribed hexagon to a 
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circle, of which O A or B, which are equal to CB, is the radius, 
when radius = i5. But any other finite and determinate hypotheti- 
cal value of ST will produce the same result. WcU, then, all the chords 
in the enclosed geometrical figure are to their subtending arcs in the 
same ratio ; and on the hypothesis that jt = yH^6, the ratio is as 4 
to4-i8S8. 

Now, may I ask you to describe a circle, and inscribe a regular 
pentagon and a regular hexagon 1 Euclid teaches us how to con- 
struct the pentagon, and the merest tyro in Geometry knows how 
to construct the hexagon. Well, then, let the circumference of the 
circle = 360. I only fix upon 360, because, for all practical pur- 
poses, we assume 360 as the circumference of the circle. We then 
assume the circumference to contain 360 units which we call degrees, 
and thesewe again sub-divide into6oequalparts, which we callminutes. 
Now, it would be very absurd, if I were to say that the perimeter of the 
pentagon was arithmetically exactlyequal to the perimeter of the hex- 
agon. But, mark! 'f = 72; i| = 2'88: therefore, 72 — 2'B8 = 69-I2. 

'J" = 60: ^1 = 3-4: therefore, 60 — 2-4= 57'6. Hence: 5 (69*12) = 
6 (57'6), and this equation or identity = 345'6, and is equal to the 
perimeter of a regular inscribed hexagon to a circle of circumference 

= 360: and, by analogy or proportion, 69-12 : 72 : : S7'6 ; 60. 

But, -f^ (circumference) = ^.^^-g (arc subtending a side of the 

hexagon) ; that is, -^-^ (360) = ^-l^^ (60), and this equation or indenity 

= S7'6, and is equal to the radius of a circle of circumference 360, 

Hence: ^— ^ (34S-6)= 6 M-^ x 57'6,)andthisequationorinden- 

tity = 360 = circumference of the c 

perimeter of a regular inscribed hexago m 

unity, it follows, that 3"i35 is the true ci 

diameter unity. But further ; 2 tr (radius) 

circle. Hence, 6-25 (16) = 10'; and th 

circumference of a circle of radius 16, = 

* Professor de Moigan disposes of this rgum mm 

such jWHJOTJaas the following ;—" And so we h m 

produces a pentagon of which four sides ar g 

thaji the fifth, but mathematkally equal to it." A 
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Now, .I'sM = - — - = '5 = radius of a circle of diameter 

unity. ^ ['5) = 5'2o83333333333 wilh 3 to infinity, and represents 
one sixth part of the circumference of the circle ; therefore 
6 (5'zo83333333333) = 3-1249999999998. Surely I this must as 
certainly represent to us 3'I2S, as the never ending series 1 + 
I + i + 3 ■*■ A + 3T + &c,, represents to us the arithmetical 
quantity z. 

When you have given these facts your attention, I cannot con- 
ceive it possible that 1 shall have you again asserting that I make a 
certain chord and its subtending arc equal. 

Dece7nber 1 2th. 

I had written so far when your Letter of yesterday came to 

Your reasoning is based on the assumption— implied but not 
expressed— that the trigonometrical functions of angles are lengths, 
not ratios of one length to another. Hence the fallacy of your reas- 
oning. " If you can't see this, J can't help it: but the fad remains 
notwithstanding^' 

Now, my dear Sir, 1 may tell you that the questions at issue 
between us are involved in the trigonometrical functions of angles 
or ratios, of which the sine and co-sine are the principle ; and 
without the introduction of ratios into the controversy, there wouldhe 
no possibility of our ever arriving at a conclusion ; and I repeat, 
that if the hypothenuse and shortest side of a right-angled triangle 
be in the ratio of 8 to 1, the trigonometrical sine of the accute angle 
is as certainly '125, as *S is the trigonometrical sine of the acute 
angle in a right-angled triangle of which the hypothenuse and 
shortest side are in the ratio of 2 to i. 

Now, ^~ = J4'4 : lii - 'j^e ; therefore, i4'4 — -576 = 
13-824. Hence: 13'824 ; 14-4 : : 3 ; 3'125 : and 25 (13-824) = 3456 
= the perimeter of a regular inscribed hexagon to a circle of cir- 
cumference = 360. 2 — = 15 ; ^ = -6 ; therefore, 15 — "6 = 
14-4. Hence: 14'4 : 15 : : 3 : 3'125 : and I3'824 : 14-4 : : 14-4 : 15 
and thus we get the ratio of chord to arc in both cases. And the 
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chord subtending an angle of 15°, at the centre of a circle, is 
equal to the arc subtending an angle at the centre of a circle of 
14° 34'. 

1 hardly supposed it possible that you could have mistaken my 
meaning, with reference to what I said Euclid had not proved. 
Perhaps I should have introduced the word matkemaiicalfy. Euclid 
deals with Geometry, not as a branch of Mathematics, but as a pure 
Science. Take your own figure (No. 2) in your Letter of the nth 
instant. If we put a value on the line AE, say »/i5, is not this an 
application of Mathematics to Geometry ? But, having fixed the 
value of the line A E, how will you find the values of D E and E B 
by pure Geometry ? Vour catching at a word, and putting a query, 
is not worth further notice ; and your application of the word 
apparently is a gross perversion of my statement.* 

Will you refer to the diagram enclosed in my Letter of the 30th 
November (see Diagram II.) Join B E, and then prove that the 
triangle B O E thus constructed, the triangles D G H and A F M in 
the diagram enclosed in my Letter of the 23rd November (see Dia- 
gram I.), and the triangle H P T in the diagram " Euclid ai 
Faull," are noi similar right-angled triangles ; and that they have nai 
the sides that contain the right angle in the ratio of 7 to 24? If 
you can't accomplish this — and you certainly can't — you should 
admit that when the ^15 represents a line, it stands not for its 
extracted root = 3-872, &c., but for 3'875. 

Let the circumference of a circle = 625. Then : — ^ = >- ^ = 
ICO = radius ; and, 6 (radius) = 6 x 100 = 600 = the perimeter of 
an inscribed regular hexagon. Let the circumference of a circle = 
600. Then : -^ = t^- = 96 = radius : and, 6 (radius) = 6 x 96 
= 576 = the perimeter of a regular inscribed hexagon. Hence : 

* The reader will find, by turning to my Letter of the 8th December, 
that this refers to the following paragraph inlhatLettcr:— "Now, according 
to Euclid, the square of a line drawn from the circumference of a circle per- 
pendicular to its diameter, is equal £0 the rectangle under the segments of 
the diameter. Euclid nowhere proves tliis, nor could he, by pure geometry; 
but, apfiareiiily, it is veiy readily demonslraled by applied matliemalits ;" 
and 1 gave the proof. 
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600 is a mean proportional between 62^ and 576 : that is, ^(625 x 576) 
— V360000 = 600. Again : let the circumference of a circle = 600. 
Then : — = g— = 96 = radius : and, 6 [radius) = 576 = the 
perimeter of an inscribed regular hexagon. Let the circumference 
of a circle = 576. Then; |'- = |i- - 92'i6 = radius: and, 
6(ra(]ius) = 6 x 9z-j6 = 552-95 = the perimeter of regular inscribed 
hexagon. Hence: 576 is a mean proportional between 600 and 
552-96 : that is, ^' (600 x S52'96) = JziiJl^ =^576. And so you 
might go on till you got a string of figures as long^ as from Barkeley 
House to Queen's College j if your life were only long enough to 
enable you to perform the arithmetical operation. 

With reference to the concluding paragraph of your Letter I 
may observe, that whatever may be your opinion of my commercial 
morality, no intelligent and reflective-minded man could be led to 
any other conclusion — from a perusal of your Letters to me — than 
that you look upon me— mathematically^ as a shuffler and trickster ; 
and this led me to refer to a fact in connection with an unnamed 
member of your own college. I am prepared to reason logically, 
from indisputable geometrical data, to a true conclusion, on aU the 
questions at issue between us ; but you have not hitherto met me in 
the same spirit ; and I am tempted to draw the inference that your 
object is not " TRUTH " but a " contention " for victory. Think, 
my good Sir, of the proverb of Solomon : " He that rebuketh a man, 
shall afterwards find more favour, than he that fiattereth with the 
tongue^ 

Believe me, my dear Sir, 

Faithfully and kindly yours, 

James Smith. 
The Rev. Professor Whitworth. 

p.S._l shall not post this till Monday morning, and I have my 
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James Smith to The Rev, Professor Whitworth. 

Barkeley House, Seaforth, 
i^th December, 1868. 
My Dear Sir, 

I might now fairly pause, and wait yoitr ■withdrawal of 
the absurd charge you have brought against me, of making a certain 
chord and its subtending arc equal. You may probably require 
a little time for consideration, before you can make up your mind 
to this course, and in the meantime I shall pursue mine. 

The geometrical figure represented by the enclosed diagram, 
(see Diagram V.) is a very remarkable and extremely interesting one, 
To exhaust all the properties of this figure, would require me to 
write more than a moderate-sised pamphlet, 

CONSTRUCTION. 

Construct the right-angled triangle ARC, malting AB equal 
to f (B C), With B as centre and B C as interval describe the circle 
X, and ivith C as centre and C A as interval describe the circle Y. 
Produce A B to meet and terminate in the circumference of the circle 
Y at the point H, and join H C. Produce A C and G C to meet and 
terminate in the circumference of the circle Y at the points and F, 
and join AG, GO, OF and FA, and thus construct an inscribed square, 
AGOF,tothecircleY. Produce CB to D, making BD equal to 5 tinies 
B C. Produce C D to L, making D L equal to twice B C, or ^ (C D), 
On D L describe the square D L M N, and inscribe the circle Z ; and 
with D as centre and D L or D N as interval, describe the circle 
X Y Z. From D N, a side of the square D L M N, cut off a part, 
D E, making DE equal to |{DN), and jom E C, and thus con- 
struct the right-angled triangle E D C. Produce B A to meet M N 
a side of the square M L D N produced, at the point T, and from 
the point C, the ccnfre of the circle Y, draw a straight line parallel 
to B T to meet M T produced, at the point V. From B T cut off a 
part BS, making BS equal to AC, and join S W. With C as 
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centre and C E as interval, describe an arc E K, and join E K, and 
SO get the ctord to the arc. On the chord E K describe the square 
EKPR. 

Now, I shall direct your attention to a number of interesting 
facts with reference to this geometrical figure, and then found some 
theorems upon it, which I shall give you for solution. 

The point W is the point of intersection between the circum- 
ference of the circle X V Z and the line L C, and it follows, that the 
line L C is bisected at the point W. The triangle ABC, the 
generating figure of the diagram, represents the primary commen- 
surable right-angled triangle ; that is to say, it is derived from the 
consecutive numbers i and 2 ; A B denoting the sum, and B C 
twice the product of these numbers : and it follows, that when A B = 
3, B C = 4, and A C = 5. Again : the triangle S B W is a com- 
mensurable right-angled triangle, and is derived from the consecu- 
tive numbers 2 and 3 ; and it follows, that when SB = 5, B W = 
12, and S W = 13. Again : the triangle E D C is a commensurable 
right-angled triangle, and is derived from the consecutive numbers 
3 and 4 : and it follows, that when E D = 7, D C = 24, and E C = 
25 : and it also follows, that E C, the hypothenuse, is equal to 5 times 
AC, the hypothenuse of the right-angled triangle ABC, and ED the 
perpendicular, equal to the sum of DC and EC, when ED=7. Again: 
the circles Z and X, and the squares R P K E and A G O F, are exactly 
equal in superficial area: and it follows, that because the circle X 
and the square A G F are equal, the area of a circle of radius 4 is 
equal to the area of an inscribed square to a circle of radius 5, 
Again : The area of the rectangle T B C V is exactly equal to the 
area of inscribed squares to the circles X and Z ; and it follows, 
that the sum of the areas of the rectangles NDBTandTBCV 
is exactly equal to the area of a regular inscribed dodecagon to 
the circle X Y Z : and the line D C equal to the perimeter of a 
regular inscribed hexagon to the circles X and Z. 

I might direct your attention to many other facts ; but, it 
appears to me, no further information should be necessary to enable 
you to solve the following theorems : — 

THEOREM I. 
Let the area of the circle Z or X be represented by any arith- 



Hostecl by 



Google 



93 

metical quantity, say 10368, or any other quantity if you like it 
better. I have a reason for selecting this quantity, and should be 
glad if you would adopt it. Find the arithmetical value of the line 
E C, the hypothenuse of the right-angled triangle E D C, and 
prove that it is equal to the circumference of the circle X or Z. 

THEOREM 1. 
Let E C the hypothenuse of the right-angled triangle E D C be 
represented by any arithmetical quantity, say iv/iooo, or any other 
arithmetical quantity if you like it better. In this case I have no 
choice whatever. Find the circumference of the circle X Y Z, and 
prove that it is equal to 10 times A C the hypothenuse of the right- 
angled triangle ABC. 

THEOREM 3. 
Let the area of the square A G O F be represented by any arith- 
metical quantity, say 60. Find the area of the circumscribing circle 
Y, and the arithraetical values of the sides of the right-angled 
triangle ABC, the hypothenuse of which is the radius of the circle 
V, and prove that the sum of the squares of the three sides of the 
triangle A B C, is equal to the area of the circle X. 

Now, my dear Sir, will you be kind enough to favour me with 
the solution of these three theorems ? You have made an. onslaught 
on my geometrical capacity, and 1 have met you by fair and 
legitimate argument. I think you cannot refuse me this favour, with 
any shew of reason ; and by furnishing the solutions, you will at once 
establish yovir geometrical and mathematical capacity. Grant me 
this favour, and I assure you I will give you no further trouble in 
the way of solving theorems, although I may bring under your 
notice many other beauties of geometry. 

In conclusion, I may assure you that the solution of these 
theorems is very simple, when wc have got hold of the right way to 
go about the solution of them. 

Believe me, my dear Sir, 

Faithfully yours, 

James SaiiTH. 
The Rev. Professor Whitwortk. 
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I may tellj/ou, Sir, as a fact, that I have never been 
able to induce any of my correspondents to construct a 
problem, or solve a theorem ; and it will be as manifest 
to you, as it is to me, that Professor Whitworth never 
attempted to solve the problem I suggested to him, in 
my Letter of the 4th December. I may tell you another 
fact. When I have constructed a problem, and by means 
of it solved a theorem, proving 7r= Y' =3' ^25, my corres- 
pondents have invariably found it convenient to evade my 
arguments, and to avoid grappling with my demonstra- 
tions. The Mr. R. referred to in the early part of my 

pamphlet, "Euclid atfmiU" went the length of telling me, 
that we can prove nothing by practical or constructive 
Geometry. If so, what value or utility is there, or can 
there be, in the science of Geometry ? 

The diagram No. Ill, is a fac-simile of that enclosed 
in my Letter of the 7th Deceraberto ProfessorWhitworth, 
with the addition of the three straight lines _yP, j'F,_)'V, 
and the circle V Z, and the following may be adopted as 
the method of constructing the diagram. 

Let A and B denote two points dotted at random. 
Join these points, and on A B describe the equilateral 
triangle O A B. From the angle O draw a straight line, 
bisecting the angle and its subtending chord at the point 
H ; and from the point H draw a straight line, parallel 
to the side O A in the triangle O A B, to meet and bisect 
the side O B at the point K. With O as centre and O K 
as interval, describe the circle P : with O as centre and 
H as interval, describe the circle N : and with O as 
centre and O B as interval, describe the circle X. From 
the angle B in the cquilaterial triangle O A B, draw a 
straight line at right angles to O B, and therefore tan- 
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gental to the circle X, to a point C, making BC equal to 
1(0 B), and join C. With O as centre and O C as 
interval, describe the circle Y. Produce C B to meet and 
terminate in the circumference of the circle Y at the point 
P, and join O V. It is obvious that O B C and O B P are 
similar and equal right-angled triangles, and have the sides 
that contain the right angle in the ratio of 4 to 3, by con- 
struction. From the angle C in the triangle B C, draw 
a straight line C D, at right angles to O C, mailing C D 
equal to O C, join O D, and with C as centre and C O or 
C D as interval, describe the arc O D. Produce D C to 
meet O B produced at the point F, and thus construct 
the right-angled triangle O C F, and join P F. With O as 
centre and O F as interval, describe the circle M : and 
with as centre and O D as interval, describe the circle 
Z. Produce O C to meet and terminate in the circumfer- 
ence of the circle Z at the point E : and from the point 
O the centre of the circles, draw a straight line at right 
angles to O E, to meet and terminate in the circumference 
of the circle Z at the point N : and join D E and D N. 
Produce E O to meet and terminate in the circumference 
of the circle Z, at the point L : and from the point D draw 
a straight line parallel to EL to meet and terminate in the 
circumference of the circle Z at the point M, and join M L 
and MN, It is self-evident, that LM, MN, ND, and DE, 
are sides of an inscribed regular octagon to the circle Z. 
From the angle F, in the right-angled triangle O C F, 
draw a straight line at right angles to O F, and therefore 
tangental to the circle M, to meet O E produced at the 
point R, and thus construct the right-angled triangle 
O F R. With as centre and O R as interval, describe 
the circle X Z. From the angle E. in the triangle O F R, 
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draw a straight line at right angles to O R, and therefore 
tangental to the circle X Z, to meet F produced, at the 
point V. Produce R F to meet and termhiate in the cir- 
cumference of the circle X Z, at the point y; or, we 
might say, produce R F to meet O P produced, at the 
point y, and join yY, and thus construct the quad- 
rilateral Oy V R. Bisect O V at jr, and with F as 
centre, and F;t^ as interval, describe the circle YZ. Pro- 
duce N O to meet and terminate in the circumference of 
the circle Z, at the point T. From the point e, draw a 
straight line at right angles to O e, and therefore tangen- 
tal to the circle X, to meet and terminate in the line 
O N at the point f, and from the point 0, draw a 
straight line at right angles to e, to meet and terminate 
in the circumference of the circle X at the point g, and 
join gf, and thus construct the square O s fg. It is 
self-evident, that L E and N T, diameters of the circle Z, 
at right angles to each other, intersect the circumference 
of the circle X, at the points a, b, c, and d. Join ab, be, 
cd, and da, and thus construct an inscribed square to 
the circle X. In the square abed inscribe the circle 
X Y : and in the circle X Y inscribe the square a' b' c' d'. 
It is self-evident that ab cd is no. inscribed square to the 
circle X. It is also self-evident, that Of, O d, and O d', 
are the diagonals of squares. It is also self-evident that 
LE and NT, which are diameters of the circle Z, at right 
angles to each other, intersect the circumference of the 
circle M, at the points n, o, p, and m. Join n o, op, p m, 
and mn, and thus construct the square mnop. It is 
obvious or self-evident, that mnoph. an inscribed square 
to the circle M, 

Now, OPFC is a quadrilateral, and the sides OP 
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and O C are to the sides P F and C F in the ratio of 4 to 
3, by construction : and O P and O C are radii of the 
circle Y. Hence : it may be demonstrated that the 
square tnnop, and the circle V, which is partly within 
and partly without the square w.no p, are exactly equal 
in superficial area ; and that both are equal to the sum of 
the squares of the four sides of the quadrilateral P F C ; 
and also equal to the sum of the squares of the diagonals 
of the quadrilateral O P F C, together with four times the 
square of the line that joins the middle points of the 
diagonals. 

When O K, the radius of the circle P, — 2, then, O B 
the radius of the circle X =4; and O C the radius of 
the circle Y ^ 5. But, O P = C, for they are radii of 
the circle Y ; therefore, \ (0 P) or \ (O C) = 3_^-5 = 1? 
= 375 = P F and C F ; therefore, (O P= + O C= + P F» 
+ CF^) ^ 3J(OP=)or3^(OC = ); that is, (5= + 5^ + 
375' + 375') = l\ (5*); or, {35 + 25 + i4'o625 + 
14*0625) = 3"I25 X 25 = 78t2S = area of the circle Y ; 
and is exactly equal to the area of the square m n op. 
Proof : The square mno p, is an inscribed square to the 
circle M ; and, F the radius of the circle M — 6-25, when 
OK the radius of the circle P = 2. By hypothesis, let 
theareaofthesquare?««f/ — 78'i2S. Theu: j('78'i25 + 
7^5 + ^ {78-125 + ^■-^)} - { {78-125 + 19'53I25) + 
\ (97'6s625)} =r (g7'65625 + 24*4140625) — * 122*0703135 
= area of the circle M, and is equal to 3J {O F^) : and, 
'.??.'°l93i£5_ Qi-^ (133-0703I25 x 1*28) = I55'25 = area of a 
circumscribing square to the circle M. But, -i— 5-^ = 
78' 1 2.;, and it follows of necessity, that the square in 11 op, 
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and the circle Y, are exactly equal in superficial : 
Let O K the radius of the circle P = 2. 
Then: 
O R the radius of the circle XZ = 7'3i2S. 
.-. OR' = 7'8i2S' = 61-03515625. 

F R = 1(0 R) = J (O F) = 4'68;5. 
.■.2(FR) = R^ = g-375. 
■■■R/ = 9'375' = 87-890625. 

RV = ^(OR) =|{0V) = S-8S937S- 
■.RV = 5-8;<:375' = 34*33 2275390625- 

O V = 9765625. 
■.OV^ = 9-765625^ = 95-367431640625. 
i (O V) = O ^ 



_ 9765625 



= 4-8828125. 



FV = f(RF) = i(RV) = 3-515625. 

A-F = OF — 0;t:= 6-25 — 4-8828125 = 1-3671875. 

4(:irF=) =-- 4(1-3671875=) = 4(1-86920166015625) = 7'476So664o62S. 
But, Oy V R is a quadrilateral, and " in any quadrila- 
'eral the sum of the squares of the four sides is equal to the 
sum of the squares of the diagonals _ together with four times 
the square of the line joining the middle Jioints of the dia- 
gonals." Now, x'P IS the line that joins the middle 
points of the diagonals, in the quadrilateral Oy V R. 

Hence : 
{OV + Ky- + 4 (.r F^)) = the sum of the squares 
of the four sides of the quadrilateral Oj'VR; that is, 
(9S'36743i64o625 + 87'89o62S + 7-476806640625) =^ 
(61-03515625 + 34-332275390625 + 34-332275390625 + 
61-03515625), and this equation — 190-73486328125 
— 3 J (OR') = area of the circle X Z. But, 
2(190-73436328125) = 4(OV'); and it follows, that 
twice the sum of the squares of the four sides ol the 
quadrilateral 0_yV R, i.s equal to the area of acircumscribing 
square to a circle of which O V is the radius. No other 
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vabte of -w, hut '^■^ can be made to harmonise with t/iese 
geometrical truths; and it follows, that 3'I25 is the true 
arithmetical value of it, and makes 8 circumferences = 25 
diameters in every circle. 

THEOREM, 
Let the area of the circle P be represented by any- 
arithmetical quantity, say 60. Find the area of a regular 
inscribed dodecagon to a circle of which O V is the radius, 
and prove that it is exactly equal to 6 (0 V x x^) 

It will be as obvious to you, Sir, as it is to me, that 
whether the arithmetical value of tt be indeterminate, in the 
common sense acceptation of the meaning of the word in- 
determinate; ox, finite 3.nd, determinate ,m. the sense attached 
to these words by the Reverend Professor Whitworth, that 
in either case the solution of this theorem would be an 
impossibility. But, I maintain that the solution of this 
theorem, is not impossible, and this I shall prove : and, 
it will become your duty as the President of " The British 
Association for the Advancement of Science" and a pro- 
fessional Mathematician, to controvert my proof if you 
think it untenable ; and if not, it is equally plain, that as 
an //okcj^m;««, your duty is to admit the truth of my solution. 

Referring to Diagram III., I may observe: — It is self- 
evident that with O as centre, and O V as interval, we 
may describe another circle, and this circle may be 
denoted by the symbol /3. Conceive this addition to be 
made to the diagram. Now, when K the radius of the 
circle P — 2, then, O V the radius of the circle /3 = 
9765625. But, 3^ (9765525') — (3^* : and this equation 
or identity = 298'023223376953!25 = area of the circle 
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^, when K the radius of the circle P = 2, Now,^^^^ 
gives the number of times the area of the circle P is 
contained in the area of the circle ^ : but, tt goes out, 
and it follows, that ° J^ =: ^^p^ = 95:367431640625 ^ 
23-84185791015625, is the number of times the area of 
the circle P is contained in the area of the circle /3. 
Hence: I2| (23-84i8579i0JS62S) ~. $^ (OV); that is 
(12-5 +23'84i8S79iois63S)=(3-i25 x 95'36743i64o62s): 
and this equation or identity = 298'033323876g53i35 — 
area of the circle /3, when O K the radius of the circle P 

Well, then, by hypothesis, the area of the circle P — 
60, and it follows of necessity, that 60(23-34185791015625) 
:= 1430*511474609375 = area of the circle /3. But, 
U (1430-511474609375) = ^4J<.J43^4746o,3_75 = 
1373-291015625-. or, by analogy or proportion, 3125: 3:; 
1430-511474609375: 1373-291015625: and it follows, that 
1373-291015625 is the area of a regular inscribed dodeca- 
gon to the circle 0. 

Proof; a/-—- = i-adius in every circle, whatever 
be the value of w : and it is self-evident, that tt can but 
have one true arithmetical value. Now, V( ''*^°"^'^!g -^-^^-^) 
= 7(457-76367 1 §7 5) = O V the radius of the circle /3 on 
the THEORY that 8 circumferences = 25 diameters in every 
circle. ?/= V «"f""S =V(iT4"^i5'9i>968;5==»emi- 
radius of the circle /3 : and, 6 (radius x semi-radius) =:= 
area of an inscribed regular dodecagon to every circle ; and 
it follows, that6( .y45y-76367i87S x Vn4'4409'796875) 
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=6(y52386-894822r2o5665039o52s) = (6'<328'88i83S9375) 
= i373'29ioi5625 = area of a regular inscribed dodeca- 
gon to the circle ^ ; that is, to a circle of which O V is 
the radius. 

Now, Sir, neither you nor any other living Mathe- 
matician, can produce this result with any other value 
of TT, but that which makes 8 circumferences =^ 25 
diameters in every circle. This makes V = S'l^S the 
true arithemetical value of rrr. It would appear that 
these truths are beyond the reach of the capacity of 
the existing race of /■r.T/i'i-j/i?//*!/ Mathematicians. It may 
not be in ray day, but I venture to tell you. Sir, that the 
day will come, when these truths will be recognised, by 
Mathematicians ; and will be known to, and comprehended 
by, every first-class school-boy ! ! 



The Rev. Professor Whitworth to James Smith. 

Liverpool, December i^lh, 1S68. 

Mv Dear Sir, 

Your words (December 8th) 'are : — " Tlie square of a 
line drawn from tlie circumference of a circle perpendicular to its 
diameter, is equal to ihe rectangle under the segments of the diameter. 
Euclid no where proves this, nor could he, by pure Geometr)', 
apparently."* 

I have shewn you that he does prove it explicitly and absolutely, 
and you now say that he does not prove it " mathematically." You 

' By referring to my Letter of the 8th, the reader wiU observe, that my 
■wards !tf«^;— Euclid na where prtiycs this, nor coiild he by pure Geometry : 
but, appareuify^ it is readily demonstrated by the aid of Mathematics - 



Hosted by 



Google 



I02 

must give a strange definition to the word Mathematics. Please 
say what your definition is, that I may understand you for the future ? 
You appear to mean that Euclid does not express the perpendicular 
and the segments arithmetically. It is well that he does not, for if 
he did, his proofs, like yours, would only apply to a particular case. 
But he proves, absolutely, that the square and rectangle, defined in 
your enunciation, are equal, geometrically and absolutely; and 
therefore they must be equal, whatever be the common unit of area 
in which any one may be pleased to express them. 

Can you say that, when you penned the paragraph 1 have quoted, 
you were conscious of Euclid's proof to which I have referred you ? 

The proofs you now send me are just as invalid as those I have 
already criticised. But I decline to discuss them until we have 
settled the previous ones. I ask you to answer the question in my 
pievious Letter. 

Does it not follow, from the proof you sent in a former 
Letter, that the circumference of a xxv.-gon is equal to the circum- 
ference of its circumscribing circle ? If not, where is the false step 
in my inference? If this equality stand, do you rot maintain the 
equality of an arc with its chord ? * 

You seem to think that there is something personal in a proof 
being satisfactory. And that if I object to a proof, you may pass it 
by and put forth another. Please observe that I never object to a 
proof without shewing where its argument fails, and if it fails to me, 
it must fail to all others who have a logical mind, unless, indeed, I 
am falling into some misapprehension, which you can correct. There 
can be no question of opinion whether any step in an argument is 
logical or not, at least in a mathematical argument. When you put 
forth a proof you must answer any objection to it, or admit it to be 
unsound. Instead of this you try to pass it over, and replace it by 
another and another. 

You speak of the perimeter of a hexagon being 50 many degsxcs. 
You may use " degree" or any other word in any sense you please, 
provided you adhere to that sense. I always mean by a degree the 

* This refers to the paragraph in my Letter of November 23rd, 1B6S, 
in which 1 have ttdmitted that there is a lapsus ; but the reader will observe 
that in this parsgrajih Professor Whitworlh makes no reference to the date 
of that Letter, 
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goth part of a right angle* You sometimes mean the length of a 
line. Could you not use a different symbol to distinguish what you 
would call a linear degree ? 

I have no objection to you speaking of a circumference as 
divided into 360, or 380, or any other nmnber of equal parts. 

I observe, that your ivork with recurring decirnala is wrong, as 
usual, but I reserve this till 1 come in due course to these proofs. 
At present wc must settle the question of the equality of chord and 
arc.+ 

Faithfullyyours, 

W. Allen Whitwobth. 



Jamf.s yMiTH to Thk Rev, Professor Whitworth, 

Barkeley House, Sea forth, 
ijth December, 1868. 

My Dear Sir, 

I admit that you are a ^' recognised Mathematician f 
ajid I assume that you are "a jeasoning geoTnetrical investigator^'' 
and an honest man. 

Under these circumstances, should you not point out the flaw — 
if there be a flaw — in the construction of the geometrical figure 
represented by the diagram enclosed in my Letter of the 15th iiist,? 
Should you not point out the error and prove it — if there be an 
error — in what I state to be facts, with reference to the said geome- 
trical figure ? 

' I also mean, liy a degree, the 90th part of a right angle, h, not a degree 
the 360th part of 4 right angles? Is not the drcumference of a circle a line! 
What matters it, then, whether a line be straight or ciir\'cd, so far as regards 
dividing it into equal parts, and expressing the value of these parts in 

t Is there not a distinction between a recurring and a repeating decimal ? 
According to the Imperial Dictionary — to which one of my Correspondents 
referred me as an authority on stich matters: f = ■142S57E42S57, is a 
recurrin;! decimal, oiid \ ^ '3333 willi 3 to infinity is ,1. repealing decimal 
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If you are "« reasoning geometrical in-vesHgator" and an 
honest man, should you not, as a " recognised Maihematician" 
solve the theorems founded upon the said geometrical figure ? 

If you are an honest man, and find youreelf incompetent to 
solve the theorems I gave you for solution, in my Letter of the 15th 
inst., should you not admit the fact ? 

The common sense of mankiiid has decided, that no man shall 
constitute himself judge and jury in his own cause ; and no such 
absm-dity can be admitted, as one of the laws of fair controversy ! 

Now, my good Sir, bear in mind that it was not I who attacked 
you, but you who attacked me ; branding me as a maligner and 
libdkr of " recognised Mathematicians" It is for me to defend 
myself from these foul charges ; and the " onus probandi" rests 
with^iJit to prove that my defence is untenable ! ! 
Faithfully yours, 

James Smith. 
The Rev, Professor Whitworth, 

P.S. — 5-45 p.m. Yours of this morning to hand. 



The Rev. Professor Whitworth to James Smith. 
16, Percy Street, Liverpool, 
December ijth, 1868. 
My Dear Sir, 

I have made no absurd charge. But you tel! me that 
the perimeter of a xxv.-gon is ^ of the diameter of the circum- 
scribing circle, and the circumference of the circle is also Y of the 
diameter. You must either admit one of these statements to he wrong, 
or else maintain the equality of a chord and arc. I ask you which of 
the statements is incorrect, and you persist in trying to change the 
subject. I shall take no notice of any more of your letters until you 
tell me explicitly how much of your ground you abandon, ^whether 
you still maintain the side of the xxv.-gon to be J of the diameter, 
and its perimeter, therefore, V of the diameter— and whether you 
n the circumference to be ¥ of the diameter. 



Hosted by 



Google 



J also ask you again, whether you were conscious of Euchd's 
proof, Cook 3 ; Prop. 35 : Case 2 ; when you said that he had 
not proved, and could not prove, tha.t case. 

If you were conscious of it, and were depending on the quibble 
with which you try to defend yourself, I am sorry for you. If you 
were ignorant of it, I would rcspcctfuUy suggest that you should 
read Euclid before you publish any more pamphlets on " Euclid at 
Fault." 

You invite me, in your quotation from Solomon, to speak plainly 
in reproof of the course you have taken. But I prefer to reserve 
reproof for knaves and fools, and to meet ignorance with instruction, 

Very truly yours, 

W. Allen Wiiitwokth. 



By no exercise of ingenuity on my part could 
I have demonstrated more effectually, than Professor 
Whitworth has himself proved in his Letter of the 
nth December, that, in the postscript to his second 
Letter of 28th November, to which he has referred in 
every subsequent communication, he treats the trigonome- 
trical functions of angles as lengths, not as ratio.^ of one 
length to another : and when he asserts in his Letter of 
the 15th December, that he has " 7nade no absurd charge," 
what could he refer to, if not to tlic lapsus on page 10 of 
my Letter of the 23rd November ? It appears to me he 
forgets, or ignores the fact, that the sine of an arc is half 
the chord of twice the arc, and that it necessarily follows, 
that the ratio between the sine of an angle and the sine 
of its arc is a varying ratio, at every doubUng of the sides 
of a polygon inscribed in a circle. 
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James Smith io The Rev. Pkofessor Whitworth. 

Babkeley House, Seaforth, 
iijth., December, 1868. 

Sir, 

If your mind is impervious to reason, and you are 
iracompetent to grapple with argument, or to solve a geometrical 
theorem, the sooner you cease to trouble me with your Letjers the 
better ; not only for my convenience, but probably, for your own 
mathematical reputation. You hiotv that I had no wish to enter 
into a correspondence with you ; but, VOU, my good Sir, having 
forced me into one, I shall now make use of you for my own 
purposes ; that is to say, I shall continue to address Letters to you 
with a view to publication, and when I do pubhsh, you may rest 
assured, I shall give your Letters in their " entirety ; " and the 
common sense of mankind will, in the long run, decide which of us 
has coniindedior " TRUTH," and which for "victory.'" 

I shall now proceed to solve the first of the theorems given in 
my Letter of the rsth inst. 

If 24 equal isosceles triangles be inscribed in a circle, the 
angles at the centre of the circle are angles of 15°, and are subtended 
by arcs of 15°, and these arcs are equal to 15, when the circumference 
of the circle = 360. If 25 equal isosceles triangles be inscribed in a 
circle of circumference = 360, the angles at the centre of the circle 
are angles of 14° 24', and are subtended by arcs of I4'> 34', and these 
arcs, decimally expressed, are equal to 14-4. The angle at the centre 
of a circle, subtended by an arc equal to radius, is an, angle of 
57' 36', and this arc = 57'6, when expressed decimally. Hence; 
24(57-6 X ^)=25{57-6>:y--'*)'i that is, 24(57-6 ;< 7-5)= 25(57-6 x 
7-2), and this equation or indenty = 10368. 

Now, let the area of the circle Z = 10368, and be given to find 
the arithmetical value of the line E C, the hypothenuse of the right- 
angled triangle E D C, in the diagram inclosed in my Letter of the 
15th inst., and prove that it is equal to the circumference of the 
circle X or Z, 
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Then : ^'^ =: ^^iffe = 57-6 = radius of the circle Z. 
6(radius) = (6 x 57'6) = 345'6 = the perimeter of a regular inscribed 
hexagon to the circle Z, and is equal to D C the base of the right- 
angled triangle E D C. ^ (D C) = ^ ■- ^^ ^ ^ - ' ^=^^'^'-^- = loo'S = E D, 
the perpendicular of the right-angled triangle E D C ; therefore, 
(E D' + D C) - (100-8'' + 345'6^ = roi6o'64 + 119439-36) = 129600 
= E C ; therefore, V129600 = 360 ^ E C, the hypothenusc of the 
right-angled triangle E D C. But, E C = 5 times A C, the hypothenuse 
of the tight-angled triangle ABC, by construction ; therefore, -' - 
= 3^ = 72 = A C : B C = J (A C), by construction ; therefore, 
. (A C) = 3^^ = y^ = 57-6 = B C : A B = 4 (A C) by construc- 
tion ; therefore, |(A C) = ^-^ = --'- = 43'3 = A B. Now, 27r 
(radius) = circumference in every circle ; therefore, 2 tt (B C) — 
6-25 X 57-6 = 360 ^circumference of ttie circle X, and is exactly 
equal to the hypothenuse of the right-angled triangle E D C, (Q.E.D). 
But further, (A B' -H B C= + A C=) =3^ (B C), that is, (43-2" -h 57-6' 
+72')=3-i2S(57-6^,or,(i866'24 4- 3317-76 + Si84) = (3'i2S x 331776) 
= 10368 = area of the circle X, and is exactly equal to the given 
area of the circle Z ; and it follows, that the circumferences of the 
circles X and Z are equal, and both equal to the hypotbenuse of the 
right-angled triangle E D C, 

Let the area of the circle Z, = ^-^ =-78125, Then: Any first- 
class school-boy will be able to work out the calculations, and prove 
that E C the hypotbenuse of the right-angled triangle E D C, is 
exactly equal to the circumference of a circle of diameter unity ; and 
it is therefore unnecessary to burden my Letter with the calculations. 

I havepointed out in my Letter of the istb inst,, that when the 
sides of the triangle E D C are 7, 24 and 25, then, ED'— the sum 
of D C and E C, that is, 7= = (24 + 25) = 49. This is a particular 
case and quite unique ; but, it does not affect the theory of ci 
surable right-angled triangles, derived from two 
numbers. The sides containing the right angle in the triangle 
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E D C, are in the r^tio oi 7 to 34, and tlie triangle i; 

able right-angled triangle, whatever arithmetical value we maj' 

assume as the hypothenuse, or either of the sides containing the 

right angle. 

Main.: (^^ x ^^^) =-. --^-^- = aS'iaj. Now, when the 
^ \ 10 4/40 

radius of the circle X =4, and the radius of the circle Y= 5, the 
circle X and the square A G O F are exactly equal in superficial 
area: and 23-125 represents the difference between the area of the 
square A G O F, and the area of the circumscribing circle Y. This, 
again, is a ^^ particular case" and quite unique ; but is in harmony 
with the following general law on the geometry of the circle. If A 
denote the area of a square, then, -| (h + — 1 + J (^A + - 1 J- ^ 
area of a circumscribing circle. Now, let B C the radius of the circle 
X, be represented by the OTyj/Zi: number 4, Then 3b(4^) = 3"I25 x 
16 = 50-= area of the circle X. But, the circle X, and the square 
A G O F, are equal in superficial area ; therefore, \ (50 + ~ J + i 
(50 "^5^)[=(62'S + is'625)=^ 78-125 = 3i-(AC'): and in this 
particular and unique case, the difference between the area of the 
circle Y, and the area of the inscribed square A G O F = (78-13S — 
50) = ^— \-\ = 28-I25. Now, this is true only, when the radius 
of the circle X = 4, and the radius of the circleY = 5. But,ifA 
denote the area of the square AG OF, and he represented by any 

finite arithmetical quantity, then, J (a -I ) -I- 5 (A+ — )> ^ 

35(AC=), and this equation or indentity =^ area of the circle Y 
circumscribed about the square A G O F, whatever finite arithmeti- 
cal value we may put upon A. But further : This particular and 
unique case, is in harmony with the following general law on the 
geometry of the circle. If A denote the area of a circle, then 

J (A ) — ^5 (A if :^ area of an inscribed square. For 

example ; — Let A denote the area of the circle Y, and he represented 
by the arithmetical quantity too. Then : ]('^~7)"~"i('^ — 
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area of tte inscribed square AGOF. 2(64) = 128= area of a 
circumscribing square to the circle Y. But, the area of a circle is 
found by multiplying the area of a circumscribing square by-; 
therefore, 128 x ?-— - — I28x 78125 =^ ioo = the given area of the 

circle. Or, since -5 — - and — „ are equivalent ratios, it follows, 
' 78125 fiS ^ 

that-^ = 100= the given area of the circle. 

Can you. Sir, pretend to be "a reasoning geometrical itivisti- 
gatorl' and fail to perceive that these facts establish, beyond the 
possibility of dispute or cavil by any honest Mathematician, that V 
= yii$ is the true arithmetical value of tt, and makes 8 circum- 
ferences of a circle exacdy equal to 25 diameters ? 

Now, we can conceive 360 equal isosceles triangles to be in- 
scribed in a circle. In this case, if the circumference of the circle 
be represented by 360, the angles at the centre of the circle are 
angles of i", and are subtended by arcs of 1°, and, dispensing with 
the symbol that represents a degi-ee, the arithmetical value of the 
arc is i ; and I presume you know as well as I do, that radius, mul- 
tiplied by half the arc contained by two radii, is equal to the area of 
that part of the circle contained by the two radii. Hence ; 
360(57-6 x -5) = (360 >! 28-8) = 10368. But, 360(57-6 >: -5) = 
3^(57-6^); that is, (360 X 2S'8) = {3'i35 x 3317-76), and this equa- 
tion or indentity = 10368 = area of a circle of which the circumfer- 
ence is 360. But, 28'8 is the semi-radius of the circle. Does not 
circumference >< semi-radius = area in every circle ? 

Do you not know that a line, of any length, will enclose a 
larger area in the form of a circle than in any other form whatever ? 
Where will you be, if you try to iind the area of a circle of which the 
circumference is 360 units in length, with the mysterious jr = 
3-14159, &c. ? I may tell you that you can't find the area of the 
circle ; and when you have found what you fancy to be an approxi- 
mation to it, you will find you make it much less than 10368. 

Again : ^'j = '04 ; and, 1 — -04 ^ -96, which, multiplied by 
360, gives 345'6, and is equal to the perimeter of an inscribed 
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regular hexagon, to a circle of which the circumference is 360 units 
in length. Hence : by analogy or proportion, -96 ; I : : 34S'6 ; 360 ] 
or, -96 : 1 : : 3 : 3-125 ; or, 34S'6 : 360 1 : 3 : 3-125 ; and it follows, 
that the sides of a 360-sided regular polygon, inscribed in a circle, 
are to their subtending arcs in the ratio of 96 : I, or in the equivalent 
ratios of 3456 ; 360, or, 3 : 3'i25, Now, Sir, it is not I who do any- 
thing so absurd as make a certain chord and arc equal, and the 
perimeter of a certain polygon and circumference of its circum- 
scribing circle equal: it is you who commit a gross absurdity. 
Your reasoning is based on the assumption that the trigonometrical 
functions of angles are lengths, and not ratios of one length to 
another. I dare say you cannot see this ; but that I can't help ; 
nevertheless, this fallacious assumption lies at tlie foundation of all 
your reasoning. Hence, the absurdity of your arguments and con- 
clusions on the Geometry of the Circle. 

Referring you to the diagram enclosed in my Letter of the 15th 
instant (see Diagram V.), I may observe ; — The acute angles in the 
four similar right-angled triangles about the square R P K E, are 
equal to half the acute angle in the right-angled triangle E D C. 
The angle H C G, at the centre of the circle Y, contained by the 
radii C H and C G, is exactly equal to the acute angle in the triangle 
E D C. Hence: the angles A C B, B C H, and H C G, are together 
equal to the right angle ACQ. Now, Sir, if you are competent to 
grapple with the subject, you may readily convince yourself tliat the 
angles A C B and B C H are angles of •},& 52', and the angle H C G 
an angle of 16' 16'; but it will not he by assuming the infallibility 
of our Mathematical Tables of natural sines, co-sines, &c., that you 
can accomplish this ! You will have to find the log-sines and log- 
co-sines of these angles, without the aid of tables. 

Your latter communications forcibly remind me of another 
proverb of Solomon's : — " Seest thou a man wise in kis own conceit t 
There is more hope of a fool than of him." 

Your last Letter commences thus: — "/ have made no absurd 
charge. But you tell me that the perimeter ofxxv.-gon is V "f the 
diameter of the circumscribing circle, and the circumference of the 
circle is also V »fthe diameter." (I never told you anything of the 
sort It is a gross perversion of what I have told you, and I find it 
difficult to persuade myself that you don't know it.) You then 
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say : — " Voti tnusl either admit one of these statements to he wrong, 
or else maintain the equality of a chord and arc" {I of course 
admit one of these statements to be wrong ; but the statement that 
is wrong, is the coinage of your brain, not mine) You then put a 
question and make an assertion : — " / ask you which of the state- 
ments is incorrect, and you persist in trying to change the subjects 
(The former statement is the incorrect one, and your assertion is 
simply untrue.) You then say:—"/ shall take no notice of any 
more of your Letters until you tell me explicitly how much of your 
ground you abandon, — whether you still maintain the side af a 
xxv.-gon to he ^ of the diameter, and its perimeter therefore V of 
the diameter — and whether you still maintain the circumference to 
be V of the diameter" (I have no ground to abandon. I maintain 
that the circumference of a circle is '^ of the diameter, and the peri- 
meter of a regular inscribed hexagon V of the diameter of the circle. 
As to your taking " no notice of any more of my letters" it would 
probably have been better for your mathematical reputation if you 
had not forced me into a correspondence, in which case you would 
not have been troubled with any Letters of mine,) 

Paragraph 2. " / also ask you again, whether you were con- 
scious of Euclid's proof, Book 3: Prop.i^ : Case 2: whenyousaidhe 
had not proved, and could not prove, that case." (I have read and stu- 
died Euclid, and perhaps know as much about every Proposition of 
Euclid as you do. A living " recognised Mathematician" (J. Radford 
Young) has said : — "A man may be ignorant of even the multi- 
plication table, and yet be able to master all the Propositions in 
Euclid." You have never heard of W. D. Cooley, and may not 
have heard of J. Radford Young, but you will find an account of the 
latter in " Men of the Time.") You then say :— " If you were con- 
scious of if, and were depending on the ^quibble' "with which you 
try to defend yourself, I am sorry for you." (I know you do not 
see to whom the word "quibble" truly applies : but, you may depend 
upon it, that you stand in much greater need of my commisseration 
than I do of yours.) You conclude this paragraph by observing : — 
"If you were ignorant of it, I would respectfully suggest that you 
should read Euclid before you publish any more pamphlets on 
Euclid at Fault" (The word respectfully is very prettily intro- 
duced into this sentence ; and if 1 should require any of your sug- 
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gestions, when the time comes for publishing, I may assure you that 
I will respectfully ask for them.) 

In one of your early communications you said, it was your 
wish that truth should prevail. I know of no way in which you 
are so likely to convince me of your sincerity on this point, as by 
solving the theorems 2 and 3, (I have solved theorem i for your 
"instruction") given in ray Letter of the ijth instant. This course 
is still open to you. 

Yours faithfully, 

James Smith. 
The Rev. Professor Whitworth. 



The "upward path" of my "scientific and literaty 
career " has been beset by dragons in various forms, and 
almost at every step. I gave one of these dragons — " The 
Round Man in the Sqtmre Hole,"* and he, no less a per- 
sonage than one of the editorial WE of the Athenmum — 

* The Christmas Carol Quadkathre. 
A creed is a vecy line thing, 

Above all when there is'nt much of it ; 
There is no ir but thcee-aiid-an -eighth, 
And Mr. James Smith is its prophet. 
So here we go round, round, round, 

And there we go square, square, squwe ; 
Five per cent, is a bob in the pound. 
And sixpence an omnibus fare. 

When you want to establish a point. 

Begin by assuming it true ; 
For if you are wrong its no matter, 

And if you are right it will do. 

So here we go, &c. 
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the opportunity of having "a bit of sport" with me, by 
means of a geometrical figure of which the diagram No. 
V. is a fac-slmile, with certain additions ; but he must have 
mistaken it for a " snake in the grass," and consequently 
shunned it as he would a pestilence! On the loth 
December, 1867, I addressed the following Letter to the 
Editor of the Athenmiin: — 

Barkeley House, Seaforth, 
lath December, 1867. 

SiK, 

Professor de Morgan said of the Correspondent: " li is 
one 0/ ike most panoramic of the periodicals, titers is no knowing 

Propositions onght not to depend 

Upon olliera to Iceep tliem in force ; 
If file creatures can't get tlieir own living, 
Tiiey must go to tiie workliouse, of course. 

So here we go, &c. 
A theorem 's a thing that should jump 

Right down its own throat, Hke a snake ; 
It can turn itself inside-out thus, 
And will do for James Smith to mistake. 

So here we go, &c. 
May all things eome round in the Church ; 
May all things get square in the State ; 
But the Union will always shew cracks, 
Till 'tis sci'ewed up with three and one-eight. 

So here we go, &c 
The Round Man in the Square Hole. 

(Better known as Professor de Moi|^.) 
These doggrel verses appeared in the Corresfondeat of the 30th Deeem- 
ber, 1865, a London Journal, which has ceased to exist ; and the reader 
will find that the Editorial WB of the Athenauia quotes one of these doggrel 
verses in that Journal. %zi"OurWeiMy Gossip,''' Alhenisum, September 
28, 186;, Will Professor de Morgan have the candour to inlbrm the scien- 
tific world, how the "circle squarer in ordinaty^'' to the Atieii/eiim became a 
conlributor to the C("r^j'^(i«at«i'? The Professor knowall! "Eiiougken 
so small a mailer." 
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what a ifeek's twofience tnay bring forth" Well, there is no know- 
ing what a week's threepence may bring forth ; so, your " circle- 
squarer in ordinary" (Mr, James Smith) "must take time by the 
forelock^ and before he gets his next three-pennyworth, fulfil a pro- 
mise made in one of his recent Letters, to give you an account of 
his encounter with a rather rernarlcable " dragon " that beset bis 
patb some time ago. Well, then, in the month of February last, I 
received tbe following Letter: — 



G— — ", i^th Feb., 1867. 
Dear Sir, 

Will you excuse a stranger for intrudirkg upon you ? My 

old and valued friend, Mr. C C , shewed me, a night or two 

ago, your little book on. the " Quadrature and Rectification of the 
Circle" which greatly interested me ; and I am anxious to pay my 
personal respects to a gentleman who has similar tastes and pur- 
suits witb myself. I was in former days a Fellow of Trinity College, 
Cambridge: and knew the late Dr. Whewell intimately. He often 
examiued me, and I have spent many a hard day on his Statics 
and Dynamics, I now bold a Trinity living, and came here to settle 
my youngest son in the office of Messrs. L- — - — -. 



If you will pleas 


e to nan 


le any time and place, where I may 


ape to have the plea 


sure of s. 


jcingyoii, I shall be bappy to pay my 


aspects. 


I an 


1, dear Sir, 

Very faitbfally yours, 

J R___. 



James Smith, Esq. 



I acknowledged the receipt of Mr. R 's Letter in due course ; 

and, as Mr. C C- — — was a very old friend of iny own, I 

proposed bis bouse as our place of rendezvous, and fixed tbe follow- 
ing Saturday afternoon as the time most convenient to myself. Well, 
we met, and spent the afternoon with our mutual friend — not himself 
a professed Mathematician, but an excellent arithmetician, and a 
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gentleman of sound common sense — who was greatly amused with 
^'the things of the ihj/."* I went over diagram after diagram, and gave 
Mr. R proof after proof, that a circle and square of equal super- 
ficial area, raay, and do exist, and can be geometrically constructed. 
With reference to the geometrical figure represented by the en- 
closed diagram (see Diagram V.), he said : It appeared to him, as I 
then explained it, that it settled the long vexed question of "squaring 
the circle;^' but he should not like _to express a decided opinion, 
without having the opportunity of studying the diagram carefully ; 
and requested me to favor him with a Letter, giving him, and con- 
fining myself to, aii explanation of the properties of this particular 
figure. I thought I had at last fallen in with a Mathematician, 
whose head was not so stuffed "wiih crammed erudition, that 
there was not a cranny hole left for reasoning to get in at;' and 
I was only too pleased to comply with his request, and so wrote 
him the following Letter : — 



Baekeley House, Seaforth, 
ii)th February, 1867. 
My Dear Sir, 

" I have much pleasure in complying with the request 

you made on Saturday, at our very pleasant interview at A 

Hall, to furnish you with a proof that a circle and a square of 
exactly the same superficial area, may, and do exist, and can be 
geometrically isolated and exhibited ; although this has hitherto been 
denied by Geometers and Mathematicians. This may be demonstra- 
ted in many ways— mathematically as well as geometrically—but I 
know of no prettier proofs than aie afforded by means of the enclosed 
geometrical figure." (See Diagram V.) 

" Mr. M , an old acquaintance of Mr. C- 's, and an excellent 

Geometer and Mafliematician, accompanied me on this occasion. Of course, 
Mr. M and myself were in complete ignorance of what had passed be- 
tween the Rev, J R and Mr. C , previously to this meeting, but, 

it was a source of infinite amusement to us, to hear Mr. C from time to 

time exclaim, in great glee ; — Didiit I tdl you, l^d find your match ? 
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" Let ABC be ii right-angled triangle of which the sides are in 
the raljo of 3, 4 and 5 exactly ; that is to say, A C : A B : : 5 :'3 ; 
A C : B C : : 5 : 4 ; and, A B ; B C : : 3 : 4, by construction. Pro- 
duce C B to D, making C D = 6 (C B). Raise the perpendicular 
E D, making ED = AB-fBC, and join E C ; and thus construct 
the right-angled triangle E D C. This makes the sides of the 
triangle E D C in the ratio of 7, 24, and 25 exactly ; tliat is to say, 
ED: DC:; 7:24; ED:EC: 17:25; and, D C : E C :: 24 : 25,by 
construction. With B as centre and B C as interval, describe the 
circle X ; and with C as centre and C A as interval, describe the 
circle Y. Produce A B to meet the circumference of the circle X at 
the point H, and join H C, Produce A C to meet and terminate in 
the circumference of the circle Y at the point O, and draw G F a 
diameter of the circle Y, at right angles to A O, Produce C D to 
L, making DL equal to one-third of D C= 2(BC). On D L 
describe the square D L M N, and inscribe the circle Z ; and with 
D as centre and D L as interval, describe the circle XYZ. With 
C as centre and C E as interval, describe an arc to meet or cut the 
line C L at the point K, and draw the chord E K, producing the 
right-angled triangle E D K, On E K describe the square EKPR." 

" The square EKPR and the circles X and Z are exactly 
equal in superficial area, and my proof of this, is, what I think you 
particularly requested." 

" Now, Sin' + Cos' ^ unity in every right-angled triangle. It 
is upon this base, or foundation, derived from die 47th proposition of 
the first book of Euclid, that all the trigonometrical functions or ratios 
of angles, are raised and established, of ,which the sine and cosine 
are the principle, and I ani sure you will agree with me in adopting 
it as a trigonometrical axiom, that Sin^ -I- Cos' = unity in every 
right-angled triangle." 

" Now, referring to the Diagram, -v-j^ = i = -6 = natural 
sine of angle A C B ; and j-p, = i = '8 = natural cosine of angle 
A C B ; and. Sin' of angle A C B + Cos= of angle A C B = 



(■6' + '8=) = (-36 + -64) = unity. But 



+ Cos of angle ACE 
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117 
= - "t-^ = '-^ = '28 - ^ - ^ = natural Sin of angle ECD; 
and, 2 (Sin of angle A C D x Cos of angle A C D) = 2 {'6 x -8) = 
(2 X -48) =-96 = i^-^ = it = "^''''■al Cos of angle ECD; there- 
fore. Sin' of angle E C D + Cos' of angle E C D = -28' + -96' = 
■0784+ -9216 = unity ; and meets the requirement of the trigonome- 
trical axiom, Sin'' + Cos' =■ unity in every right-angled triangle. 
But, when AB = 3, and BC ^ 4, then, AC ^ 5. Hence: 
E C = 5 (A C), and E C + D C = 7 (E D), by construction."* 

" I shall now direct your attention to a series of facts in con- 
nection with the geometrical figure represented by the Diagram, all 
of which you can readily verify, and I shall not attempt to burden my 
Letter with the calculations." 

"First: If the sum of any two consecutive numbers, and twice 
their product, represent sides of a right-angled triangle and include 
the right angle, the triangle is commensurable. Hence : If A B = 
3, BC — 4, and AC = 5, then, ABC is what I call the ^wwrtry com- 
mensurable right-angled triangle. I so call it, because it is the 
smallest commensurable right-angled triangle, of which the arith- 
metical values of the sides can be expressed in whole numbers, and 
is derived from the consecutive numbers, i and 2. In all right- 
angled triangles derived from two consecutive numbers, the longer 
of the sides containing the right-angle + i, is equal to the side 
subtending the right angle, that is, = hypothenusc," 

"Second : From the triangle AB C as 'Cat primary commensura- 
ble right-angled triangle, ive may obtain commensurable right-angled 
triangles, ad infinitum. Thus, ED = AE + BC = 7, andDC = 

• Intbis paragraph I liave employed tlie term natural sine in the same 
sense as that attached to it by Mathematicians. But, if the sides of a 
right-angled triangle he 3, 4, and 5 ; then, "6 and '8 are the trigonometrical 
sines of the acute and obtuse angles, and 3 and 4 the geometrical sines 
of these angles. Hence, the geometrical sines may vary ; or, in other words, 
we may give the geomebical sines as many arithmetical values as we please ; 
bnt the trigonometrical sines are invariable, whatever be the arilhmeticai 
values of the sidei that contain the right aiiyle. 
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6 (B C) ; or, twice the product of A B and B C = 24, therefore, 
Ve "ff'+'DO) = D C + I = 25, when the arithmetical values of 
the sides of the triangle E D C are expressed in whole numbers ; and 
these values are derived from the consecutive numbers 3 and 4 ; 
that is, from the aritlmietical values of A B and B C. I might have 
added to the diagram the intermediate commensurable light-angled 
triangle derived from the consecutive numbers 2 and 3, of which the 
arithmetical values of the sides are 5, 12, and 13." 

"Third: The radius of the circle XYZ = the diameter of the 
circles X and Z, by construction. Hence ;AC + AB = 2(BC) = DE 
+ EN = DK+KL; and when the radius of the circle X YZ = 
«mty=r.Hence: ^^- (^^- J ={ ^ ) - (^ ___-; 
and all these expressions = area of a square on the semi-radius of 
the circles X and Z, when the diameter of these circles ^ unity." 

(Compare these facts, Mr. Editor, with the proof I have given 
you in my Letter of the 5th inst,) 

"Fourth: (AB' + BC + AC')=(DE=+ EN^ = (ED'+D10 
= EK^ = ,2-5 p-^+-H^)^^ :,-5 i^Jl±^y= ^-iicrf 
= 50 (E N") = ;o [K D'^) and all these expressions = 3-125 (B C^)." 

" Fifth ; 6 (radius ;< semi-radiiis) = area of a regular inscribed 
dodecagon to every circle; therefore, 6 fBCx — ) ^= ED* — 
D K*^ = D E' — EN'; and all these expressions = area of an in- 
scribed regular dodecagon to the circles X and 7-." 

"Sixth: DC = 3(DN),byconslruction;therefore,6^DN '■^^-f) 
= 24 (b C X ^i^ J = D N X DC, and all these expressions = 
area of an inscribed regular dodecagon to the circle XYZ. Hence : 
The area of the dodecagon is exactly equal to the area of the rect- 
angle D N . D C" 

" Seventh : (E D' + D K- + twice the rectangle (E D ■ D K) = 
4(BC^) — 16 (^~)^ = 64 [DK'), and all these expressions = 
area of a circumscribing square to the circles X or Z." 
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" Now, by hypothesis, let D N, a radius of the circle X Y Z, ^ 
unity = 1. Then: (E D + D K) = (E D + EN) = D N = i ; 
and D N = the diameter of the circle Z. But, E D and E N are 
in the ratio or proportion of 7 to i ; and 3 (D N) = D C, by con- 
struction. Hence : |(D N) = ■875 = E D : 3 P N) = 3 = D C: 
and, I (DN) ~ -125 = DK; therefore, JeB' + D C=" = 
J-&75' + 3' = n/76562S + 9 = ^976; 635 ^ 3-125 ■= E C, the 
hypotlienuse of the right-angled triangle E D C ; and E C = 5 A C, 
by construction ; and it follows, that -— = ^ =. ■; = B C ; and 
I (B Q = A B, by construction ; therefore, | (B C) = -375 =; A B ; 
therefore, ^/B"C + A B= = Js' + "375* = V'^S + ■140625 = 
J^59^ = '625 = AC ; therefore, 5 (AC) = 5 x '62 = 3-i25 = E C." 

"Again; E D*^ + D K= = '875' + '125' = 765625 + '015625 
= 78125 ^ E K^ ^ area of the square E K P R. But, ^"^"'^ 
= B C, == radius of the circle X, = -5 ; therefore, E C (B C=) = 
3-125 {-5') = 3-125 >: -25 = -78125 = area of the square E KPR. 
But,EC(BO) = (AB= + BC + AO); that 13,(3-125 x -5=) =(-25 
+ -140625 + -390625) = -7S125 ; therefore, the sura of the squares 
of the three sides of the triangleAB C = area of the square E KPR." 

"This fixes 3-125 as the true arithmetical value of ir, and 
establishes the truth of the theory, that 8 circumferences = 25 dia- 
meters in every circle ; making the square E K P R exactly equal 
in superficial area to the circles X or Z; and makes EC, the hypo- 
thenuse of the right-angled triangle EDO, exactly equal to the cir- 
cumference of the circles X or Z." 
Proofs : 

" I have made D N, the radius of the circle X V Z, = unity 
= I, by hypothesis; and DN = the diameter of the circles 
X or Z." 

"Now, by hypothesis, let EC be greater than 3'i25, when 
D N --^ I, say 3-13. Then : ^^{E C) = -8764 = E D ; and, 
^j(EC) = -1252 = DK; therefore, KD + DK = '8764 + -1252 
= r-ooi6, and is greater than unity. This wotdd make the diameter 
of the circles X and Z greater than unity, which is impossible when 
D N = I ; therefore, 3-13 must be greater than the true arithmetical 
value of TT." 
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"Again: By hypothesis, let £ C be less than 3'I2S, say 3'i. 
Then; jV (E Q = "868 = ED; and, ,'- (E C) = ■124 = DK; 
therefore, ED + DK = '868 + ■124 = '992, and is less than 
unity, This would make the diameter of the circles X and Z less 
than unity, which is impossible, when D N = i ; therefore, yi must 
be less than the true arithmetical value of tt." 

"Again: B C, the radius of the circle X, -^ - ~ — 

■$, when DN, the radius of the circle XYZ= i, and -^{BC) 

zz 5_''- '5 :^ ^J-t= -62; = AC. Now, we cannot make the 

4 4 r 

line E C, that is, the hypotheause of the right-angled triangle E D C, 
either greater or less than 3-125, without making it either greater 
or less than 5 (A C), which is impossible, when B C = ^ (D N) = ^ 
= "5 ; and so, every other value of ;r but V =3'i2S, '■ upsets itself 
(to employ an expression of Prolessor de Morgan's, in one of his attacks 
upon me), and demonstrates, beyond the possibiUty of dispute or 
cavil, that 8 circumferences equal 25 diameters in every circle." 

" Again : I have demonstrated that the area of the square 
EKPR= tlie sum of the squaresof the three sides of the right-angled 
triangle ABC, the generating figure of the diagram. Now, the 
circles X and Z are equal, and their superficial area may berepresenied 
by any arithmetical quantity. Take the circle X, and let its^area be 
represented by any finite number, say 75, and be given to find the 
area of the square E K P R. Then: Since the areas of circles are 
to each other as the squares of their radii, it follows of necessity, that 

y-^^Hi = radius in every circle ; therefore, . / ZJ = J^a = 
T V 3T2S 

B C, the radius of the circle X. j (B C) = ,^1^5 = A B ; and 
*{BC)= J'iTS = AC; therefore, (B C + A B' + AC=) = {^2^ + 
JWi' + ^yri') = (34 + i3'5 + 37'5) = 3'i25 (B C^ = 75 = the 
sum of the squares of the three sides of the triangle ABC, and is equal 

to the given area of the circle X. But, ! (B C) = P- x 24 = 
tJyo6ii 'y. 24 = JfyS = -E D ; and ^ (B C) = 






J -0625 X 24 = Vi'5 = D K ; therefore, E D°- + DK- 
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~{'J73'5-+ */i'S') = (73'5 + r-5)=75=EK==area of the square 
E K P R, and is exactly equal to the given area of the circle X. 
This demonstrates that the circles X and Y are exactly equal in 
superficial area to the square E K P R ; and when D N the radius 
of the circle X YZ=.r, the area of thesquare EK PR = 12-5 (^) 

= 12*5 (— ) = 3'iiS (B C) = I = 78125 ; and you may readily 
convince yourself, that 12-5 'times — = - = area of a circle of dia- 
meter unity, whatever be the value of ;r ; and since the property of 
one circle is the property of all circles, it follows, that 12^ times the 
area of a square on the semi-radius = area in every circle. 

One proof more : Let E C the hypothenuse of the right-angled 
triangle E D C be represented by any arithmetical quantity, say 

iJtS, and be given to find the arithmetical value of the circum- 
ferences of the circles X and Z, and the perimeter of a regular 
inscribed hesagon to these circles. Then : J^- (E C) = J-^ ( J^ = 

V & ^ ^' = vek " ^5 == '^-°°'^ ^"^~^- ^"^ = ° K- 

the base of the right-angled triangle E D K. 4(DK) =4(7^2) = 
Ji6 X -13 = Vi'92 = B C the radius of the circle X. But, 2 tt 
(radius) = circumference in every circle ; therefore, 2 ir (B C) = 
6'2S ( Vi^") = V6'3S' X f92) = J'39'°('2s X v^z •=^75 = 
circumference of the circle X, and is exactly equal to the given 
value of the line E C. But, 6 (B C) = 6 ( Jv^ = J 6' x 1-92 = 
^36"^ 1*92 — J(,q-li = 'he perimeter of a regular inscribed 
hexagon to the circle X Y Z. Proof: 3 expresses the ratio be- 
tween the perimeter of any regular hexagon and the circumference 
of its circumscribing circle; therefore, ^ ( J6g-ii)-^ ^-~^ ( ^69-12) 

*/75 = circumference of the circles X or Z, and is exactly equal to 
the given value of E C. But, I have another proof. |i (E C) = 
DC; therefore, ^-^(^75) = V 0-f^ ^ ;;) = v(5| x 75= ) 
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^("9216 X 75) ^ J6i)-i2 -= D C, Ihe base of the right-angled triangle 
E D C. But : D C =- 6 (B C), by construction ; therefore, the equa- 
tion, 6(BC)= -^ (E C), is equal to the perimeter of a regular 
inscribed hexagon to the circles X or Z." 

" Now, 47r (E K ) = E C^ that is, I2'S (E K'} = E C ; therefore, 
f^j = i6(EK)=,therefore, i6(EK') = area of a circumscribing 
square to a circle of which E K is the semi-radias. Of this fact you 
may readily convince yourself," 

Hence : 

"The area of a square on E C is equal to the area of a circle, of 
which E K is the semi-radius." 

"E C is exactly equal to the circumference of the circles Xor Z." 

" D C is exactly equal to the perimeter of a regular inscribed 
hexagon to the circles X or Z." 

" The sum of the squares of the throe sides of the right- 
angled triangle ABC, the generating figure of the diagram, is exactly 
equal to the area of the square E KP R, and is equal to the area 
of the circles X or Z." 

Hence ; 

" The area of every circle is equal to the sum of the areas of 
squares about a right-angled triangle, of which the sides that include 
the right angle are in the ratio of 3 to 4, and the longer of these 
sides the radius of the circle." 

" Corollary : The area of every circle is equal to the area of a 
square on the hypothenuse of a right-angled triangle, of which the 
sides that include the right angle are in the ratio of 7 to i, and the 
sum of these two sides equal to the diameter of the circle." 

"No other value of jrbut that which makes 8 circumferences of a 
circle exactly equal to 25 diameters, is competent to produce such 
results as I have demonstrated by the geometrical figure repre- 
sented by the diagram, and establishes beyond the possibility of 
dispute or cavil, that V = 3'I2S is the true arithmetical value of tt ; 
and ,7—; the true arithmetical expression of the ratio of diameter to 
circumference, in every circle," 

" You will observe, my dear Sir, that there are lines in the dia- 
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gram that I might have omitted, so far as the foregoing proofs are 
concerned, I introduced them with the idea of going into some 
proofs by means of angles, but I think 1 have proved everything you 
really wished me to prove, and my Letter has already run on to such 
a length, that I think it better to bring it to a close, and reserve any 
further observations for some other opportunity." 

" Hoping you may find my demonstrations satisfactory, with 
best wishes for you and yours." 

Believe me, my dear Sir, 

Very sincerely yours, 
The Rev. J R . James Smith. 

Such was my L,etter to this Reverend gentleman. And I 
have never received a reply to, or even an acknowledgment 
of the receipt of, this Letter ; and you, Mr. Editor, may conceive 
that I was somewhat surprised when I found that the " dragonl' 
which had so strangely beset my path, turned out to be rather of 
the " winged serpent" form, than that of a " dragon " of the fierce 
and impetuous bipedal genus, -*■ 

In the month of November, 1866, I had written a Letter to my 
Correspondent, the Rev. Goo. B. Gibbons, embodying all the facts 
brought out in my Letter to the last '-dragon " that has beset my 
path, and this " dragon^— s.s he tells us — knew my Correspondent, 
the late celebrated " Master of Trinity" intimately. That Letter, 
Mr. Gibbons never condescended to notice in any way whatever ; 
indeed, so far as his opinion is concerned, it might never have been 
written. Well, then, about the time of my making the acquaintance 
of the man of Trinity, my correspondence with the man of St. 
John's was becoming extremely unsatisfactory. 

* I have only seen the "dragoE" of Trinity once, since I sent him the 
Letter, which I posted with my own hands. On that occasion I remhided 
him that he had not acknowledged tlie receipt of it, when he broadly 
asserted he had never received it. In making this assertion he must have been 
romsncing. For, if wrongly directed, or the Rev. J— R — could not be found, 
the Letter would have been returned to me through the post-office. Verily I 
Verily! the we of the Athenaum are not tlie only "romancers" to be 
found m the Scienlific Morality School. (See the introduction to my pamph- 
let r Thi British Association iti Jeopardy, and Profissor de Morgan in the 
Fillory, viithmt hope of escape. ) 
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In December, iS66, I had written Mr. Gibbons a Letter, and 
by means of a geometrical figure, represented by a diagram which 
accompanied it, proved that unequal chords may be subtended by 
equal arcs.* To this he rephed : — " Yours, just received, asserts 
thai unequal chords may be subtended by equal arcs. So they may, 
but then the arcs are not arcs of a circle. It is true of an ellipse or 
parabola, but not true of a circle."^ My answer to this was ;— " The 
assertion contained in this paragraph has amaied me. Referring 
to the diagram enclosed in my Letter of the 8th of September 1 866, the 
arcs E F D and H G K are equal to one-third part of the circum- 
ference of the circles, of which OB is the radius; and the arcs EMH 
and D N K equal to one-sixth part of the circumference of a circle of 
which F B = 2 (O B) is the radius. The arcs are therefore equal, and 
subtend unequal chords. It is true that the arcs are not arcs of 
the same circle — but when you say ' the arcs are not arcs of a circle^ 
I understand you to mean that they are not arcs of any circle. The 
idea of unequal chords being subtended by equal arcs in the .tame 
circle, is simply an absurdity. Now, my dear Sir, pray telS me 
whether you can describe a perfect ellipse, and give me the arithmeti- 
cal value of its transverse axis? Canyou,by means of your compasses, 
describe a curved line that shall not be the arc of a circle ? 1 can't ; 
and if you can, pray say how ?" In a subsequent Letter, I proved, by 
means of the enclosed diagram, No. 2, (see diagram VI.) that "the arc 
subtending a side of an inscribed equilateral triangle, to a circle of 
any radius, is equal to the arc subtending a side of a regular inscribed 
hexagon to a circle of twice that radius." To you, Mr. Editor, this will 
be obvious, from a mere inspection of the diagram. To Mr. Gibbons 
it was not obvious, and all he could say, in reply, was : — " / thtnk it 
is one of your chief faults, as an investigator of geometrical results, 
that you employ very complicated figures to perform what (if it can 
be done at all) can be accomplished by very easy ones." My answer 
was: — "This reminds me of the story of the soldier, who, when 
being flogged, whether the drummer hit high or hit low, there was 
no pleasing him. The figure in my last Letter would appear to be — 
in your opinion — too complicated. Those in my letters of the 19th 

' The diagram heie referred to, was very dissimilar to Lhe diagram 
No, VI., and only contained one circle ; but that enclosed in my Letter of 
the 8th September, 1866, contained the oval or ellipse about the rectangle 
E H KD, as shewn in the diagram No. VT. 
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DIAGRAM VI. 
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and 28th November, were, I presume, too simple. Be this, how- 
ever, as it may, one thing is certain, you have never attempted to 
grapple with the arguments and conclusions derived from any 
of them." 

At this period we had given up our dispute about the value of ir, 
and our controversy was on the true solution of a right-angled tri- 
angle. This raised another question, the accuracy of our mathe- 
matical Tables of sines, cosines, &c. I\Ir. Gibbons assumed 
Hutton's Tables to be strictly correct to 7 places of decimals. This 
I disputed, and gave him some proofs. With my proofs he never 
attempted to grapple, but met them by the following assertion : " The 
Tables of sines, cosines, tangents, &c., Aave 6eeu calculated and 
printed by experts of every civilized nation in Europe, and it is un- 
worthy of you to cavil at what is as fixed and certain as the best 
Interest Tables, and what (/ am sure you ivould confess) you have 
never calculated or investigated at alL" In reply, I observed, 
" This is an inference of your own, and affords another instance of 
the impetuosity of your natural character, and the consequent rash- 
ness with which you jump to conclusions, not only without evidence, 
but in spite of evidence, aye, and of evidence furnished by yourself;" 
and I referred him for the proof to a Letter of his own, dated igth 
October, i856, and my reply. 

Well, Mr. Gibbons appeared determined to have the last word, and 
continued to write me. A Letter of mine, dated 28th January, com- 
menced as follows :— "Your Letters of the i8th, 21st, and 23rd inst. are 
to hand. You commence the first by observing : — ' Your Litter of 
the \i^th inst. shews that you do not understand the construction of 
the Tables of sines and cosines? This is certainly plain speaking, 
but I venture to tell you, that this is nothing more than a thoughtless 
assertinn, and in my opinion, is an assertion that is not very compli- 
mentary to yourself as an observer and student of the principles of 
human nature ; for, if true, it follows that you have kept up a twelve 
months' correspondence with one who is either a knave or a fool, or 
a remarkable compound of the two. You force me to speak plainly 
in self-defence, and I hesitate not to tell you what i know to be the fact, 
that it is you, Sir, who neither understand the construction nor know 
how to make a right application of the printed tables of sines and 
cosines, and this I shall prove before 1 close this Letter." I dealt 
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with eacli paragraph of Mr. Giblions's Letters seriatim, and came 
to one which ran as follows :— 

" Why you fancy (for you make no atlempt to compute it) that 
Sin. i6° i6' = '28 exactly, I cannot surmise. Calculation she-ms it 
otherwise. If H C G he i6° i6', the sides cannot be in the propor- 
tion you assign. If the sides are as you fix them HCG is not 
16° 16' exactly. In every right-angled triangle, if all the sides are 
commensurable, the angles will not be expressible infinite terms, and 
conversely." 

"Now Sir, I have admitted that '9399494 is the arithmetical 
value of the cosine of half the angle HCG (Mr. Gibbons had work- 
ed out the proof), and on this point we are agreed. Well then, by 
referring to the Logarithms of numbers (and we cannot be in an 
unliappy state of discord as to the Logarithms of numbers), we find 
that the Logarithm corresponding to the natural number '9399494 is 
9.9956130, and on referring to Tables we find that this is the nearest 
logarithmic cosine to an angle of S° 8', and agrees within -0000035 
with the value as given by Hutton. This " upsets " your conclusion, 
that the angle represented by the logarithmic cosine 9*9956095 is an 
angle of 8' 7' 49' nearly ; aud this I shall novv proceed to demon- 
strate by pure and simple Geometry, and as I hope to your entire 
satisfaction," 

" Let E D C be a right-angled triangle, of which the sides are 
represented by 140, 480, and 500. With C as centre a:i4 C E as in- 
terval describe an arc to meet C D produced at K. Bisect E R at 
N, and join C N." 




You will observe, 
E D K, represent the s 
Diagram' V.) 



Mr. Editor, that the triangles E D C and 

milar triangles in the enclosed diagram {See 
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Then : ^^ =- !^ = '28 = Sin. of angle E C D ; and, ^ = 
5|5 = .56 = Cos, of angle E C D, and E D^ + D C' = E C=, there- 
fore, fjEO = E C the hypothenuse of the triangle E D C. But, 
Sin.^ofangleECD + Cos.= of angle E C D= "28' + -96= ='0784 
+ ■9216 = unity, and is in harmony with the trigonometrical axiom. 
Sin. 2 + Cos.' = unity, in every right-angled triangle. Again ; Co- 
sine subtracted from unity = versed Sin. in every right-angled tri- 
angle, and C K = C E = unity ; therefore, C K — C D = i — '96 
= '04 = D K, and D K is the versed sine of the angle E C D. But, 
E D and D K arc sides of the right-angled triangle E D K, and con- 
tain the right angle; therefore, E D^ + D Ka == -28* + -042 = 
■0784 + -0016 = '08 = EK^ therefore, ^EK^ = ^^^ = 
■28284271 — E Kthehypothenus of the right-angled triangle E D K 
when EC" unity = r. But, ^ = -^-— = s/-02 = -14142135 
= N E or N K, and N E or N K is the sine of half the angle E C D. 
Now, because the angle N K C is common to the two right-angled 
triangles C N K and D E K, and the angle N C K = half the angle 
ECU, the angles N C K and D E K are equal. Proof : E K = ^^ 
=^ ■28284271, when E C = 1, and D K = 04, therefore, ,, t. = 
■2>ii°tlji= ■14142135 = Sin Of tlio angle DEK = ^;'^ ^ 
- — - = J-oi = -14142135, and is equal to p . j therefore the 
angles N C D and D E K are equal. 

But further : E D the cosine of the angle D E K = '28 when 

E C = I, therefore, ^ ^ = -zSzl^iji ~ '9^99495, is the arithmeti- 
value of the cosine of the angle D E K, and J have proved that D K 
the sine of the angle D E K= ■14142135, and sin' + cos^ = unity 
in every right-angled triangle ; therefore, sin^ of angle D E K -f cos.' 
of angle D EK = -14142135' + ■9S9947S'' = ■0199999982358225 + 
■98000001 255 02S = 1-0000000107800735, and is slightly in excess of 
unity. This arises from the very obvious fact, that in dividing the 
value of E D by the value of E K, the divisor is slightly less than its 
true value, and necessarily makes the quotient slightly in excess of 
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its true value. But, as you have shewn., we have another method of 
finding the cosine of half the angle E C D, that is, the cosine of the 
angle N CD, by which we make it '9899494 (and on this point wc are 
in a state of "happy concord"), therefore, sin' of angle NCD + cos.' 
of angle N C D = ■14142135.? + "9899494^ = -0199999982358225 + 
■97999981456036 ^= ■9999998 1 27961825, and is slightly less than 

Thus, I make the sine of the angles N C K and D E K = 
■14142135 and the cosine of these angles ^9899494 or -9899495, and 
I care not which wc adopt, the only difference being that one makes 
Sin= + Cos' slightly less and the other slightly greater than unity, 
but either meets the requirement of the trigonometrical axiom as 
nearly as it is possible to do so by means of logarithms, and demon- 
strates that Button's Tables are in error in making thesineandcosine 
of an angle of 8° 8' to be '1414772 and "98994I5. There is a fallacy 
in the method by which experts have been taught to make the calcu- 
lations of sines and cosines for our mathematical Cables, and yet, 
I may frankly admit, that limited in there application to degrees and 
minutes, they are sufficiently near the truth to be available for many 
practical purposes. But, Sir, when you come to make your calcula- 
tions by means of them to seconds, and even parts of a second, as 
you have to do in some of your astronomical calculations, they lead 
you into error, and into " confusion worse confounded" You are 
aware that I have propounded a theory with reference to the relations 
existing between the dimensions and distances of the heavenly 
bodies, and I venture to tell you, that the day is not far distant (it 
may not be in my time) when that theory will become an admitted 
fact. 

In ray Letter to you, Mr, Editor, of the 28th October, I have 
given the concluding paragraphs of my Letter to Mr. Gibbons of the 
28th January, to which I may refer you. 

Such was the very unsatisfactory state of the controversy 
between me and the " ift-a^o/i " of St. John's when the " rfragiia ' of 
Trinity beset my path. I had lost all hope of finding a cranny in 
the head of the former, at which geometrical reasoning could get in. 
Of the latter I liad formed a favourable opinion, and hoped to 
have found in him a champion fighting by my side in the cause of 
scientific truth ; and I must confess 1 was surprised, and I may say 
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disappointedj at the course pursued by him, a course so thoroughly 
inconsistent with ^' the usual courtecus of good society^' Hence, lam 
still left alone, to fight the battle of cyclometry with the " dragons " 
of the mathematical world. 

If I am. not driven, from my course by my next three penny- 
worth, I shall take a fresh departure from the point where my Letter 
of the 4tli November left us, when I next address you. 
I am, Sir, 

Yours respectfully, 

James Smith. 



Mr. Gibbons had probably destroyed, or at any rate, 
must have forgotten my Letter of the gth September, 1866, 
when he penned the following sentence : " Yours just 
received, asserts, that unequal chords may be subtended by 
equal arcs. So they may, but then tlie arcs are not arcs of 
a circle. It is true of an ellipse or parabola, but not of a 
circle" In a Letter to Mr. Gibbons, dated the 22nd 
December, 1866, I dealt with this assertion, by means of 
the geometrical figure represented by diagram No. VI,, 
and by very simple, but logical reasoning, worked out the 
following conclusion: — " Hence: The arc subtending a side 
of an inscribed equilateral triangle, to a circle of any radius, 
is equal to the arc subtending a side of a regular inscribed 
hexagon to a circle of twice that radius." To you. Sir, this 
will be self-evident from a mere inspection of the diagram ; 
and it follows, that the periphery of the oval or ellipse 
about the rectangle E H K D, is equal to two-thirds of the 
circumference of the circles X Y or X Z ; and four-thirds 
of the circumference of the circles X or Y. 

In December, 1867, I received a Letter from the Mr. 
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S— — referred to in the early part of my pamphlet 
"Euclid at Fault" enclosing one from his brother, in 
which he went into what he thought proofs of the fallacy 
that TT = V = 3'I25. My Letter in reply, dated i/th 
Dec, 1^67, commenced as follows : — 

" I am in receipt of your esteemed favour of the 13th inst., 
and beg to thank you for the interest you have taken in my labours 
on " The Quadrature and Rectification of the Circle." 

" With yonr brother's calculations, enclosed in your Letter, I 
was quite familiar. The error involved in them, is not one of calcu- 
lation, but of principle. The 47th Proposition of the 1st Book of 
Euclid treats of a rectilinear figure, and is therefore inapplicable 
directly to measure a curvilinear figure, but indirectly it can be made 
available in many ways to prove the ratio of diameter to circumfer- 

" 1 can prove the true ratio by a comparison of a curvilinear line 
with curvilinear lines, in a way so plain and simple, that 1 think your 
own knowledge of Geometry and Mathematics will be quite sufficient 
to convince you of its truth." 

I enclosed a copy of the geometrical figure represented 
by the diagram No. VI., and from it worked out an 
algebraical formula, which solves the ratio of diameter to 

circumference in every circle. Mr. S forwarded my 

Letter to his brother, who handed it to his relative, Mr. 

R , and on the ist, January, 1868, I recived a Letter 

from Mr. S , enclosing Mr. R 's observations on 

my Letter. The following is a literal quotation from 
Mr. R 's Paper :— 

"Remarks on the alleged proof that tt ^ 3^." 

" Referring to pages 3 and 4 of the paper sent to Mr. S— , A = 
area of square circumscribing a circle, to find the area of a circle and 
value of TT. m and n = circumference of larger and smaller circles ; 
p z= periphery of the figure about the rectangle. Now, the only 
known quantity here is a, which being the area of circumscribing 
square is = d', rf being the diameter. And therefore it is impossible 
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to find, from this, the area of the circle and tt, without introducing 
some mathematical principles or principle applicable to the case, and 
reasoning from it or them. One principle, or fact, is put asapremiss, 
viz.; that 16 times square of half -radius of a circle = the circumscrib- 
ing square, which of course is self-evident. Another fact put as 
premiss or datum, is t (w) = 3 («), which is also true. The circum- 
ferences being as the diameters, this quantity -j (n) = f («) = ^, is 
also true. But the figure is called an ELLIPSE. If it is meant, that 
it is an ellipse proper, one of the conic sections, this is a mistake. It 
cannot be, and is not an ellipse." 

Well then, here we have Mr. Gibbons and Mr. 

R , both " recognised Mathematicians" * differing from 

each other as to the properties of an ellipse. The former 
admitting that the oval figure about the rectangle 
E H K D may be an ellipse or parabola ; and the latter 
broadly maintaining that it is not, and cannot be an 
"ellipse proper^ To you, Sir, it will be — or at any rate 
ought to be — self-evident, that it is the only perfect 
ellipse that can be constructed by rule and compasses, 
and that the transverse axis of it is equal to three 
time.s the radius of the circles X or Z. 



James Smith to The Rev. Professor Whitworth. 

Bahkeley House, Seaforth, 
■2%nd December i 1868, 
Sir, 

In my Letter of the 19th instant, I have proved, in 
several ways, by sound reasoning from indisputable data, that the 
true arithmetical value of ir is "^-^ — y\.i$. My demonstrations will 
* The Rev, Geo. B. Gibbons is the friend and intimate of Professor 
Adarns, and in one of his Letters informed me, that he had calculated the 
times of eclipses for a scientific work, going hn-cli for upwards of 3000 years. 

I am not at liberty to give Ihe name of Mr, R , and, consequenlly, 

caimot furnish the proof. 
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be readily understood by, and cotwhiciitg to, a first-class school- 
boy i and no Mathematician in the world can controvert them. 
I have no doubt that you know this ; but 1 have no idea you will 
ever admit it, notwithstanding your professions of a " desire that 
truth should prevail''' I could furnish many other proofs by con- 
structive Geometry, but this will be quite unnecessary to any 
" reasoning geometrical investigator." The enclosed diagram {see 
Diagram VII.) must be taken, in connection with the geometrical 
figure represented by the diagram enclosed in my Letter of the 
ISth instant. 

CONSTRUCTION. 

Let A and B denote points dotted at random. Join AB, and on AB 
describe the equilateral triangle O A B. Draw the line D, bisecting 
the angle O and its opposite side A B. With as centre and O A or 
O B as interval, describe the circle X, and produce B to meet the 
circumference of the circle X at the point K. With R as centre and 
B F equal to |(B K) as interval, describe the circle X Y. From the 
point B draw a straight hne at right angles to KB, and therefore 
tangental to the circle X, to meet and terminate in the circumference 
of the circle X Y, at the point T, and join O T, and thus construct 
the right-angled triangle O B T. Produce B T to the point P, 
making T P equal to -}^ (B T). From the point F draw a straight line 
perpendicular to K B, and parallel to B P, and therefore tangental 
to the circle XY, to meet another straight line drawn from the 
point P, parallel to B F. These lines meet in the circumference of 
the circle X, at the point H, producing the rectangular parallelo- 
gram F B P H, Draw the diagonals F P and H B, and join K H 
and H T. From the point B, draw a straight line through the 
point of intersection, between the circumference of the circle X Y 
and O T the hypothenuse of the right-angled triangle O B T, to 
meet and terminate in the line F H, at the point V, Or, from F H 
cut off a part, V H, equal to B T, and join V B. The result is the 
same. From the point H, draw a straight line through the point 
O, the centre of the circle X, to meet and terminate in the circum- 
ference of the circle at the point L, and join K L and B L, and thus 
construct the inscribed rectangular parallelogram K L B H to the 
circle X, 

Now, KHB is a right-angled triangle. (Euclid : Prop 31 ■ 
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Book 3). On this point we are agreed. But, because H F is 
perpendicular to K B, by construction, H F is a right-angled 
triangle : and H = O B, for they are radii of the circle X. B T 
= B F for they are radii of the circle V, and V H = B T, for they 
are opposite sides of a parallelogram ; and H P = B F, for they are 
also opposite sides of a parallelogram. But, B T F is a quadrant of 
the circle X Y, and it follows, that the angles H B T, H B V, and 
V B F are together equal to a right angle. But, I have proved in a 
previous Letter that the angles B T and T H P are together 
equal to the obtuse angle O T B, in the light-angled triangle O B T ; 
and that the angles B O T, O T B, T H P, and H T P are together 
equal to two right angles. But, the triangles B F V and H P T are 
similar and equal right-angled triangles, by construction ; and it 
follows, that the angles B T, O B V, FVB, and TB, are 
together equal to two right angles. Now, the angles H BT and 
HBVare angles of 36° 52', and the angle VB Fan angle of 16° :6', 
and the three angles are together equal to the right angle F B T = 
90°. I have, in my last Letter, directed your attention to the fact, 
that with reference to the diagram enclosed in my Letter of the 15th. 
inst, the angles AC B, and B C H are angles of 36° 52', and the 
angle HCGan angle of 16" 16', and the three angles together 
equal to the right angle A C G ; and A H G C is a quadrant of the 
circle Y. But, you will observe that the angle H C G is an angle 
contained by two radii of the circle Y, while, in the enclosed 
diagram, the equal angle is the acute angle of the right-angled 
triangle B F V. If you are unable to convince yourself of these 
facts, " I can't kelp it, but the facts remain notwithstanding." 

This leads me to the especial object for which I bring the 
geometrical tigure, represented by the enclosed diagram (sec Dia- 
gram VB) under your notice. 

Let K B the diameter of the circle X, be represented by the 
number 8. Then : B and O H = 4 ; F B = 3 ; and O F = 1, by 
construction, and we must find the values of other lines in the 
figure ; by computation. 

Then : By Euclid : Prop. 47 : Book i. 

(HO^ — 0F')-(4^ — I') = (16—1} = 15 = H F=; therefore, 
HF= ^15, But, KFH is a right-angled triangle; therefore, 
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K F= + F H' = (5' 4- s/iy^) = {35 + 15) = 40 = K H% therefore, 
KH = ^40. 

By Euclid ; Prop. 12 : Book 2. 

{H0= + 0K= +2{0K:< OF)} = KH': that is, {4' + A'' + 
2(4 X i)}=(i6 + 16 + 8)-40=KHnherefore, KH= ^40. 
By Euclid : Prop. 8 : Book 6. 

(K B ^ K F) = (8 X s) = 40 = K H^ ; tlierefore, K H = J^. 

Now, H P = B F, for they are opposite sides of the parallelo- 
gram F B P H, and B T = BF, for they are radii of the circle X Y ; 
therefore, B T = 3, when the diameter of the circle = 8. But, 
T P = 2^ (B T), by construction ; therefore, ^-^ = i"' = '^^S 
= T P, and HPT is a right-angled triangle ; therefore, H P" + 
TP=) = (3' + -875') -^ 9 + -765625 = 9765635 = H T^i therefore, 
«y97656zs = 3-I2J = H T ; therefore, H T = tt ; that is, H T 
= circumference of a circle of diameter unity. 

Now, H P B is a right-angled triangle, and H T B, a part of it, 
is an oblique-angled triangle, and by Euclid : Prop. 12 : Book 2 : 
{H-p + TB' -F 3(TB X TP)} = H B' ; that is, {3-125- + f + 

2 (3 >: -875)) = H B= ; or, (9765625 + 9 + S'^S) = 2+'oi5625 = 
H B'. But, H P B and H F 8 are similar and equal right-angled 
triangles, arid by Euclid ; Prop. 8 : Book 6 ; and Prop. 35 : Book 

3 : H F = Jij, when K F = S, and F B = 3 ; and F B = 3, 
by construction, when the diameter of the circle X = 8 ; therefore, 
{H F' -^ F B') = ( Jif + 3^) -^ ds 4- 9) = 24 = H B=. How 
is this ? Can the line H B have different arithmetical values when 
the diameter of the circle X = 8 ? Can the diagonals of the rec- 
tangular parallelogram have different arithmetical values under any 
circumstances ? Well, then, is not Ewdid atfauU f 

Again ; The sum of the squares of the four sides, is equal to 
the sum of the squares of the diagonals, in every parallelogram. 
Hence: (FB= ^ B P= -H F H' + H P') = (F P' ^ HB'); that is, 
(3' + 3'8?5' + 3"875' "1- 3") = (24-015625 -1- 24-015625), or, (9 + 
15-015625 -^ 15-015625 + 9) ^ 43-03125. If you were to tell me — 
as probably you will, if you write me again — that B P ^ F H := 
v/i5i when the diameter of the circle X = 8 ; consequently, 
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{ 2 (i5 + 9 } = 2(24.) = 48, and so insinuate that you had got 
over the difficulty ; this would be what I should call a " quibble'' 
You may shirk the fact, but you cannot controvert it, that T P is 
equal to ri{B T), by construction ; and it follows of necessity, that 
Euclid is at fault. The area of the parallelogram F B P H is 
3 '* 3'875 := "'625. You would make it 3(11/15)^^/3' x 15 ^ 
^9 >; i7= VisT = ii'SiS, &c. How can this be? Can the 
arithmetical value of the area be different in the same parallelo- 
gram ? Now, that Euclid is at fault, could only he discovered, and 
can only be demonstrated, by " wielding that indispensable ijistru- 
meni of science, Arithmetic'' Well,then,itjust comes to this- — as I told 
you in my Letter of the nth instant— that when the ■Ji$ represents 
a line, it stands, not for the arithmetical quantity 3'872, &c., its 
extracted root, but for 3'875. 

Again ; K H B and B L K are similar and equal right-angled 
triangles, and K li the diameter of the circle X, is the hypothenuse 
of, and common to, the two triangles. Take the triangle K H B. 
Then: {KB' — B H') = (8-— ^24^5625" = (64 — 24*01562;) = 
39-984375 = K H' ; therefore, K H = n/39'984375- Now, 39'98437S 
is the true area of a square on K H, and 24 '015625 the true area of a 
square on H B, when the diameter of the circle X = 8 ; the former 
less than 40 and the latter greater than 24. But, these differences 
are compensating. Hence ; whether we call K H' and H B^, ^4" 
and ^24, or, n/39'984375 and v/24'ois62S, the sum of the squares of 
the four sides of the parallelogram K L B H is equal to the sum of 
the squares of the diagonals, and both are equal to twice the area 
of a circumscribing square to the circle X : and this is true of every 
rectangular parallelogram inscribed in a circle. 

Your Letter of the 15th December commences thus: " Your 
Wi^rifo (December 8th) fflr^ .■ — The square 0/ a line dra-wn from the 
circumference of a circle perpendicular to its diameter is equal to the 
rectangle under the segments of the diameter. Euclid nowhere 
■hroves this, nor could he, by pure Geometry apparently." Why did 
you not quote the paragraph in its entirety ? After the word 
geometry I added, but apparently, it is readily demonstrated by 
applied mathemiitics. In this sort of way you have repeatedly 
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perverted what T have said. The nest paragiaph of that Letter 
runs thus ; — '^ I have ske'wn you that he does prove ii explicitly and 
absalulefy, and you now say he does not prove it ■mathematically. 
You must give a strange definition to the word mathematics. Please 
say what your definition is, that I may understand you for ike 
future. You appear to mean thai Euclid does not express the 
perpendicular and the seg/nents arithmetically, ft is well that he 
does not, for if he did his proof like yours would only apply to a 
particular case. But he proves absolutely that the square and 
rectangle in your enunciation are equal geometrically and absolutely, 
and therefore they must be equal whatever be the common unit of 
area in ■which any one may be pleased to express them!' Now, Sir, 
if you are right in what you say in this quotation, you can readily 
prove me to be wrong in making H B = 24'0J5635, when K F = S ; 
FB = 3; a.ndTP=A(FB)or A{BT);andif I am right, a square 
on the hne F H is greater than 15, and therefore greater than K F 
X F B, and it follows, that Euclid is at Fault in the 8th proposition 
of his sixth book, and 3Sth proposition of his third book. 

In my Letter of the 19th inst, I directed your attention to the 
fact, that if the radius of a circle be represented by the arithmetical 
symbol 5, the difference between the area of the circle and its 
inscribed square = ^- ( M = 28'i25. Now, I have proved that 

HT .^3'i2S = Ti, when TP = jV(BT), and BT = H P. But, 
F B =--. H P, and V B = H T, and it follows, that V B is equal to 
the circumference of a circle of diameter unity, and F B equal to the 
perimeter of a regular inscribed hexagon to a circle of diameter 
unity. Hence : F B' x V B = area of the circle X Y, when the 
diameter of the circle = 8 ; that 15,3' x ir = 9 x 3'i25 == sS'ias : 
and it follows, that if with F as centre and F K as interval we de- 
scribe a circle, and inscribe a square, the difference between the area 
of the circle and the area of the inscribed square will be exactly 
equal to the area of the circle X Y. But the area of a circumscribing 
square to a circle of which F K is the radius = 100 when the dia- 
meter of the circle X ^ 8, and it follows, that the area of an inscribed 
square = '^ =^ 50. - 3^ (O B^) = area of the circle X. The sum 
of the areas of the circles X and X Y is equal to the area of a circle 
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of which F K is the radius, since F K =. O T ; or in other words, 
since the radii of the three circles is equal to the sides of the right- 
angled triangle OUT: and it follows, that if a square be inscribed 
in a circle of which F K or T is the radius, this square and the 
circle X will be exactly equal in superficial area. 

Now, Sir, I admit that you are a " recognised Mathematician" 
and, as such., it can cost you but little time or trouble to try to 
work out these results with the value of i- as assigned by Mathema- 
ticians, or by aiiy other hypothetical value of t. If you find all 
other values of tt fail but j,- = 3'i25- will not this convince you — if 
you wish to be convinced — that 3125 must be the true arithmetical 
value of IT ; and that the problem of squaring the circle is " un fail 
accompli f" If you are determined not to be convinced, or at any 
rate not to admit it, how can you expect me to believe your profes- 
sion, Xh^tyour only desire is thai TRUTH should prevail ? If you 
believe in the maxim, " Do unto others as you would have others do 
unto yoiil' you will take the earliest opportunity of withdrawing the 
fottl charges you brought against me in your original ci 
Faithfully yoi 

JA] 

The Rev. Professor Whitwobth. 



The Rev. Professor Whitworth to James Smith. 

Liverpool, December 2?,lh, 1868. 
Mv Dear Sir, 

In my last communication 1 told you that I would not 
pursue a correspondence with you while you persisted in shifting 
your ground, I informed you that I would attend to no more 
Letters until you chose to attend to my strictures on your earlier 
proofs ; either abandoning your arguments, or answering ray objec- 
tions to them. I shewed you that it followed, from your position, 
that the perimeter of a xxv.-gon, and the circumference of its 
circumscribing circle, were each V^hs of the diameter of the circle, 
and therefore equal. I declined to give you any more attention 
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till you should tell me whether you maintained this equality ; or, if 
not, whether you withdraw your measurement of the polygon, or of 
the circle. At length I have received a Letter, dated igth December, 
in which you deny that anything you have written is equivalent 
to the assertion that the perimeter of a xxv.-gon is ^ths of the 
diameter. But if you refer again to your Letter of the 23rd November, 
1868, in which you have drawn the triangle ABC one of 2$ equal 
isosceles triangles inscribed in a circle [with A as centre, and A B 
or A C as radius], you will see that you have stated that the natural 
sine of angle B A D [A D being perpendicular to B C] is -las, or ^th. 

Now, the sine means the ratio of the perpendicular B D to the 
radius A B : therefore, on your shewing, B D is Jth of B A, and 
therefore B C (the double of B D) is fth of the diameter (the double 
of BA). But the perimeter of the xxv.-gon is 25 times BC, and 
therefore Vths of the diameter, and this you give also as the cir- 
cumference of the circle. 

Now, I simply ask you to point out, if you can, any false step 
in the reasoning of the last ten lines. If you cannot shew a flaw in the 
reasoning {and I know that you cannot), it follows from your state- 
ments that the perimeter of the xsv.-gon is equal to the circumference 
of the circumscribing circle ; and, is not the arc equal to the chord ? 

I have not had time to write this sooner, as my time has been 
entirely taken up with more important matters. 

I have not yet read more than the opening paragraph of your 
last Letter. In that paragraph you say you have no doubt that I 
know tliat tt = V' though you ai-e sure I will not admit it. In other 
words, you imply that I am censciously lying; when I tell you your 
arguments are unsound and your conclusions fallacious, and that 1 
am, in fact, knowingly bolstering up a cause in which I do not be- 
lieve. Were I guilty of this, I should resign all claim to be a 
gentleman and a man of honour. 

I expect that, in your next Letter, you will apologise for this 
scurrilous paragraph. If you do not, I shall return, unopened, any 
subsequent communications that you may address to me. 

I remain, in expectation of your withdrawal of the paragraph in 

Faithfully j'ours, 

W. Allek Whitwobth. 
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There were several ways open to me of shewioEj the 
fallacy of the reasoning in the lo lines to which Professor 
Whitworth especiahy refers. My correspondent, the Rev. 
George B. Gibbons, assumed that because Logarithmic 
Tables " have been calculated by experts in every country in 
Europe'' they must necessarily be correct To prove that 
the arithmetical value of n must be greater than s^isg, 
(referring to an isosceles triangle, ABC, similar to that in 
my Letter of the 23rd Nov., r868,) he put his argument 
in the following way: — 

The angle B A C = 5^"- = 14° 24'. 

The angle D A B — ''^° ^+' = y° T2', 
Therefore, B D - half the chord B C =r B A sine of 
7" 12' = sine of 7° 12 ' for B A radius = i. The natural 
sine of 7° 12', as per Hutton's Tables, is "1253333 ■ 
therefore, 2 (■1253333) — '2506666 ~ the chord B C, and 
is greater than^"^ = -25. Hence: Mr. Gibbons drew 
the conclusion, that this would make the chord B C 
greater than its subtending arc. 

There is the same fallacy in this reasoning, as in 
Professor Whitworth's ; indeed, the argument is precisely 
similar when carefully analyzed. It is based on the 
implied assumption that the trigonometrical functions ot 
angles are lengths, and not ratios. Now, assuming the 
argument to be sound, it follows of necessity, that the 
natural sine of an angle of 14° 24' is the double of 
■1253333, or ■2506666: but on reference to Hutton's 
Tables we find, that Hutton makes the natural sine of 
this angle to be only '2486899, which is less than ^-^ 
= -25. Now, either Hutton is wrong, or the argument of 
Mr. Gibbons and Professor Whitworth unsound. Both 
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cannot stand the test of examiiiation, " by the rules of 
logic and common sense." The fact is, ~ is equal to 
lOoth part of the area of a circle of diameter 8, whatever 
be the value of tt, but it requires a Mathematician to 
have " the two eyes of exact science " open to see it. 

Well, then, it appears to me that if Professor 
Whitworth was not insincere in the use he has made of 
the lapsus in the paragraph on page lo of my Letter of 
the 23rd November, he must have believed me to be 
" consciously lying" in my reiterated denials that I make 
a certain chord equal to its subtending arc. Horace 
Walpole, in one of his Letters to Sir Horace Mann, 
observes : — " This world is a comedy to those who think, a 
tragedy to those wlio feel." It has been well said, " Oh, 
that mine enemy would write a book" 



James Smith tn Tiiii Rev. Professop WT^TTWireTH. 

Bakkeley House, Seaforth, 
iijth December, t868. 
Sir, 

In your Letter of the 13th November you observed ;— 
" / miisl decline for the present to •sanction your wish to lay my 
private Letters before the third person to whom you refer in suck ex- 
traordinary terms" The gentleman here alluded to is Mr. James 
M. Wilson, Fellow of St. John's College, Cambridge, senior wrangler 
in 1859. and now Mathematical Master of Rugby School; and if you 
pro-vc that 1 have done either you or him an injustice, I shall be pre- 
pared to make the most ample apology. You. are no doubt aware 
that Mr. Wilson has recently published a treatise on " Elementary 
GeometryV as a better text-book for teaching the nidiments of that 
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science than Euclid's c^'icmciits. It was reviewed— not favorably— 
in the A iken^um of the i8th July last. That review is obviously 
from the pen of De Morgan, and I quote the following from it: — 
" fVAai directioH is we are not told, except that 'straight lines which 
meet have different directions' Is a direction a magnitude ? Is one 
direction greater than another f We should suppose so ;for an angle, 
a magnitude, a thing which is to be halved and quartered, is the 
difference of the direction of two straight lines that meet one another. 
A belter definition follows^ the ' QUANTITV OF TURNING ' by which 
we pass from one direction to another. But hardly any use is made 
of this, and none at the commencement," Mr. Wilson has made his 
meaning of the expression" quantity of turning''' plain enough in his 
sixth definition, and I have no doubt you know as well as 1 do, that 
it is hardly possible to apply this expression in teaching the problems 
and theorems of Euclid I but the terra " qumility of turning" htcomss 
of the utmost importance wlKn we come to apply what we have 
learned by pure geometry, to practical purposes. De Morgan, in 
his capacity of Mathematical critic to i\ie Athenisum, lias said r "We 
hope So have many a bit of sport with him (Mr. Smith) iu the future, 
as we have had in the past," and I have no doubt that if /had made 
use of the expression " quantity of turning," he would have had a 
rare bit of sport with me ; but having been introduced by a " riicog- 
nised Mathemafician" of such celebrity as Mr. J. M. Wilson, I 
presume I may now be excused for making use of the term, and 
turning it to practical account. Well, then, I shall now direct your 
attention to some extraordinary consequences that result from a 
certain " quantity of turning,'" ia practicul or constructive geometiy. 
The geometrical figure represented by the enclosed diagram (see 
Diagram VIII.), is a fac-simile of that in my Letter of the 32nd ins^., 
with the following additions :■ — From the line H F cut off a part in F, 
malting m F equal to | (K F), and join K nt and ;« B. With m as 
centre and m F as interval, describe the circle Z, and produce K vi to 
meet and terminate in the circumference of the circle Z, at the point 
n ; and join B /;. Produce K « to meet B P produced, at the point 
M. Produce O D and O B to meet the circumference of the circle 
X Y, at the points N and C. 

In his sixth definition Mr. Wilson observes; " Two straight 
lines that meet one another have different directions, and the differ- 
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ence of their direction is the angle between them:' Thus, the 
direction of O N in the enclosed diagram, is different from the 
direction O C, and the difference of their direction is the angle 
N O C. In the same definition Mr. Wilson says : " An angle may 
be conceived as generated by the revolution of a line A B, starting 
from some initial fosition A C, and the angle is the QUANTITS OF 
TURNING required to make A C coincide with A B." 

Now, referring to the enclosed diagram, conceive the line O N 
to revolve in the direction of B, " starting from " the " initial posi- 
tion " O D, until it coincides with C, the difference of their direc- 
tion is the angle N C, which is an angle of 30°. Again : Conceive 
the line O C to revolve towards P, "• starting from" Xhc" initial 
position " O B, until it coincides with T, the difference of their 
direction is the angle COT, which is an angle of 36° 52'. Again : 
Conceive the line K C to revolve towards M, " starting from" the 
" initial position" KB, until it is parallel with OT, it will then 
coincide with K M, and the difference of the direction of K C and 
K M is the angle B K M, and is a similiar angle to the angle B O T ; 
or in other words, the triangles O B T and K B M are similiar right- 
angled triangles, and the sides that contain the right angle are in the 
ratio of 3 to 4. It is self-evident that a. iurWitr "quantity of turning" 
must he applied to the line K C to make it coincide with the line 
K H, a side of the parallelogram K L B H inscribed in the circle X. 

K B and L H are diameters of the circle X. Now, we can 
conctivs a. "quantity of taming" applied toKB in the direction 
from B to D, until it should coincide with O D : and we can 
conceive a "quantity of turning" applied to L H in the direction 
from H towards B, until it should become parallel to A B, the 
generating Une of the diagram. In this case K B and L H would 
become diameters of the circle X at right angles to one another : and 
you will observe that ttis " quantity of lumi/ig" applied to both, 
is in the same direction. But, we can conceive the line KC and 
the diameter L H to revolve in opposite directions ; that is to say, 
the former in the direction from B towards iVl, and the latter in the 
direction from H towards T, until they coincide, when K C would 
cut the line B M at a point intermediate between T and P, but 
would not be parallel to O T and K M, but parallel to K H and L B. 



Hosted by 



Google 



143 

You wiil obseive that K.R a pirt ot k L :s d diameter of the 
circle X. Now, we can concc vl the diimeteis of the elides to 
revolve simultaneously m both cases and ne tan also conceive that 
they might be the diagomls of rectingulai pariUelogrims -xt eiery 
stage of their re\olutions In the former case tht. iLctingular 
parallelograms would enclose a laiger ptrt on of the area of the 
circle X at eierj stige m the levolutinn of the diameters, and 
finally, become in mscnbed square to the rircle, which encloies a 
larger portion of the aiea of the ciicle, than any other form of 
inscribed rectingle In the litter case tie rectangles would 
enclose a smiller port on of the area of the c rtle at ev ery stage m 
the revolutions of the diameters ; and finally, the diameters of the 
circle would reach the point of coincidence, and no longer denote 
the diagonals of a rectangle inscribed in the circle. 

With my Letter of the 28th November, I sent you a copy of my 
Vaxaphlst" £uclid al J^ault" in y/Yach. there is a diagram shewing 
a rectangular parallelogram, K L B H, inscribed in a circle. In my 
Letter of the 23Td November there was a diagram enclosed (sec 
Diagram!,), also shewing a rectangular parallelogram, CKAD, 
inscribed in a circle. In reply to the former Letter, you favoured 
me with the lengths and breadths of 17 rectangles. I did not es- 
pect this. I thought you might give me the sides of the rectangles 
in the two diagrams, the former as s/ip and \/24, and the latter as 
6'4 and 4*8, when the diameter of the circles = 8, and I thought it 
possible you might refer me to an inscribed square to a circle, the 
length of the sides being 4. ./i, and the breadth 4 ^/3, as you give 
them. Now, I doubt whether you can construct a geometrical 
figure, in which you can shew— isolated and exhibited— any of the 
rectangles you have given me, the first and last excepted. The 
'^ onus probandi" rests with you to prove this. You will not dare to 
dispute, that we may circumscribe a circle about the rectangle 
F B P H, in the enclosed diagram ; and I have proved in my last 
Letter that when the diameter of the circle X = 8, the sides of this 
rectangle may be, and are, 3 and 3875, by construction. And I 
doubt whether it ever entered into your mind to construct such a 
rectangle, or that such a rectangle could be geometrically con- 
structed. Well, then, the area of this rectangle is 3 x 3 '875 = 
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ir635> while you would make it to be only 3 ( \/i5) = ir6i8, &c. 
The difference is sufficient to prove the fallacies into which we may 
be led by iiiis-applied Mathematics. In your Letter of the 2nd 
December, with reference to the admissions you had made in your 
previous Letter, you very curtly put the question :—" But no-w that 
you have the admissions what will you do 'with themV Taking 
this and previous Letters in connection, you cannot fail to perceive 
that I have made some use of them. 

With reference to the enclosed diagram, the following things 
are self-evident from mere inspection. First : The angle M, in the 
right-angled triangle KBM, is outside the circle X. Second: 
The angle H, in the right-angled triangle H F B, is outside the line 
K M. Third : mn = m F, for they are radii of the circle 1. 
Fourth : B T = B F, for they are radii of the circle X Y, Fifth : 
If the lines K H and B M be produced to meet at a point, say X, 
and so construct a right-angled triangle K B X, the angle X will be 
further outside the circle Z than the angle M. 

Now, because K M is parallel to O T, and because K B is 
bisected at O, and B F = B T = 4 (K B) or f (0 B), by construc- 
tion : it follows, that B M, the base of the right-angled triangle 
KBM, is bisected at T, and that K B M and O B T are similar 
right-angled triangles. Again : B T = | (O B), and, B M = 
I (K B), by construction ; and because F )« = | (K F), by construc- 
tion, it follows, that KFw, KBM, and OBT, are similar right- 
angled triangles, and that Y m is a tangent to the circle XY : B M 
a tangent to the circle X ; and F K and F B tangents to the circle 
Z. Again : Because B F = B T = J (B 0) or |(B K), by construc- 
tion, F K = ^ (B F) ; therefore, B F^ -i- B 0= = F K'. But, B T = 
B F i therefore, B T= -^ B C = F K'. But, B T^ + B O" = O T' ; 
and it follows, that O T = F K. 

So far, all is pure Geometry, but we must now bring Mathe- 
matics to bear, in further considering the properties of this extra- 
ordinary geometrical figure. 

Well, then, let K B = 8. Then ; B = J (K B) = 4 ; F B = 
B T =. 4 (K B) - 3 : K F = ^ tK B) = 5 : F .^z; = a (K F) = 375 ,■ 
T P = 5't (B T) = -875 ; B M = 2 (B T) = 6. Bui, V H = B T, 
and ii F = B P, for they are opposite sides of parallelograms; 
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therefore, FV = TV = -iijs . But, ?« F — V F = mV ; therefore, 
375— -875 = 2-875 =™V, 

Now, raFB is a riglit -angled triangle; therefore, (jk F' + FB^) 
= (3'7S" + 3^ =(14-0635 + 9) = 2yo62S ^ m B^^ ; therefore, 
v/23o62S = m B, But, B F V is a right-angled triangle ; therefore, 
(BF' + FV}j^(f + -Sjs'-) = (9 + -765625) — 976562s = BV^i 
therefore, J')-7(>s625 ~ yi25 = B V, Now, B V m, a part of the 
right-angled triangle B F m, is an oblique-angled triangle, and by 
Euclid: Prop. 12 r Book 2 : {BV^ + V ffi' + 2(y m x V F)} = 
B^; that is, {3'i25' + 2-875' + 2(3-875 >< '875)}. t""- {9-765625 + 
8-265625 + 5-03125} =^ 23-0625 = B rn^ : and so far, Euclid would 
«o/ appear to be at fault in the 12th Proposition of his Second Book. 
But, K F !« is a right-angled triangle ; therefore, (K F^ + F m^) = 
(5' ■*" 3-75^ — (25 + 14-0625) = 39-0625 = Km' ; therefore, 
v'39-o625 = 6-25 -=. Km. But, K B M is also a right-angled 

triangle, and similar to the triangle K F m ,■ therefore, K B' -^ B M° 
^ (83 + ff) = (64 -^ 36) ^ 100 = K M° ; therefore, Jiao = lo = 
K M. But, m ft — in F, for they ai-e radii of the circle Z, and this 

would make K m ■(-?«« = 6-25 + 3-75 = 10 ; and so make K « = 

K M, which is absurd. 

Again : B ;« M is a right-angled triangle, and i have proved 

that B rf = 23-0625, when KB, the diameter of the circle X, = 8 ; 

therefore, (B M^ ~- B m") = (6' — V23-0625') - (36 — 23-0625) = 

12-9375 = !« M"; therefore, J\n-qyj5 = 3-59, &c. ; and this would 

make mM. a, shorter liae than m «, which is absurd. 

Again : by analogy or proportion^ — according to Euclid — K F ; 

F B ; : K W : »; M ; that is, 5 : 3 : : 6-25 : 3-75. This would make 

m M and m n equal, which is absurd. 

Again : by analogy or proportion, — according to Euclid — K w ; 

w B : : !« B : ra; M ; that is, 6-25 '• ^23^25 : : Jzyo&iS : m M. 

This analogy worked out by tliat " indispensable instnttnent of 

science, Aritkmelic," make& mil ~ Jiy6ibt\ that is, V^- \?^|^ — j 

- /""'l&t'O " ■J *"■*■"' - """■ ""'■ Jvs^- 

3-69, exactly. This would make wM less than, m n, which is 
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On all these reductio ad ahsurdum shewiogs, Euclid is at 
fault, in attempting to make his Fifth Book, on proportion, of general 
and universal application, and therefore true t:nder all circumstances. 
I might demonstrate other absurdities, but surely this must be un- 
necessary. 

Mr, Wilson observes, in the preface to his Treatise on " Ele- 
mentary Geometry : " " Already the Fifth Book {Euclid) has prac- 
tically gone, and, in cansequence, the study of the Sixth Book has 
become someTvhat irrational:" and, in this. Professor de Morgan 
agrees with him ; for he says, in his review of Mr. Wilson's work :— 
" // must be grarUtd that some of his (Euclid's) defects have power- 
fully aided in introducing a routine of saying propositions, without 
any attention to the meaning. There are great schools and great 
colleges, in which care is taken that no attention shall be paid to the 
meaning, by a provision that there shall be no meaning to attend 
tol' Is it a matter of wonder, under such circumstances, that there 
should be found, in "great schools and great colleges" Mathematical 
teachers who are incompetent to " meet ignorance with instruction f 

I had written so far, when this afternoon's post brought me 
your Letter of yesterday. I had more to say, but I shall pause, and 
reserve what I should have said for another communication. If you 
read^z opening paragraph of this Letter, you will learn and know 
the terms upon which I shall be prepared to make the apology you 
^^ expect." In my Letter of the 19th instant, 1 replied to every sen- 
tence of yours of the 17th, seriatim the iTit paiigraph excepted 
It appears to me, that nothing short of admittmg that you have 
met "ignorance with instruction will satisf> jou. How can I 
conscientiously admit this, while I remain i nconvmced of it ? How 
can I believe it, while I remain under the conMCtion that neither 
you nor any other man can prove it ' How am I to be convinced, 
while you meet sound reasoning from indisputable data, with dog- 
matical and dictatorial assertion, without a shadow of proof? 

From your reticence with reference to mj Letters of the 17th 
and 19th instant, — passing over that of the 22nd, which you say you 
have not read — coupied with the declaration in yours of the fonner 
date, that you \voa\di " tiike no notice of any more of my Letters^' 
unt'.l I had done certain things, which 1 find it difficult to persuade 
myself you did not believe to be impossible ; how could I think 
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otherwise, than that, so far as you were concerned, our corres- 
pondence was at an end ? You knoiu, that although i write io you, 
I do not vixite./or you. It may not be in my time, but the day will 
come, when the " common sense d/ mankind" will pronounce a just 
verdict between us. 

The threat towards the close of your Letter does not disturb 
me, and to some of the other parts of it, I shall reply at my con- 
venience. 

Faithfully yours, 

James Smith. 
The Rev. Professor Whitworth. 



James Smith lo The Rev. Professor Whitworth. 

Barkeley House, Seaforth, 
1st January, 1869. 

Posted lith Jan. 
Sir, 

In your Letter of the Jth December you said : " Now, 
ifive are either of us to be the -wiser for our correspondence, it can 
only be by following one subject till it is erkausted. The question 
at present is this : which is the true value ofir? As soon as you 
have either proved IT = 3"I2S, or admitted that tt ^ 3141593 • ■ - 
then I ivili answer your question about the constructive geometry, 
or consider any other subject you please.^' Now, Sir, I have proved 
over and over again, that ■!r^yi2$, and that it cannot be 3'14I592... 
" If you can't see this, I can't help it, but the fact remains nalwzth- 



Do you deny that irr' = area in every circle ? I hardly think 
you will go so far as this. Well, then, let A B C denote a right- 
angled triangle, B the right angle, and the side A B the radius of a 
circle, and be the longer of the sides that contain the right angle. 
Let the sides that contain the right angle, be represented by the 
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arithmetical symbols 3 and 4 ; then, the hypothenuse will be 5, and 
the sum of the squares of the three sides of the triangle exactly equal 
to 3j times the area of a square on the middle side A B, which is the 
radius of the circle. I am almost "asJiamed" to reiterate this 
plain and incontrovertible statement. Well, then, ■! (50^ r) — 
j(so-f)}-={(So-io)-l(4o)}=-(4''-8) = 32 = 2(AR') 
= area of an inscribed square to a circle of radius = 4 . and 
SO -4- - , or 50 X I *28 = 64 = area of a circumscribing square to 

the circle; and i have proved over and over again, that ■ and 

-7^ are equivalent ratios. In the Letter referred to you say; "But 
■my patient examination of , all your proofs deserves some considera- 
tion" I have read your Letters with great care, and I can find no 
evidence that you have ever examined the foregoing proof ; and if it 
stood alone, it would be sufficient to convince any " reaso?iing geo- 
metrical investigator,^ that 3-125 is the true arithmetical value of x. I 
have given you this proof of the value of IT in two previous Letters, 
Nov. 23, and Dec. 2, simply giving the converse of this operation ; 
that is to say, making the calculations from the area of a square to 
the area of its circumscribing circle, and you have never attempted 
to controvert these proofs, and have not even noticed them in any 
way. If you can't find the areas of an inscribed and circumscribed 
square to a circle, by the assigned value of tt, (the area of the circle 
being the given quantity,) or any other value of it, (3"I25 excepted.) 
and you know that you cannot, "you ought not to be ashamed to say 
plainly" that 3125 must be the true arithmetical value of tt, which 
makes 8 circumferences = 25 diameters in every circle. 

In your Letter of the 30th November (at the time you wrote this 
Letter you were not convinced by any of the proofs I had then given 
you that x = y ), you made the following request : — " Willyoupoint 
me to any other arguments which you can bring forth to prove tt = 
V' if you can gi-ve me one single proof {in -which I can detect no 
flaw) that your value ofir is correct, I 'will then scrutinize once more 
the proofs by -which the orthodox -value of x is established" The 
ts with you to point out a "flaw" in the fore- 
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going proof : and until you have done 
do it, I deny that you have any imral 
of me, to controvert your absurd '' str 
have given you. 

In your last letter you 
again reiterate the "abstird 
charge'" that 1 make a xxv.- 
gon and the circumference 
of its circumscribing circle 
equal ; and refer me to my 
Letter of the 23rd November. 
In this geometrical figure let 
ABC denote one of 24 isos- 
celes triangles inscribed in a 
circle : let A D C denote one 
of 25 isosceles triangles, and 
A E C one of 50 isosceles 
triangles, inscrilDed in a circle. 
Now, the chord B C, is to the 
arc B E C, as the chord D C, 
to the arc DEC; and the 
chord D C, to the arc DEC, 
as the chord E C, to the arc 
EEC: and the ratio of chord 
to arc is an invariable ratio. 
Hence, as I have distinctly 
proved, that into whatever 
number of arcs we may divide 

the circumference of a circle, if from one of these arcs we deduct 
one twenty-fifth part, and multiply the remainder by the sum of the 
arcs, the product is a constant quantity, and equal to the perimeter 
of a regular hexagon inscribed in the circle. 1 have gone into this 
at some length in my Letter of the nth December. When, or where 
—ths proverb of Solomon, with -which the Letter concludes excepted 
—have you ever taken the slightest notice of that communication? 
Can this be called fair controversy? Were you ever taught, either 
at school or college, or did it ever occur to you, that the circular 
measure of an angle of 60° = J (2 ir) ; the circular n- 
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of 30° = yV (2 "")' ''^^ circular measure of an angle of 15° = -^ (3 tt), 
whatever be the value of tt ? I doubt it ! But it is so, and it follows 
of necessity, that the circular measure of an angle of 14" 24' = {^^ 
(2 it),} whatever be the value ofir! Tor example: by hypothesis, let 
BAG denote an angleof 30°; and tt = 3-1416, Then: -- -"- ^ 
3 3 „4 __ __j^_^_ __ .J236 = the circular measure of the angle 

BAG, and is equal to the arc BEG, when A B and A C = i ; and 
12 ("5236) -= 6'3833 = ZTT. Now, every tyro in Geometry and Tri- 
gonometry knows, that the area of a circle of radius = i, and the 
circumference of a circle of diameter unity, are represented by the 
same arithmetical symbols, whatever be the value of tt. But, 05236 — 

■^-^ I = ('5236 — - '020944) = '502656, and is greater than the 
radius of a circle of diameter unity; but you will observe, that 
■502656 is equal to one-hundredth part of the area of a circle of radius 
4, on the hypothesis that tt = 3'i4i6- 

Now, let B A G denote an angle of 30° ; and, by hypothesis, let 
.-.,• = 3-S. Th»: 3=1^' = 3!LiLM . V^ . 
■5208333, with 3 to infinity, = V (■5) ; or, in other words, is equal to 
twenty-five twenty-fourth parts of the radius of a circle of diameter 
unity ; and is the circular measure of the angle BAG, and equal to 
the arc BEG: and, 12 ('5208333 . . .) = 6'24999996 - ■ ■ If you 
tell me that this docs not stand for 2 ir, on the hypothesis that tt ^ 
Y = 3'i25, 1 have simply to call your attention to the fact, that if 
you work out the calculations by your value of tt ^^ 3-141592, you 
will find yourself beset with the same difficulty. Surely I need not 
remind you that this simply arises from -k not being divisible by 
6, or the multiples of 6, without a remainder, whether we adopt tt := 
3'i25, orjT = 3-141592. 

On the former hypothesis, we cannot connect the circular 
measure of the angle with any thing : the latter hypothesis makes 
3jV (circumference) equal to an arc subtending an angle at the centre 
of a circle, equal to radius: and you will surely not dispute that 
circular measure is of ^^ great importance in the theory of Mathe- 
piatics." 
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Again : Let D A C denote an angle of 14° 24' : and, by hypo- 

, . , ~, 14° 24' X TT S64' X TT 2700 

thesis,let7r = 3*125, Then: — \ = ~ — > = - '=-- — 

■25 = the circular measure of the angle D AC, and is equal to the 
arc DEC, when A D and A C = i. ("25 — '^^j = ('25 — 'oi) = 
■24 = the chord D C : and, the chord D C : arc D E C : : the 
chord B C ; the arc B E C ; that is, '24 ; -25 : : '5 ; -5208333,.. ; or, 
■24 ; '25 : :3 : 3-125 ; or, 3 : 3125 : : -5 : -5208333.,, Now, according 
to your reasoning, — ^ - = -25 should be the natural sine 
of the angle B A C. But, the angle B A C is an angle of 15°, and 
the natural sine of this angle is given in Button's Tables as 
-2588190. Now, conceive a straight lire, M N, of the same length 
as A B, to revolve from the " initial position" A B, in the direction 
of A C, until it coincides with A C. Conceive further, that the line 
M N is arrested at different stages in the course of its revolution, at 
various points in the arc B E C, and straight lines drawn from the 
point C to these points. It is self-evident that these divergent lines 
from the point C, will be the chords of various arcs. Now, is it not 
self-evident, that the chords vary as the arcs, and that the ratio of 
chord to arc is an invariable ratio ? Well, then, this effect— and 
tliere can be no effect without a cause— may be said to arise from a 
"quantity of turning^' applied to the extremity of a straight line 
revolving round a curved line ; and explains other things to which I 
have directed your attention in previous parts of this communication. 
These facts ought to be sufficient to satisfy you that the trigonome- 
trical functions of angles are not lengths, but ratios of one length to 
another, and ought to convince you of the absurdity of your argu- 
ments and conclusions. 

Again : Let the angle E A C = half the angle D A C, and by 
hypothesis, let t = 3-125, Then : E AC denotes an angle of 7" 12'; 

^"'l ^ib"' = tS^ = li^ ^ ■ '^5^ ^"d "'^S is the circular 
measure of the angle E A C, and the length of the arc E F C, when 
AE and AC= i, (-125 - '-^'^^^J _ (,,^5 _ .^^^ ^ .,3 ^ 1^,^ 

chord EC; and the chord E C ; the arc E F C : ; the chord D C 
; the arc D E C, that is, -12 : -125 : : -24 : -25 : or, the chord E C ; the 
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arc E F C ; ; the chord 13 C : tht aic B E C ; that is, 
■12 : -125 : : '5 : -52083333, with 3 to infinity. Thus : 50 (-13) = 6 
= perimeter of a regular inscribed hexagon to a circle of radius i. 
3 : TT : ; 6 : 2 TT ; that is, 3 : 3-125 : :6: 6-25 ; and 6-35 is the circum- 
ference of a circle of radius 1. 50 (half the arc KFCj = io(-~^^ 
= 5o(-o625) = 3*125 = area of a circle of radius i. But, circum- 
ference >: semi-radius = area in every circle ; therefore, (6'25 x ^) 
= 6'25 X "5 = 3'i25 = area of a circle of radius i. These facts will 
be obvious enough to any " reasoning geometrical investigator" and 
ought to be suflicieut to convince you of the absurdity of your argu- 
ments and conclusions. Can you produce these results with your 
value of n- = 3-i4i5gz... ? I know that voh cannot ! Have I not 
then aright to evpect you at once to withdraw the "al/stird charge" 
you have brought against me, that I make a certain chord and ai-c 
equal? it appears to me that I have a far greater show of reason 
for expecting an apology from you, than you have for expecting an 
apology from me, for anything I have written. 

I admit that you are a •'■ recog-nised Matheiiiatician," I assume 
you " to be a gentlentan " and " a man 0/ honour .■" and I know you 
to be a minister of the gospel. I suppose I know something of 
mathematics, and I claim to be a gentleman and a man of honour, 
and if not a clergyman, I am so far a lay theologian, that I have, iu 
my time, edited a volume of sermons. I may observe, that there is 
one point upon which I do not require instruction ; I have learned, 
and know, and bear in mind, that if I violate or tamper with con- 
science, there is ONE, "who doeih as he will in the armies of 
heavefi, and amongst the inhabitants of the earth," and who will not 
permit me to escape with impunity. 

I had written so far when it occurred to me to refer to the copy 
of my Letter of the 23rd November, and I was certainly astonished 
to find the blunder on page 10. i— !^i obviously the value of an 
arc subtending the angle B A C at the apex of tlie triangle, and not 
the value of the chard B C subtending that angle, I frankly admit 
this lapsus, but shall defer any further reference to it for another 

Faithfully yours, 

James Smith, 
The Rbv. Profi'-S-'joh. WarrwoRrii. 
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James Smith to Thf, Rev. 



Sir, 



Barkeley House, Seaforth, 

4/A January, 1869. Posted i 



tk. 



e the trigonometrical functions of angles are not 
lengths, but ratios of one length to another, it follows, that the sine 
of an angle at the centre of a circle contained by two radii, has to do 
directly with the arc that subtetids it, and only indirectly with its 
subtending chord: and I have proved that whatever number of 
regular polygons may he inscribed in a circle, the ratio between the 
sides of the polygons and their subtending arcs is an invariable ratio, 
and is as "24 : '25, or, as 3 : 3"I2S- Now, it is self-evident that if 6, 
12, and 24-sided polygons be inscribed in a circle, the length of the 
chord to its subtending arc is not arithmetically in the same ratio in 
the 13-sided as in the 6-sided polygon : and that the ratio between 
the length of the chord and its subtending arc in the 24-sided poly- 
gon differs from both. In other words, the length of the chord in a 
12-sided polygon is greater in proportion to its subtending arc, than 
the length of the chord in a 6-sided polygon to its subtending arc ; 
and the length of the chord in a 24-sided polygon is greater in pro- 
portion to its subtending afc than either. Hence, the inapplicability 
(directly) of the 47th Proposition of Euclid's first book, to the n 
ment of a curved line. 

In this geometrical 
figure, let A B C denote 
one of 25 equal isos- 
celes triangles inscribed 
in the circle, with the 
angle at the apex and 
the chord 11 C bisected . 
by the line A D. 

Now, the circular 
measure of an angle of 
1 degree js -g- ; and, 
— is the number of 
degrees contained in the 
RDgle which ii aub- 
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tended by an arc equal to radius, whatever be the value ot' tt. But, 
6 times ^*j (circumference) is the perimeter of a regular inscribed 
hexagon to a circle, whatever be the circumference. For example : 
Let the circumference of the circle = 2 ir ; and, by hypothesis, let 
TT = 3-14.1592. Then: 2(3-141593) = 6-283184= circumference, 
when AB and AC = 1 ; and A (6'283i84) = "* ^.-^J^^3iS4 _ 
i'00529984. Now, 2 tt is the circumference of a circle of radius 1, 
and 6 (radius) = the perimeter of a regular inscribed hexagon to 
every circle. But, 6(1*00529984,) = 6-03179904, and is greater 
than 6, the known and indisputable value of the perimeter of a 
regular inscribed hexagon, to a circle of radius I ; and it follows, 
that 3 (3-141592) = 6-283184, is greater than the true circumference 
of a circle of radius r. But further, 6 times ^ (circumference) = 
^^ (circumference) ; that is, 6 (^--~^-'-^'\ = -11(6-283124), or, 
(6 X 100529984) = ( *''—-— 3— *j, and this equation or identity 
= 6-03179904; and this is the true arithmetical value of the peri- 
meter of a regular inscribed hexagon to a circle of circumference = 
6-283124. Hence: 3-125 :3 :: 6-283124:6*03179904, and proves 
that 3-125 must be the true arithmetical value of jr. 

Now, ^(100) = : - — — — j = 96 = perimeter of a regular in- 
scribed hexagon to a circle of circumference = 100. |i (36a) = 
(~^ A . \ = 345-6 = perimeter of a regular inscribed hexagon to 
a circle of circumference = 360. And ?, J (6-25) = ^^ -^ J''^ :::: 
6 = perimeter of a regular inscribed hexagon to a circle of circum- 
ferei=ce = 6-25, or radius = 1. But, ?^~ = 345-6^ j^^^ ;^^ 

576 W=;'6 , , . . .> . 'f!o / 180 A 

-' = ' i- , and this equation or identity = — =; 7— ^ — -, 1 

= —t; = S7'6, and this is the number of degrees contained in 
the angle which is subtended by an arc equal to radius, when the 
circumference of the circle = 360, 

Now, referring to the diagram, let the circumference of the circle 
be represented by the number 360. Then Vi = I4"4, gives the angle 
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B A C ; that is to say, gives the angle at the apex of the triangle 
ABC, which is an angle of 14° 24' at the centre of tlie circle : and 
it follows, that the arc B E C subtending the angle B A C is ati arc 
of 14° 24'. But, the angle B A C is bisected by the line A D, and it 
follows, that the angles DAB and D A C, are angles of f 12' ; and 
half the arc B E C = -^-^ ^- 7-2; and A D B and A D C are similar 
and equal right-angled triangles. Now, f 7'3 — --j = (7'2 — -288) 
= 6-912 = |i (7-2) = D B and D C ^ ^ {B Q : or, I should rather 
say, 6-912 to 7'2 is the ratio between half the chord BC, and half the 
arc BEC; and is in the ratio of 3 to 3-125 ; that is, 3 : 3'125 :: 
6-912 : 7-2. 

By hypothesis, let half the chord B C be greater than 6-912, but 
less than half the arc BEC, say ;-iS. Then : (A B^ — B D') = 
(57-6' — 7'i5') = (331776 — 51-125) = 3266-6375 = A D=; therefore, 

V3^6"?637S = 571545 . . . = AD. But, J-g = ^ = ■I24I3-- 
= the Sin. of the angle DAB: and ~g- = "l^-^^^ = -9922656 
= the Cos. of the angle D A B ; the former less, and thelatter^^n/^j-, 
than the natural sine and cosine of an angle of 7° 13' as given in 
Tables. 

Again ; Let the circumference of the circle be represented by 
the number 360; and, by hypothesis, let tt == 3-141592. Now, the 
angles DAB and D A C are indisputably angles of 7° 12', and -^^ 

is the circular measure of an angle of i degree = — [g;5-' = 
■DI745328, on the hypothesis that 7r = 3- 141592 : therefore, -01745328 
X 7° 12' = -01745328 X 7-2 ~ -125667616, and is greatly in excess 
of the trigonometrical sine of the angles DAB and DA C. 

1 shall nowproceedtodemoustrate that the trigonometiicalsinesand 
circular measure of the angles DAB and D A C are equal ; that is to 
say, that the trigonometrical sines of the angles DAB and D A C are 
exactly equal to the circular measure of half the arc BEC, Now, 

the circular measure of the angles DAB and B A C is ^'-ygQ— " 
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^35° ._ 
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■125. But, ■ 



= ■071361 1 
;le of 1 degre 



with I to infinity, is the circular measure of an angl 
therefore, ■071361111 ... x 7° 12' = ■071361111 x 7'2 = 
■1249999992 .,., which represents to us-i25,andis the trigonometrical 
sine and circular measure of the angles DAB and B AC. But, --> 
= '125, and proves that if equal isosceles triangles be inscribed in a 
circle, the angles at the centre of the circle are rf/rec^/f connected with 
the arcs that subtend them, and only indirectly with their subtend- 
ing chords ; or, in other words, the natural sine of half the angle 
B A C, is equal to the circular measure of half the arc EEC that 
subtends it i and half the chord B C is to half the arc that subtends 



> 7-2, or 
o the c 



n the s, 



mference of it 



s the perimeter 



it, in the ratio of 6-9r2 
of a regular hexagon. 

In this geo- 
metrical figure, 
let A B C be an 
equilateral and 
equiangular tri- 
angle, with the 
angle B A C at 
the apex and its 
opposite side 
B C, bisected by 
the line A D. 
Let C E be a 
straight line 
drawn from the 

A D prodt;ced 

at the point E, 

bisecting the arc B E C contained by A B and B C, the legs of the 

isosceles triangle ABC. 

Now, it is self-evident that the arc B E C is onc-a(xth pari of the 
circumference, and the arc EEC one-twelfth part of the circum- 
ference, to a circle of which A B and A C arc radii. Conceive a 




Hosted by 



Google 



IS7 

^'■quantity of turning" applied to the line CE, in the direction of D, 
until it coincides with C B. Is it not self-evident that the extremity £ 
ofthelineCEwillrest on. theline BCatapoint intermediate between. 
B and D ? Is it not therefore self-evident that the hne C E is longer 
than half the line BC? But, the arc EFC is half the arc BEC,andit 
follows, that the chord E C is longer in proportion to its subtending 
M-c E F C than the chord B C to its subtending arc EEC. 

Let ABand AC = I. Then; i (2ir)= ^'|^ = 1-0416666 with 
6 to infinity. |J (ro4i6665) = ^Ul-_-r^ ~ - 'gy^ggg &c., and 

it is self-evident that by extending the decimals we should get 9 to 
infinity. Does it not follow that "999999 &c., must represent to us i, 
as certainly as that the infinite series "i +i■^i + ^ &c,," must 
represent to us 2 ? And does it not follow, that 1 to 1-0416666 with 
6 to infinity is the ratio between the chord B C and its subtending 
arc B E C, since 6 times i = 6, is the known and indisputable value 
of the perimeter of a regular inscribed hexagon to a circle of radius 
1 ? Again : ^ (2 x) = --- - -52083333 with 3 to infinity, is the 
value of the arc EFC, and is equal to |^th parts of the radius of 

a circleof diameter unity. <'52o83333 — — 23331 „ [■i;3o83333 

— '020S3333} = '5 = radius of a circle of diameter unity ; and 6 
CS) = 3i 's the perimeter of a regular inscribed hexagon to a circle 
of diameter unity. But, 12 (-5) = 6, is the perimeter of a regular 
inscribed hesagon to a circle of radius i, and it follows, that '5 to 
■52083333 with 3 to infinity, is the ratio between the chord E C and 
its subtending arc EFC. We might bisect the angle D AC and 
its subtending chord and arc, and join CF. Then: the arc CF would 
equal s'l (2 jt) = -260416666, with 6 to infinity, and make the ratio of the 
chord CF to its subtending arc as '25 to -26041 6566, with 6 to infinity, 
or as 3 to ir 1 and so on we might proceed, nd infinitum. From these 
factsweobtain the folIowingremarkableresult,in which every other but 



he true arithmetical value of w fails : J-J (3 f )=|.| (9-375)^ 
^ 534:375 ^ 



.25_Ji 9:375 



3-125' = 976S625. 
when A B and A C = i, DC = J = -5, and A D = (AC 
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— D C) = [1= — s') ^ (I — '25) = 75 = AD'; therefore, A D = 
7-75 = '8660254 : and it follows, that D E the versed sine of the 
ajigle D A C = I — ■8660254 = -1339746. Hence : (D C" + D E') 
= (-5' + -1339746') = (-25 4^^01794919344516) = -26794919344516 
= (CF^; therefore, V"267949i93445i6 = -5i764« = CE. This 
makes the ciiord C E to its subtending arc, not in the ratio of ■ 5 to 
^ {■5)>.but in the ratio of '51 7633 to ^V (2t), ivhatever be the value of 
IT. Hence, the inapplicability of the 47th Proposition of Euclid's 
first book, to measure {directly) a curved liae : but I have proved in 
many ways that indirectly this proposition is of the utmost value and 
importance, in aiding us to find the value of tt, and the true ratio of 
diameter to circumference in a circle. Is not — — --= 2588190, 
the natural sine of an angle of 15°, as given in Tables ? 

Now, 13^ times i= 12-5 X -5 = 6-25 = 277 ; and 12^ times 
(i)-i = 12'5 y- '25^ = 12-5 X -0625 = -78135 = g, and represents 
the area of a circle of diameter unity = -, and is exactly equal to 
3a ('S')' Hence : 12^ times - ^ 3^ times the area of a square on 
the radius of a circle of diameter unity : and it follows, that 43- {s i") 
= area in every circle. Proof: Let the area of a square on the 
semi-radius of a circle be represented by any arithmetical quantity, 
say 60. Then : 417 (60) = J2'5 x 60 = 750 =^ area of the circle, 
{(7SO-'f) - 5-(750~'f)} -(6o=-,») = 48o=. .,e. 
of an inscribed square to the circle. 2 (480) = 960 = area of a 
circumscribing square to the circle ; therefore, the diameter oi the 

cMc = V960. ^'^ = J^T'f = ^»[" = j6o = 
semi-radius of the circle ; and, ^60' = 60 =^ the given area of the 
square on the semi-radius. Now, Sir, can you produce this result by 
ihevaiiieofir arnvtd Atby " recfl^mse/i Mathnmaticiims^" Certainly 
not, and you know it! Well, then, '■'you ought not to be ashamed to 
flrfwiV" thatV=3"i2S,isthe truevalueofir. As s."recognised Mathe- 
matician " you can readily convince youi-self of this fact, and as a 
"gentleman and a man of honour;' it becomes your duty to admit it, 
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iftnnh, iiiid the m;untenance and advancement of scientific truth, 
be your sole object in your controversy with me. 

I have proved that when A B and A C in the figure on page 15*1 
= 1, E C the chord of the arc E F C = ■517638 approximately. 
Now, 12 ('5 [7638.,,) =^6211656... and if you compute the value of 
the sides of a 24-sided polygon by the istand 47th of Euclid, the 
sum of the sides will increase this quantity : and if you compute the 
value of the sides of a 48-sided polygon, the sum of the sides will 
be still greater ; and proceeding in this way you will at length 
approximate to the value of 2 ir as assigned by " reco^ised Mathe- 
maticians" Well, then, the perimeters of all polygons of more 
than 6 sides are incommensurable, and it is self-evident that x 
cannot be arithmetically either finite or determinate, if the "j-^cc^- 
ttised Matkematiciiais" pr[nc\Y'\^ of finding the arithmetical value 
of TT be a sound one. But, you say you teach that " tt is finite and 
determinate" and attempt to make it so, by putting a. fanciful 
interpretation upon the term " infinite series" This goes to the root 
o{ i\\t fallacious assumption, by which " recognised Mathematicians" 
are led to a false value of jt. I presume you know that the perimeter 
of a regular hexagon is to the circumference of its circumscribing 
circle, as the area of an inscribed regular dodecagon to the area of 
the circumscribing circle : and with your " logical mind " you ouglit 
to be able to see, that it follows of necessity, that the perimeter of a 
12-sided regular polygon is tothe circumference of its circumscribing 
circle, as the area of a- 24-sided regular polygon to the area of the 
circle. To controvert this fact, you must prove, that as we increase 
the number of sides of an inscribed polygon to a circle, we do not 
increase the areas of the polygons in the same ratio. The truth is, 
" recognii i Mathematicians" in arj«w/«f that they can ascertain 
the appro mate value ofir by rtieans of polygons, whether inscribed 
or circumsi_ribed to a circle, utterly ignore the fact, that a line in the 
form of a circle, encloses a larger area than it can be made to 
enclose in any other form whatever. 

I must now revert to the diagram on page 153, Let BAG denote 
an angle of 14° 24', and, by, hypothesis, let ir = 3'i4i6, Then : 

14° 24' X 864' X ■I'I4l6 ^ 37[4'J424 n . . , 

k ■ = -TSo X 6?r =^ n^- ^ "^51328, and ,s equal 
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to - ; or in other words, i? equal to the circumference nf a 

circle of diameter ^ - ■ r^ -08, on the hypothesis that it = 3"i4!6. 
The circular measure of an. angle of go°, that is, the circular 
of a right angle, is 



go xjr ^^ go y. 3-i4i6 3^1416 _ 



and is equal to the quadrant of a circle of radius r, or the semi- 
circumference of a circle of diameter unity, on the hypothesis that 

orthodox value of 2 tt, but equal to the circumference of a circle of 
radius I, on the (ke.^ry that 3 circumferences of a circle are exactly 
equal to 25 diameters. But, 6'25 is a constant quantity, by 
whatever "finite and determinate " hypothetical value of ir you may 
work out the computation ; and of this fact you may readily convince 
yourself. What, then, in the name of common sense, can the value 
of IT be, but V = 3'i2s i" In how many ways have I proved 3'i25 
to be the value of tt by constructive geometry ? When, or where, 
have you ever attempted to grapple with any of my proofs ? 
Throughout our controversy you have assumed, that it was quite 
sufficient for you as a " recognised Mathematician" to meet demon- 
stration with the assertion : — " Your arguments are unsound, and 
your conclusions fallacious^ without a shadow of proof : but the day 
will come when the common sense of mankind will decline to 
accept your "!^j'(^(fmV" for established truth; and repudiate your 
assumption that on a mathematical question, a "recognised 
MatUematictan" may constitutute himself both "judge and Jury" in 
his own cause. 

With reference to the following arguments, I must ask you to 
bear in mind the sixth definition of your " College chum" Mr. J. M. 
Wilson, in his recently published treatise on " Elementary Geo- 
metry" Now, conceive a " quantity of turning " to be applied to 
llie lines A B and A C — the legs of the isosceles triangle A B C, in 
the figure on page 153 — in opposite directions, until the arc B E C, 
subtending the angle B A C, should be drawn into a straight line. 
Then, A B E C would become an isosceles triangle, and exactly 
equal to one of 24. equal isosceles triangles inscribed in the circle ; 
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ifi previous to this conceivable operation, ABC denote one of 25 
equal isosceles triangles inscribed in the circle. Under these con- 
ceivable circumstances, the angle at the apex of the isosceles triangle 
A B E C would become subtended by an arc of 15° : and, dispensing 
with the symbol that represents a degree, (15 — H) = (i5 — '6) 
= 14-4 ; and this would be the value of the chord subtending the 
angle at the apex of the triangle A B E C. Hence : — = 7*2 =^ 
half the chord subtending the angle at the centre of the circle : and 
radius is to half the chord in the ratio of 57'6 to 7'2 ; or, in other 
words, in the ratio of 8 to i. To controvert this, you must prove 
that an arc equal to radius is not S7'6, when the circumference of 
a circle = 360. How will you set about it ? You must not take 
for granted .h« lie series f. (^ + ,^ ' (0 +5^; ■(J;)" + 
&c.,) = jr. This is the question in dispute : and it is for you to fur- 
nish the proof. But, even taking for granted that this series re- 
presents the value of x, you cannot find, by means of it, the value of 
the arc which subtends an angle at the centre of the circle, whether 
you assume the circumference of the circle to be represented by 360, 



, 360 ^ 



„^(i5) = 14-4. and 25 (i4'4) = 345-6 = the 



perimeter of a regular inscribed hexagon to a circle of circumference 
= 360. - (34S'")=^ — ■ "^— ——- — 360 = circumference : and 
it follows, that 4 {14'4) = ~. \ §] ' and this equation or identity 
^^ 57-6, and is the number of degrees contained in an angle which 
is subtended by an arc equal to radius, when the circumference of 
the circle ^360. 

Again, ; ^-]^^ = 'laS : U ('[35) = -12, and 25 (-(2) = 3 = the 
perimeter of a regular inscribed hexagon to a circle of diameter 
unity: and it follows, that #5(3) ~ £S_5_3 — "5 __. ^.j^. --,. ^^ 

But, ^~ = J'~ = 115-3 = the diameter of a circle of circum- 
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ference == 360, Therefore, 3 { ' , ) =^ 3 ("""1"") ^^ 3 " '9'^ 
■=S7'6; and again proves that 576 = 57° 36' is the number of 
degrees contained in the angle which is subtended by an arc equal 
to the radius, when the circumference of the circle = 360. 

Well, then, do you imagine that you can resolve demonstrations 
like these into absurdity, by boldly —I might even use a stronger 
term — making such assertions as : — " Your argiimsnts are unsound, 
and your conclusions fallacious^' without a shadow of proof ? 

I shall send you with this commimication a copy of my Letter 
to His Grace the Duke of Buccleuch, ex-President of" The British 
Association/or the Advancement of Science',' and if you will take the 
trouble to read from' about page 42 to page 53, you will find I have 
proved, that in small angles, the tri^nomeirical sine may actually 
be greater than the circular measure of the angle : and if you have 
not resolved to tate your stand in the ranks of that numerous class 
who " dcsjiise ■wisdom and insiritcUoii" you will not be slow to avail 
yourself of the opportunity of acquiring this crumb of geometrical 
and mathematical knowledge. 

This brings me to the la/jsus in my Letter of the 33rd November, 
On referring to your two Letters in reply to that communication, 
dated 23th November, I find that you disputed the proof I gave by 
Logarithms 00 page i^, thn.t in a right-angled triangle of which the 
acute angle is an angle of 7° 12', the I'atio of hypothenuse to base or 
shortest side, is as 8 to 1 (and this fact is incontrovertible), and 
entirely overlooked, or at any rate passed by unnoticed, the real 
blunder, which is on page \o. Whether you had a design in 
this, or whether it was purely accidental, you know best. Be this 
as it may, I was ignorant of the lapsm, until you drew my especial 
attention in your Letter of the 28th December, to mine of the 23rd 
November, which led me to read my copy of the latter, and make 
the discovery. Had you done this at an earlier period, I should 
have detected the lapsus; at once admitted it ; and then, have en- 
deavoured to make ray meaning plain and intelligible ; as it is, the 
use you have now made of it, falls upon my mind more like the 
last effort of " a drowning man catching at a stratv," than anything 

Wdl, thiMi, ! rfdmit ihe laps-.is on wage 10 of my Letter of 
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the 23rd November, but not in the sense you attempt to fasten 
upon me, as I shall sheiv you. In an isoceles triangle inscribed in a 
circle, half the chord sijblending the angle at the centre of the 
circle is the geometrical sine of half the angle at the centre ; but, 
(ivith certain exceptious) is nat the trigoitonteirical sine of half the 
angle at the centre of the circle. Yoa cannot fail to have observed, 
that in the previous portion of our correspondence I have applied 
the term ^'natural sine" in the same sense as it is applied by 
" recognised MathematiciaHS.'" Throwing this fact out of view — 
and you have never thought of it~I may admit that my lapsus 
is capable of the construction you have put upon it : but, I find 
it difficult to persuade myself that you could be convinced in 
your own mind, that your construction conveyed the idea of my real 
meaning. In my Letter of the nth December, I told you distinctly, 
chat in every circle \^ (diameter) = circumference : and V (diameter) 
= the perimeter of a regular inscribed hexagon. When have you 
ever noticed this ? How could you look upon me as a " geiitleman 
and a man of honour" if you conscientiously believed me to hold the 
absurd notion that under any circumstances a chord could be equal 
to its subtending arc, and yet, that I refused to admit it ? Under 
such circumstances would you have iDeen at the trouble of writing 
me so many Letters subsequent to those of the 28th November ? It ■ 
may be that you were resolved to write me down by '■^ power of 
assertion, not force 0/ reasoning :" or what is more probable, you 
thought you would make me lose my temper, and in this way get 
rid of the difficulty of " bolstering up " a bad cause. 

It appears to me, that the best way of correcting the blunder I 
have fallen into in my Letter of the 23rd November, is to substitute 
what I should have said in lieu of the paragraphs on pages 10 and 
II, so as to make my meaning unmistakeably intelligible to any 
" reasoning geomsirical i7ivestigator." * 

• The reader should take my admission of the lafms, and the explana- 
tion I have given of it in the foot-note ou page 23, in eounectiou mth tlie 
three following paragraphs. He will find the stalements very different, and 
yet, quite consistent with each other. 
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Let ABC denote an isosceles triangle 
inscribed in a circle, with the angle BAG 
and its opposite side B C bisected by the 
line AD. By hypothesis, let the circum- 
ference of a circle of which A B and A C 
are radii = 360. 

Now, ^ (360) = 6 (57'6), and this 
equation or identity, is equal to the peri- 
meter of a regular inscribed hexagon to a 
circle of circumference =36o = 345'6. But, 
perimeter of a regular inscribed hesagon 
to a circle of diameter unity = 6 {^) = 6 x ■ 5 
= 3 : and, by analogy or proportion, 345'6 
r 360 : : 3 : 3'125. But, ys ^ i4'4 =- 
14° 24' = the angle B A C, when the isos- 
celes triangle AB C denotes one of 25 equal 
isosceles triangles inscribed in a circle ; 
. '4° 24' 



therefore, - 



s the valui 




the angles DAB and D AC, when the value 
of these angles is expressed in degrees : for, the angle BAG and its 
opposite side B C are bisected by the line AD, and it follows, that 
A D B and A D C are right-angled triangles. 

Well, then, by hypothesis, let ABC denote one of 25 equal 
isosceles triangles inscribed in a circle of circumference ^= 360. 
Then : ^- = i4'4 = an arc subtending the angle B A C, and 



therefore subtending the chord B C. ?-i(i4-4) 
^—-- ~ i3'824 = the chord B C; and, by analogy ( 



24 X t4'4 
25 



But, 






proportion; 

subtending 



13-824: 14-4: :3 :3''25. 
the angle B A C, and therefore subtending the chord B C, when 
ABC denotes one of 24 equal isosceles triangles inscribed in a 
re(i5) = i:4-4. But, -^-^ = 7'2, and, ^^ = 7-5 : and by 
■125. Now, when ABCdenotes 
inscribed in a circle, half the 






analogy or proportion ; 7-2 : 7'5 : ; 3 : 
one of 24 equal isosceles [triangles 
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chord B C = |-* = 7'2 = D C or D B. 8 (D B) = 8 x 7-2 = 
57-6 = AB; therefore, A B^—D B' = 57-6' — 7'2= = 331776 — 
51-4.= 3265-94 — AD'; therefore, ■y3255'94 = 57148218... = 
A D : and the triangle A D B is an incommensurable right-angled 
triangle. But, -;--, =: —^ ^= '12$ ■.and'l2iislheirigi>nomeirical 
sine of the angle D A B. -^ = ^-^^5— = 'gg^iS^?: and 
■9921567 is the trigonometrical sine of the angle ABB; and 
trigonomeirical cosine of the angle DAB. Will you venture to tell 
me that the trigonometrical Aat& and cosines of angles are not the 
complements of each other ? Now, the logarithm corresponding to 
the natural number -125 is 9-0969100, and this is the log-sin of the 
angle DAB. The logarithm corresponding to the natural number 
■9921567 is 9-9968502 ; and this is the log-cos. of the angle DAB. 
Now, Sir, conceive me to have given the three last para- 
graphs, in lieu of those on pages 10 and 11 of my Letter 
of the 23rd November! How would you have gone to work to 
demonstrate the fallacy of the proof, by Logarithms, on page 12, 
that the hypothenuse is to the base or shortest side in the ratio of 8 
to I, when the acute angle of the right-angled triangle A D E Is an 
angle of 7" 12'? Will you venture to tell me, that the angle 
D A B is not an angle of 7° 12', when the isosceles triangle ABC 
denotes one of 25 equal isosceles triangles inscribed in a circle ? 
Well, then, I have proved in my Letter of the 19th December, that 
half the arc contained by two radii of a circle, multiplied by radius, 
is equal to the area of that part of the circle contained by the two 
radii, and this fact is admitted by " recognised Mathematicians ." 

Hence: >S ('f) - uQ'"-^^), *.. i., =5 fofaS) - 
34. (■065104.16666...) = 1-5625 ~ semi -circumference of a circle of 
diameter unity — - ; and is equal to half the area of a circle of 
radius 1 ; and it follows, that 25 ('2-^) = 24 ( ) ! that is, 

25 (72) = 24 {7'5) — ii!o ; and is equal to the semi-circumference oi 
a circle of radius 57-6 : and 35 (576') = 3-125 \ 331776 =^ 10368 



Hosted by 



Google 



1 66 

= ai'ca of a circle of circumference = 360. Can vou make the 
area of a circle of circumference 360 = 1036S ? Certainly not ; 
and you know it 1 Well, then, the " onus firobamU" rests with you 
to controvert these facts ; and, as a mattes of course. YOU, as a 
"reco^iised Mnlkeumtiaati" ca.-a controvert them, if tliey be not 
founded on the im^Kga^h^e '^ rock" oi geoviHrical truth, and be- 
yond the possibility of being shaken by the " ivaves " of mathemati- 
cal ingenuity. 

With this communication, [ shall send you a copy of the 
London Correspondent of February 3rd, 1S66, in which you will find 
a Letter of mine, bearing distinctly upon the points 1 have now 
brought under your consideration. If truth be your object, as you 
profess it to be, you will give the Letter !n that Journal your careful 
consideration : and I must direct your particular attention to the fact, 

that 3 ( ,. \ =z 3*125 {?7~ )'i ^^^ 'hat this equation or iden- 
tity = z'88, and is equal to the area of a circle of circumference ■= 6. 



From the "Correspondent/' Febkuarv 3, 1866, 

QUADRATURE OF THE CIRCLE. 
Sir, — 1 am afraid some of your readers will be heartily tired 
of circle-squaring, and had not a fresh champion of orthodoxy sprung 
up in the person of Mr. E. L. Garbett, I should not bave troubled 
you with another " slice of the Seciforih mince tt," without pausing 
for a time. Were I to remain silent, however, it would be taken for 
granted that his letter is unanswerable, and 1 must therefore beg of 
you to favour me with space in your nest publication for a reply. 

Well, then, I at once admit the correctness of Mr. Garbett's 
figures, but I dispute the argument he founds upon them. The 
chord of 15° = side of a regular polygon of 24 sides inscribed in a 
circle ; and it is obvious that to whatever extent we may double the 
nuniber of sides of polygons inscribed in a circle, as we increase the 
perimeters we increase the areas in lilte proportion, but can ne\-er 
make a polygon equal in perimeter and area to the circumference 
and area of its circnmscriijing circle. Now, if tlie radius of a circle 
= I, the perimeter of an. inscribed regular hexagon = 6, and the 
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area of the he^^goii =: 2'558o75. Tf to this be added the sum of the 
areas of the i2 right-angled triangles about the hexagon, which 
make up a dodecagon or i2-sided polygoa -= -401925, we obtain the 
area of the dodecagon = 6 (radius « semi-radius) = 3. Now.ifjr 
denote the area of a circle equal in circumference to the perimeter of 
the hexagon ; y the area of the dodecagon ; and z the area of the cir- 
cumscribing circle; 3 ; n- ; : .i- -.fs and f : tt'' : : r : z, whatever be 
the arithmetical value of ?r. But, 3 (^7^) = S'^^S (f^)^'"^ 
these equations = 2-88 =area ofa circle of circumference = 6; there- 
fore, (area of circleofcircumference=6 — area of hexagon of peri meter 
-=(,)== "■83 — 2'S93o75 = -401935 ^= area of the 12 right-angled 
tr 1 igles about the hexagon. Thus, area of the circle, plus area of the 
tnangks =; ''*88 + '401925 = 3'28r925. This is an arithmetical 
quantity greatly in excess of the area of a circle of radius 
I But if to the area ofa circle equal in circumference to the peri- 
meter of th dodecagon, or la-sided polygon, we add the difference 
between the areas of the 12 and 24-sided polygons, we obtain a 
smaller arithmetical quantity than 3*281935 ; and by continuing this 
process we may still further reduce this quantity at every step, but 
when we have extended the calculations to the exhausting point, we 
have still a quantity in excess of the area of a circle of radius i. 
Hence, the 47th proposition of thefii-st bookof Euchd is inapplicable 
(directly) to the measurement of acircle. 

Within the last ten days I have received three letters from a 
Cornish gentleman, written in the most kindly spirit, in one of 
which the ivriter gently reproves both ray opponents and myself 
for using hard words, which he truly says are " useless and 
irritating" He observes :— " When i-wo disputants find they 
cannot agree in ax-icms or fundamentals, it is best to leave off 
disputing., which, if pursued, generally becomes mere reviling." I 
shall be glad if for the future ail parties to the controversy on the 
ratio of diameter to circumference in a circle, will bear these facts 
in inind. The gentleman in question diifers from me and adopts 
the same line of argument as Mr. Garbett, but puts it in a somewhat 
different form. He treats the subject, however, so distinctly and 
intelligibly as to leave no difficulty in dealing with it. 

J.et O A B represent one of 25 equal isosceles triangles inscribed 



Hosted by 



Google 



in a circle. Let O denote the angle at the centre of the circle, A B 
its subtending chord, A C B its subtending arc, and O D a straight 
line bisecting the angle O, and its subtending chord A B. A diagram 
of this figure may readily be constructed by any geometrician. 

The following is an illustration of my correspondent's argu- 
ment and conclusion ; — 

The angle O = ^~ = 14- 24' 

The angle A O D -= '-■^--^' = 7M2' 
Therefore, AD = half the chord AB r. A O sine 7° 12' = sine 7' 12' 
for AO radius = I. The natural sine of 7' 12' as per tables = 
■125333; therefore, 2 (-125333) = '250666 = thefrtjftjirtr^^y value of 
the chord A B, and is greater than ^~ = "25 ; therefore my cor- 
respondent draws the conclusion that the chord A B is greater than 
its subtending arc A C B. 

Now, this argument is, no doubt, extremely plausible, but I 
meet it in the following way ; — 

The circular measure of the angle O ---■ arc A C B = '"^ ^^^"^ " 
= — . , whatever be the arithmetical value of sr. Hence, IS'S (arc 
A C B) = 12'5 X 14' 24' = 180', = semi-circumference of the circle ; 
4(arcACB) = 4x 14° 24', = 57° 36' -~ radius ; -— =3.125=77; 
and 2 TT (radius) = 6-25 xsy" 36'= 360°= circumference. Again ; The 
perimeter of a regular inscribed hexagon to a circle of diameter 
unify ■=' 6 times radius =: 3 ; Hence, since the property of one 
circle is the property of all circles, and as tt denotes the circum- 
ference of a circle of diameter unity ; it follows of necessity, that 
- expresses the ratio between the perimeter of every regular hexagon 
and the circumference of its circumscribing circle. Thus, the angle 
O is to an angle of 15° as the perimeter of a regular hexagon to the 
circumference of its circumscribing circle; that is to say, 3 : 3'i25 ; 
14" 24' : 15" ; therefore, 6 times radius = 6 x 57° 36' = 345': 36' 
= perimeter of a regular inscribed hexagon to a circle of 360" ; 

therefore,^(34S°360= ^''--V"^~ =360'' = circimi fere nee. 
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But further : The angles at the centre of a circle are to each other 
as their subtending arcs, therefore, the arc A C B is to an are of 15° 
in the ratio of 3 to 3"i2S. 

Now, the circular measure of an angle of 14° 24' to a circle of 
radius I = ^.^-^3^5 _ -25 = arc ACB; therefore, irs (arc 
ACE) — 12-5 ^ "25 = 3'i25 — semi-circumference of a circle of 
radius r ; 4 times arc = 4 x '25 = i ^ radius ; and 2 tt (radius) 
= 6'25 =■ circumference. We thus arrive at a similar conclusion, 
whether we make our calculations from a circle of circumference 
360° or a circle of radius 1. But further ; The circular measure of 
the arc A C B = semi radius of a circle of diameter unity ; therefore, 
TT times arc A C B = jt times the square of the radius to a circle of 
diameter unity, =~^ i2-$ (7- I = I2'S (r r') = area of a circle of 
diameter unity ; and since the property of one circle is the property 
of all circles, it follows of necessity that I2'5 [s r') ■= area in every 
circle. My opponents may readily convince themselves that {i2'5 
j— J f =^ area of a circle of diameter unity, by means of any hypothe- 
tical value of IT. These facts I challenge Mr. Garbett to controvert, 
and I ask him as an honest controversialist, to make the mysterious 
" mince tt" 3'14.i59265, &c., harmonize with them. If he find this 
impossible, let him admit that he is checkmated. 

Mr. Alex. Edw. Miller seems to have been sadly afraid of my 
seizing upon a typographical error and making a handle of it. I am 
not the man to play any such game. I had observed the error, but 
understood perfectly what he meant. If I had had the correction of 
the printer's mistakes, I might probably have employed the expres- 
sion \ ( ,^3^ instead of —p, the former being more readily worked 
out arithmetically. 

in conclusion, I may observe ; The question of whether the 
problem of the quadrature of the circle can or can not be solved, 
depends upon the possibility of ascertaining the true value of tt. 
Notwithstanding the many letters of mine which have appeared in 
the Correspondent on this subject, Mr, Miller would appear to have 
been quite oblivious as to my object, for he observes : " As to dis- 
cussing with him (Mr. Smith), or any one else, the question whether 
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JT does or does not __ 3j, it never entered into my head." This 
looks very like an attempt to wriggle out of a difficulty. 
I am Sir, yours very respectfully, 

James Smith. 

I do not regret the unintentional lapsus in my Letter of the 
23rd November, and J will tell you why. The original question in 
dispute between us, was the value of ir. How many times have you 
charged me with evading the real question at issue, by attempting 
to change the subject ? It never entered into your mathematical 
philosophy, to conceive of a ditTerence between the natural^ the 
geometrical, and the trigonmneirical i\Xi^ of an angle ; and, but for 
my blunder, we might have been involved in a discussion on these 
points at a ■ very early stage of our controversy. To avoid this I 
was necessitated to employ the term natural sine in the same sense 
that is attached to it by Mathematicians. 

Well, then, '125 is i}ai geometrical ^ra^ of an angle of 7° jo' : but 
is not the trigonovulrical sint of this angle but the trigonometrical 
sine of an angle of 7' 12'. I have proved in this and my last 
Letter — which should be taken together^that the ratio of chord to 
its subtending arc is arithmetically an invariable ratio, whatever 
may be the number of sides of a polygon inscribed in a circle. 
These facts ought to convince you of the fallacy of working round 
a curved line by the 47th proposition of Euclid's first book, in the 
search after tt. 

In conclusion ; If you are a " reasomng geometrical investiga- 
tor," you will cease to meet argument with assertion, and endeavour 
to convince yourself whether the matters I have brought under your 
notice are, or are not, true. If you have a " /i5f/«a/ ?«i'«i:f," which 
you assume you have,~and, by implication, assume that T have 
not — you will find that they are true ; and, if you are " a gentleman 
and a man of honour," you will then take " the earliest opportunity 
to -withdrav! " the slanderous charges you brought against me in 
your original communication. 

Yours faithfully, 

James Smith. 
The Rev, Professor Whitworth, 

P.S. -1 must ask you to he so kind as return me the copy of 
[he Cor:-esi>oni>','iil., nhen vou have carefully perused ihc Ledcr 
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referred to. Of course you need not be in a hurry about it. Yoi 
will find sorne printer's errors in the Letter, but they are such a 
you will readily detect. 



James Smith to The Rev. Professor Whitworth. 

Bakkeley House, Seaforth, 
:8M, yananry. 1869. 
Sir, 

A iveek ago t posted a Leller to your address, and with 
it a Pamphlet and a copy of the London Correspondent of the 3rd 
February, 1866. As I have no acknowledgment of the rci:eipt of 
the latter documents, it may be that they have not fallen into your 
hands. If this be so, please inform me, and oblige, 
Yours faithfully, 

Jamks Smith. 



James Smith lo The Rev. Professor Whitworth. 

Barkelev House, Seaforth, 
i^lh January, iS6g, 

Posted ui February. 

SIK, 

In your Letter of the 30th November you smd ;— " If you can 
give me a proof in -which I see nothing illogical or unsound, I shall 
immediately publish it in the Mathematical Journal which I edit" 
I imposed no such obligation upon you, and did not even know 
that you were the Editor of " The Oxford, Cambridge and Dublin 
Messenger of Mathematics" until you gave me that piece of infor- 
mation ; But,my good Sir,you have imposed a moral obligation upon 
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yourself. I have already furnished you with many proofs, that the cir- 
cumference of acircle of diameter unity is 'a' = 3"r25, neither more nor 
less, and you have never attempted to prove'that my demonstrations 
are either " illogical or unsound!' But, passing these by, I will now 
give you another proof— I have others in reserve — and the "onus 
proband^' will rest with you to make an attempt to demonstrate 
that my proof is " illogical or unsound:" and I do not see how you 
can escape the obhgation to do this, as " a gentleman, a man of 
honour" and a Christian minister, without doing violence to your 
own conscience. Yon must know, that self-imposed obligations 
are as binding upon conscience — although merely having reference 
to a moral or scientific subject — as the pecuniary obligation is 
binding upon the conscience of every honest man, to pay his just 
debts. You conclude your Letter of the 17th December, by 
observing ; — " You invite me, in your quotation front Solomon, to 
speak plainly in reproof of the course you have taken. But /prefer 
to reserve reproof for knaves and fools, and to meet ignorance with 
instruction." I have read your Letters in vain to find any attempt 
to meet my "ignorance" vii'Ca your "instruction;" and I find it 
difficttlt to persuade myself, that you have implicit faith in your 
own assertion. 

You may take the following as the construction of thegeometrcal 
figure (Fig. i.) represented by the enclosed diagram. {See DiagramlX.) 

Let A B be a straight line. Produce AB to C, making AC 

equal to I (a B + ^) + J (a B + — ^ \. Bisect A C at E, 
and with E as centre, and E A or E C as interval, describe the 
circle X. With B as centre and B A as interval, describe the circle 
Y : and produce A C, to meet and terminate in the circumference of 
the circle Y at the point D. From the point B, draw a straight line 
perpendicular to A D, to meet and terminate in the circumference of 
the circle X at the point F, and join FA, F E, and F C. With C 
as centre and C D as interval, describe an arc, to meet a tangent of 
the circle X drawn from C, at the point H. With B as centre and 
B C as interval, describe an arc, to meet F B produced at the point 
G. Produce F G to meet and terminate in the circumference of the 
circle Y, at the point P. With A as centre and A C as interval, 
describe an arc, to meet a tangent of the circle Y drawn from the 
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point A, at the point R. From the point R, draw a straight line 
parallel to A D, to meet a tangent of the circle Y drawn from the 
point D, at the point N. From the points K, L, and M, draw 
straight lines through, the points H, G, and P, to meet the line A R 
in the points S, T, and V. Ir is self-evident that all these lines are 
parallel to A D the diameter of the circle Y, and perpendicular to 
the line F P. 

Now, let A B = 5, Then : | (a B + — ") + J (a B + ^) |- 

= j(5 + ^)+i(5 +J)} = (6-25 + rs62S) = 7'8i25 -AC. 
But, AD = 2 {A B) = lo, by construction ; and it follows of neces- 
sity, that (AD — AC) = (io — 7-8125) = 2'ig75 =00; and, (A C 
— AB), or,(BD — CD)= BC: that is,{7'8i2S — S) = iS — ^-iSys), 
and this equation or identity = 2-8125 = B C. Hence : (A B -1- BC 
+ CD) = (s + 3-8125 + 2-1875) = 10 = AD. But, a(AB) = 
(^-^5) = ^ = 375 =F B i and i(A B, =1 Q ^>) ~ ""-f = 
6-25 = FA: f (FB) = r^-^^^^') = C--^) --= 2-8125 = BC; 
and, 5(F B) = p-— ^-^J — ('.^^\ = 4-6875 = F C, You may 
readily convince yourself, that (F C — B C=) = (F A» — B A") and 



this equation or identity = FB'. Hence: By analogy or propor- 
tion, AB:FB::FB:BC; that is, 5 : 3-75 : ; 3-75 : 2-8125 '< ^^^ 
thus,"o!( all shewings" BC = 2-8125, "'hen AD = 10. Now, 
AC _ 7-8^25 _. ^.gogjj = E C or E A ; and it follows of neces- 
sity, that (EC~BQ = (A B — E B), that is, (3-90625 — 2-8125) = 
(S — 3'9o625); and this equation or identity = 1-09375 =; EB. 
Hence ; E B = ^^^ (F B) or, ^^ (F E) ; that is, ^^ (3-75) = ^ 
(3-90625) = 1-09375 = E B. It is self-evident that EF = E A,for 
they are radii of the circle X ; and it follows, that F B and B E the 
sides that contain the right angle in the triangle F B E, are in the 
ratio of 24 to 7. But, ^- = ■^— -^ = 3-90625, and it follows, that 
(AE' — EB') = (FE' — EB'), that is, (3-90625= — I-09375') = 
25-2587890625 — 11962890625) = 14-0625 = FB'i therefore, 
^'14-0625 = 3-75 ^ FB; and thus, ■'on all shewings" F 3 = 3-75 
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when A B = 5, Hence : { F E» + E A' + 2 ^E A >^ E B)} -= 
{3-9o625=+3'9o625' + 2(3'9(i625 k rogs/s)} = (15-3587890625 + 
15-2587890625 >: 8'54492i875) = 39'o62S = FA^; therefore, 
^39-0625 = 6'25 = F A. You will observe that FA' is equal to 
10 times F E or A E ; or in other words, the area of a square on 
r A is equal to the area of a rectangle of which A D and A E are 
sides. By Euclid : Prop. 2 : Book 2 : ^'' If a straight line be dividid 
into any two parts, the square of the whole line is equal to the sum 
of the rectangles contained by the whole line and each of its parts.'" 
Hence : (A D - A E + A D . ED) = A D", that is, {(10 x 3:90625) 
+ (10 K 6-09375)} -=(39-0625 + 60-9375) = '°0 ~ AD', and is 
equal to the area of a circumscribing square to the circle Y. Well 
then, F A = 6-35, -when A B = 5. But, |(FA) = 3_il^ = '-^ 
= 4'6375 == F C ; and A F C is a right-angled triangle (Euclid : 
Prop, 31 : Book 3); therefore, (F A' -t- FC=) - (6-25' + 46875 = ) = 
(39-0625 + 21-97265635) = 61-03515625 ~ h. C ; therefore, 
(/6ro35i562s'= 7-8:25 = AC. Hence; The sides that contain the 
rightangleinthetriangle AFC, that is, the sides FCand FA are in 
the ratio of 3 to 4: the side FA is to the side AC in the ratioof3toS. 
The triangles on each side of F B are similar to the whole triangle 
AFC, and it follows from Euclid : Prop. 2 : Book 2 : that { (A C - A V) 
+ (AC, BG)} = AC> ; that is, {(7-8125 x 5) + (7-S125 x 
2-8125)} = (39'o625 + 21-97265625) = 61-03515625 = AC=: 
or, in other words, the square of the line A C is equal to the sum of 
the rectangles contained by the whole A C and each of its parts A B 
and BC. So far Euclid would appear not to be at fault, either in 
the twelfth proposition of his second book, or the eighth proposition 
of his sixth book : but you cannot fail to perceive that in this 
geometrical figure, the lengths of all the straight lines contained in 
it, may be represented by commensurable quantities. 

At this point you might say to me : I admit everything you 
have said so far, and the correctness of your computations : but the 
question at issue between us is the arithmetical value of the symbol 
TT, which denotes the circumference of a circle of diameter unity; 
and what has either your fa':t3 or your geometrical figure to do with 
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thecirciimferenceofjicircleof diameter unity? On these points I will 
" meet" ^iJM/" "ignorance witli instruction:',' and I may tell you — 
even at the risk of being thought somewhat egotistical — that had our 
Newtons, La Places, and other eavly (icometers made the discoveries 

1 have been privileged to make, jr as li mathematical symbol would 
long ago have ceased to exist. 

The following facts are incontrovertible, and will be unhesita- 
tingly admitted by every honest '^recognised Mathematician?'' First: 

2 TT (radius) = circumfe 'n ry * cle. Second : x (j^ = area 
in every circle. Third ( { mference x semi-radius) and 
this equation or identit q al a in every circle. Fourth : 
The circumference of a d er unity, and the area of a 
circle of radius r, are r d same arithmetical symbols, 
whatever be the value 

Now, with referen h d diagram, (Fig. i,) we know 

that B A = B D, for th d lie circle Y : and we know 

that E A, E F, and C q for they are radii of the 

circle X, and we also circumferences of circles 

are to each other as a^ Veil, then, are not the fol- 

lowing fair and legitim q put to a '' recognised Mathe- 

matician ? " Is it not s pp d h h great value of Algebra over 
that " indispensable in f ce. Arithmetic" is, that it 

enables us to assume th n p esent an unknown quantity — 

and by a process of algebraical reasonmg, find the value of .1: ? {This 
may be admitted to be true under certain circumstances, but 1 deny 
that it is a mathematical law of general and universal application. 
There are many circumstances, under whicb that " indispensable 
instrument of science, Arithmetic^' can be our only true guide or 
compass on our journey in search of scientific truth. The author of 
" Choice and Chance"* who, it must be admitted is a " recognised 
Arithmetician" can hardly be ignorant of this fact.) Well, then, is 
it possible from a given radius of the circles X and Y to find the 
values of their circumferences and areas with arithmetical exactness ? 
Is it possible from a given circumference of the circles X and Y to 
find the values of the radii and areas of the circles with arithmetical 
To these questions I emphatically answer, Yes 1 and 1 
1, shat there is nothing more simple, when wx kno'v lio" 
'.t proofi^. Rut, is it possible to solve ihcat liifoiciiiis, 
TheRi-v Prafotor Wliitt>nn:li, 
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without, at the same time, demonstrating the true arithmetical value 
ofx? Certainly not! And the author of "Choice and Chance" 
can hardly be ignorant of this fact. Now, Sir, if your value of jt be 
the true value, and you have " implicit faith " in it, you can furnish 
me with the solution of these theorems. If you decline to do so, 
you will force upon me the inference that, when in your original 
communication you said ; " I know and always teach that the arith- 
metical value of IT is a finite and determinate quantity :" you did so 
with a mental reservation, and was therefore a mathematical " quib- 
blsr" at the commencement of our controversy, that yoti are no 
better still, and (to employ your own words) " should resign all 
claims to be a geutleman or a man of honour" 

Now, the author of " Choice and Chance " can have no difficulty 
in convincing himself, that ^= 12J T^), whatever be the valueof 
17 : and that this equation or identity represents the area of a circle 
of diameter unity. Well, then, I have proved that when A B a radius 
of the circle Y = ; ; then, A F = 5-2; ; F B = 375 : and AE and 
FE = 3-90625. But, when AB = i,then, AF= 1-25: FB = 75 : 
and AE and FE = 78125. Now, by analogy or proportion, 1-25 : 
3-90625 : : I : 3-125, and it follows, that ~^^~^ and ^-J^^ are equiv- 
alent ratios : and I shall now proceed to prove that both express the 
true ratio between diameter and circumference in every circle. 

Let AB the radius of the circle Y = 5. Then : A F = 625. 
: {{AF.AB),<:i^j r=^(AB^; that is, j(6-25 ^ S) "^'s} 






(5°). 01,(31-25 X 2-s)=3'l2S >^ 2S -7S-I25- Again; 3-1: 



(AD X AR); that is, (3-125 x 25) = (10 x 7-8125) -^ 78-125. 
Again: (AF' ■(- FB' -h AB=) — {(A D x A B) + (AD x B Q}, 
that is, the sum of the squares of the three sides of the right-angled 
triangle A F C, is equal to the sum of the rectangles A D . A V and 
A D . AT : that is, (6-25' + 375= + 5') ={('0 " S) + ('o >= 2-8125)} 
= 78-125 : and it follows, that the sum of the squares of the three 
sides of the right-angled triangle A F C, is equal to the sum of the 
areas ofthe rectangles AVMDandATLD. Again: AD'= 10' 
^ 100 = area of a, circumscribing square to the circle Y, and half 
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the area of a circumscribing square -= area of an inscribed square to 
every circle ; therefore, -— = 50 =area of an inscribed square to the 
circle Y. But, (A D x A V) = 10 ^ 5 = 50 : and it follows, that 
the rectangle A V M D and an inscribed square to the circle Y are 
exactly equal in superficial area ; and when A B — = 5 =^ 50. Hence : 
( (so + f ) + i ( so + f ) [ - (10 A F K '?Ai'j = (6rs + .jfefl 
- 78-rsS. 

N,,.'-f = .a'sCf ) = "i^' = 78i=S : »d i, is i„- 
controvertible, that the area of a circle of radius i is represented by 
the same arithmetical symbols as the circumference of a circle of 
diameter unity : and the area of a circle of radius 1, equal to four 
times the area of a circle of diaraetjr unity. 

Now, let A D the diameter of the circle Y ^— [. 1 have proved 
that in the right-angled triangle F B A, the sides F B and B A which 
contain the right angle, are in the ratio of 3 to 4, by construction. 
Hence : When A D = i, then, A B = | = '5 : f (A B) = ^ -^-^ 
= ~' --= "375 — F B : and, 4 (A B) = ^ AJ5 ^ 2_J_ = .g^j ^ 
FA; therefore, (A B' + F B= + F A^' -. (-25 + -140635 + -390635) 
= V^i^S, and is equal to 3'i35 (A B-) when A D ^= r ; and is exactly 
equal to3'"^5-^'>, when AD = 10: that is, ^'^^J-^' = [3-125 
!< -S'), or, ^----f£-- = 3-125 X -25 = -78125. Will you dare to 
tell me, that when A D the diameter of the circle Y = 10, the area 
of the circle Y is not equal to 100 times the area of a circle of dia- 
meter unity, whatever be the value of tt ? I trow not ! Well, then, 
have I not given you a series of identities in connection with the 
enclosed diagram, (Fig. l,j all ienifing'-^^aot to an infinite series) — 
to a "finite and determinate " value of the circumference of a circle 
of diameter unity, or the area of a circle of radius i ? At this mode 
of expression you could, and probably would, ridss a" quibble'' But, 
suppose me to put the question : — Have I not given you a number 
of identities in connection with the enclosed diagram, (Fig. i,)- all 
proving, beyond the possibility of dispute or cavil by any honest 
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" recognised Mathematician" that the area of a circle of diameter 
unity, is equal to one-hundredth part of the area of a circle of dia- 
meter lo ? How would you raise a quibble ? Again : Let A D the 
diameter of the circle Y = 2. Then : AB a radius of the circle = 
# = I ; and the author of " Choice and Chance " may readily convince 
himself, that when A B = i, the sum of the squares of the three sides 
of the right-angled triangle F B A = 3'125, and is exactly equal to 
4 (A B= + F B' + F A^j when A D = i : and since by no other 
value of IT, either greater or less than ¥ = 3'i25, can we make 
JT (A B*) ^ (A B' + F B* + F A=) whatever be the value of A B ; it 
follows of necessity, that V expresses the true ratio of circumference 
to diameter in every circle, and makes V = 3"i25, the true value of 
JT, making 8 circumferences of every circle exactly equal to 25 dia- 
meters. Hence: 3-125 (AB') = (AD ;< AR), and it foUows, that 
the circle Y and the rectangle A R N D are exactly equal in superfi- 
cial area. But, the area of the rectangle A R N D is equal to the 
sum of the areas of the rectangles AVMD and AT LD = 3'i35 
[A B') ; and it follows of necessity, that the sum of the areas of the 
rectangles AVMD and A T L D, arc exactly equal to the area of 
the circle Y. Now, I bave proved that the area of the rectangle 
A V M D is exactly equal to the area of an inscribed square to the 
circle Y, and it follows of necessity, that the area of the rectangle 
A T L D is exactly equal to the difference between the area of the 
circle Y and the area of its inscribed square ; and the area of the 
rectangle AS K D exactly equal to the difference between the area 
of the circle Y and the area of its circumscribing square. From these 
incontrovertible facts, it follows of necessity, that the sum of the 
areas of the rectangles AS K D, A TL D, and AVMD, is exactly 
equal to the sum of the areas of the rectangles AS KD andARND; 
and this equation or identity is exactly equal to the area of a cir- 
cumscribing square to the circle Y. 

So far I have hardly made any use of the circle X, and yet, it 
plays a very important part in the question at issue between us ; that 
is to say, in demonstrating the true arithmetical value of ir ; or, in 
other words, in demonstrating the true arithmetical value of the 
circumference and area of a circle of diameter unity : and this I shall 
now proceed to prove. 
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I have already proved, that when A B the radius of the circle Y 
= 5, then, AF = &2S, and AE a radius of the circle X = 3'9o625. 
Now, A E K A F --= 3'9o625 x 6'25 = 24'4i4o6z5 : and — ' =: 
^^^S^ = 1*953125 is the semi-radius of the circle X But, 

24'+i4o625 X 1-953125 = 3-125 {3-90625'); tliat is. 24'414<'53S >: 
r'953t25 ~ 3'i25 x iS'25878go625 ; and this equation or identity 
^ 47 6837158203125 = area of the circle X : and it follows, that 
24-4 1 406 3 5. is the circumference of the circle X, and is equal to 
,o(*/y. Proof, (^)'«(t|Sy - ,s6,s._,„.406=S, 
therefore, 10(2-44140625) == 24'4i4o625 = the circumference of the 
circle X, and -^-^^^ = 2 (3'9o625) = ;-3i2S = the diameter 
of the circle X ; when A B the radius of the circle Y " 5. Again : 
The radius of the circle X : the radius of the circle V ; : the area of 
the circle X : the area of a circumscribing square to the circle X ; 
that is, 3-90625 : 5 : : 47'6837I5S203I35 : 6i'035is625. Proof: 
2{3'9o62S) ^ 7'8i25 = the diameter of the circle X ; and 7-8125' 
= 61-03515625: and it follows, that 6ro35i5625 is the area of a 
circumscribing square to the circle X. Now, I have more than 
once proved in previous Letters, that —^ and -^^ are equivalent 

ratios ; and it follows, that the quotient of any arithmetical quantity 
divided by ■78125, is equal to the product of the same quantity 

multiplied by 1-28. But, •*— ^ = 78125 : and —.:'^-^.^ = 

61-03515625 X 1-28= 78-125; and I have proved that the area of 
the circle Y= 78-125 ivhen A D the diameter = 10. Hence : If the 
area of the circle Y r= 78-125, and denote the area of a square, the 
area of a circumscribing square to the circle X, equal to 61-03515625, 
will be the area of an inscribed circle. 

These facts are quite unique ; that is to say, we cannot divide 
the line A B the diameter ot the circle Y in any other proportions 
then those into which it is divided in the enclosed diagram, and 
produce the foregoing results. Mathematicians may carp and 
" gtiiidU," and tell me that ^'- practical geometry can prove nafhing;" 
but no Mathematician in the world can controvert the following 
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all express the true ratio of diameter to circumference in every circle, 
which makes 3' 125 the circumference of a circle of diameter unity, 
and the area of a circle of radius i ; making ^ — -^ = 78125, the 
areaofacircleofdiameterunity, and equal to one-hundredth part 
of the area of a circle of diameter 10. 

In your Letter of the 4^)1 December, you said :— " / suppose 1 
am to infer, from your attempts to change the subject, that you have 
nothing further to adduce in support of -a = 3-125 ; and that my 
strictures oh your quasi-proofs are unansiverable" Let it be 
assumed that I have not hitherio given you a proof, or anything 
deserving the name even of a '' gnasi-firoof," that tt = yi2S- I a"' 
prepared to rest my Geometrical and Maththematical reputation 
upon the proofs 1 have already given you in this communication : 
and 1 set up a claim to the character of a '^gentleman" and "a 
man of honour." Well, then, pray try your hand again ; and 
if you succeed in proving my data and reasonings " illogical or 
unsound" and so vitiate my conclusions, you shall not find me 
hesitate to admit, that I am wrong in setting up any claim to be 
thought either a Geometer or a Mathematician. 

In your second Letter of the 28th November (referring to mine 
of the 23rd) you ohstrva :—" However, none of your results are 
tery startling till we get to pa^c 21, where you assume, without 
proof, (atul I should say wrongly assume,) that certain acute angles 
in your figure are 16° 16' exactly. Pray how do you arrive at this 
conclusion f Is not the angle a very small fraction less than this t 
I -will grant that the sines of your angles are -28 and -^d, but I deny 
that the angles are 16' 16' and 73° 44'.'" At this time, your commu- 
nications came upon me thick and two-fold, and there was no 
keeping pace with you : but your reticence, latterly, enables me to 
revert to your enquiries, arguments, and assertions, and I shall now 
proceed to show you how I arrive at the conclusion that the angles 
you refer to are angles of 16° 16' and 73^ 44'. 

Well, then, the triangles D F O, A D P, A F M, and DG H, in 
the geometrical figure represented by the diagram enclosed in my 
Letter of the 23rd November (see Diagram I.), are similar right- 
angled triangles, and all similar to the right-angled triangle F B £, 
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in the geometrical figure represented by the enclosed diagram, 
(Fig. i.) The triangles O A H. CAL, D G L, P H L, P H A, 
A O P, A D G, D F A, A D L, A D C, and A K C tl fo er 

diagram, are similar right-angliid triangles, and all s n la to tl e 
right-angled triangles F B A, and F B C in the latt d a an B t, 
F E A, a part of the right-angled triangle F Ji A, is a obi qu a gled 
triangle ; and if Euclid be not at fault in the 32nd [ opus t on of 1 s 
first book, the angles of the triangles F B E and F E A a e together 
equal to four right angles : and I have proved that, according to 
Euclid; Prop. 12: Book 2. {FE*+ EA^ + 2(EA x E B)} = 
F A'. But, I have also proved, that when A B = 5, then, F A = 
6'25 ; E A = F E = 390635 : F B = 375 : and E B = ro9375. 
Now, referring to the enclosed diagram, [Fig. i), — , ^= 

L^P =^ 'aS, is the trigonometrical sine of the angle E F B. 
3-90625 EB 

(Called by Mathematicians the natural sine of the angle.) ;.-- 
=r - -? - ^ "96, is the trigonometrical co-sine of the angle E F B. 
(Called by Mathematicians the natural co-sine of the angle.) The 
Logarithm corresponding to the natural number '2S is 9'447i58o, 
and this is the trigonometrical Log.-sine of the angle E F B : and 
the Logarithm corresponding to the natural number '96 is 
9-9822712, and this is the trigonometrical Log.-cosine of the angle 
E FB : and you will not dare to dispute that the sine and co-sine of 
any angle are the complements of each other. 

Well, then, let the length of F E, the side subtending the right 
angle in the right-angled triangle F B E, be represented by any 
finite arithmetical quantity, say 77, and be given to find the lengths 
of the other two sides F B and B E, and prove that they are in the 
ratio of 24 to 7. 
Then: 

As Sin. of angle B == Sin. 90' Log. 100000000 

: the given side F E ^ 77 Log. r88549o7 

:: Sin. of angle E B F = Sin. 16° 16' Log. 9'447is8o 

11-3336487 

: the required side BE lO-ooooooo 

==^ 77 X -28 = 21-56 Log. 1-3336487 
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Again ; 

As Sin. of angle B = Sin. 90° Log. J 

: the given side F E = 77 Log. r88649o7 

: Sin. of angle F E B = Sin. 73'44' Log. 9- 9822712 



: tte required side FB ■■ 

= 77 X '96 =-- 73-93 Log. 1-8687619 

BE : FB: ; 7 :24; that is, 21-56: 73-92 : 7 ; 24' 
. ■ . ^/(zi-s6= + 73'93') = ^(464-8336 -*- 5464-1664} = si 59^9" 77 
= the given side F E. 
But further r 
B E ; F E : : 7 : 25 ; that is, 21-56 ; 77 : : 7 : 25 : and, F B : 
F E : : 24 : 25 ; that is, 73-92 : 77 : : 24 : 25. 
By Hiitton's Tables: 

As Sin. of angle B = Sin. 90° Log. jo'ooooooo 

: the given side FE = 77 Log, 1*8864907 

: : Sin. of angle EBF = Sin. 16° 16' Log. 9-4473259 

11-3338166 

: the required side BE ro'ooooooo 

= 21-568 approximately Log. 1*3338166 



As Sin. of angle B = Sin. 90° Log. i 

: the given side F E = 77 Log. 

: Sin. of angleFEB = Sin. 73" 44' Log. 9-9822569 



; the required side F B 

= 73917 approximately Log. 

Again referiing to the enclosed diagram (Fig. r.) =,— =; ^7^ 
= *6, is the trigonometrical sine of the angle FAB: and =-. = 
,-^ ■ = 'S, is the trigonometrical co-sine of the angle FAB. The 
Logarithm corresponding to the natural number -6 is 9-7781513, and 
this is the trigonometrical Log-sin of the angle FAB: and the 
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Logarithm corresponding to the natural number S is 9'go30900, and 
this is the trigonometrical Log-cosine of the angle FAB. 

Well, then, let the length of F A, the side subtending the right 
angle in the right-angle triangle FAB, be represented by any 
finite arithmetical quantity, say 666, and be given to find the 
length of the other two sides F B and A B, and prove that they are 
in the ratio of 3 to 4. 
Then : 

As Sin. of angle B = Sin.of go° Log. : 

; the given side FA = 666 Log. 

; : Sin, of angle FAB = 36° 52' Log. 



: the required side F B 

= 666 X 6 = 399"6 Log, 



■8234742 

7781510 

(2-6016255 

2*6016255 



As Sin. of angle B = Sin. of 90' ., 

: the given side F A = 665 

: : Sin. of angle A F B = Sin, of 53= ! 



..Log. ] 
...Log 



i'8234742 
(■9030900 
17265642 



; the required side A B 

= 666 X '8 = 532'8 Log, 27265642 

F B : A B ; : 3 : 4 ; that is, 3996 : 532-8 : : 3 : 4, 
■ ■■ •/(399'9' + 532*S') = ^(159680-16 + 283875'84) = ^^^^6 
= 666^ the given side F A. 
But further : 
F B : F A : : 3 : 5 ; that is, 399-6 : 666 : : 3 : j, and, A B : F A ; 1 
4:5; that is, 532-8 : 6S6 : : 4 : S- 
By Hutton's Tables. 

As Sin. of angle B = Sin. of 90° Log. 

: the given side F A = 6S6 Log. 

: : Sin, of angle FAB = Sin, of 36" 52' Log, 



: the required side F B ,.., 
= 396'S7 appro ):imately ,, 
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As Sin. of angle 13 ^ Sin of 90' Log, 1 

: the given side EA = 6fi6 Log. 2-323474Z 

; : Sin. of angle AFB= Sin. 53° 8' Log. 9'903io84 

127265826 

: the required side A B lo'ooooooo 

= 532-83 approximately Log. 27265826 

Now, I make the sine and co-sine of the angle E F B, in the 
triangle FBP^, to be '28 and -96— and on this point we are agreed— 
and •2i^ + ■96" = '0734 + ■92r6 =1, I make the sine and co-sine 
of the angle B A F, in the triangle F B A, to be -6 and -3, and 
■ff + -8' = '36 + 6[ = I. Both meet the requirement of the 
trigonometrical axiom Sin.'' + Cos.- = unity in every right-angled 
triangle. Will you dispute this axiom in Trigonometry ? Well, 
then, by computations based on the Logarithms of these numbers, 
I find the values of the sides that contain the right angle, from a 
given value of the sides that subtend it. Will you dare to tell me 
that my method of finding these values is " illogical or uitsoitnd?" 
You will observe that I make the ratio between the sides that con- 
tain the nght angle, and the ratio of sine to co-sine, the same in 
either case, and both in harmony with the known and indisputable 
ratios of side to side, by construction. By the computations made 
from Mutton's Tables, the sides that contain the right angle, in the 
triangle FBE, are 2fS68,.. and 73-917..., when the side that sub- 
tends the right angle is 77 : and, 7 : 24 : ; 2r563 ; 73-947. This 
would make the angle E F B not— as you put it— less, but greater 
than an angle of 16° 16'. Again : By the computations made from 
Mutton's Tables, the sides that contain the right angle in the 
triangle FB A, are 399'57 and 532S2, when the side that subtends 
the right angle is 666. This would make the angle FAB less than 
an angle of 36° 52'. In both cases, the known and indisputable 
ratios of side to side, by construction, are destroyed. Well, then, 
the angles EAF and EFA are angles of 36° 52': FEA is an 
angle of 106° 16' : E F B is an angle of 16° 16: F E B is an angle of 
73° 44': and B is a right angle = 90". Hence ; the sum of all these 
angles is equal to four right angles. 
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Now, Sir, we are told by De Morgan, that " Mathematics and 
logic are the two eyes of exact science.'" If this be so, you, as a 
" recognised Mathematician^' and an admitted logician, can surelyfind 
the values of the angles in the triangles FEE and F B A, enpressed 
in degrees : and if you dispute my value of them, are you not bound 
by conscience, s.zagentisman,man ^A^Bna?-, andafair controvetsial- 
ist, to prove my data to be unsound, my reasonings illo^cal, and my 
conclusions fallacious? To answer by vague generalities is not 
argument, orth^viay to rattt any man's " ignorance 'H'ith instruction." 

In my Letter to the Duke of Buccleuch, you will find a copy 
of a communication to De Morgan, in which I have shewn that, 
in a right-angled triangle of which the sides are 49, 1200, and 1201 ; 
or, in other words, that in a commensurable right-angled triangle 
derived from the consecutive numbers 24 and 35, the acute angle is 
an angle of 14 minutes. But, I have done more. In that commu- 
nication I have shewn that, by computations from Hutton's Tables, 
we should make the hypothenuse and longer of the two sides 
that contain the right angle, equal within one-tenth part of a mile 
in 6000, when the shortest side is upwards of 24 miles in length. If 
this is not a reductio ad absurdum demonstration, that our Mathe- 
matical Tables of Sines, Co-sines, Scare fallacious, what is, or can be? 

I had written so far, when on calling at the office of the Lancashire 
Insurance Co., on Wednesday, — where I had not been for a week — 
I found a packet enclosing my last three Letters to you awaiting me, 
apparently unopened. I presimie you wish me to believe that you 
returned them in the same state they left me, in fulfilment of the de- 
claration made in your Letter of the 28th December. On enquiry, 
I found they had been left on the previous Friday, so that the Letter 
posted to you on the 4th January, must have been in your possession 
at least 14 days. How happens it that you did not return this 
Letter immediately ? It may be that you were from home, and 
consequendy, that the three Letters only came into your hands on the 
19th January. If this be so, you will of course know it. To me, 
however, there is "a dark mystery"* involved, since I have an im- 
*In the Correspondent there appeared a series of Letters headed 
" A DARK MYSTERY," in which Professor de Morgan and Mr. James 
Smith were made lo play a conspicuous pari. Mr. James Smilli cannot say 
wlio was the writer — it could not bo the learned Profsi or— but he has some 
reason for suspecting that he was, and is, oneof the WE oiHit Alhmaum. 
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prcssion Ihat a term commented at Queen's College, on or about the 
7th January. Here J must leave matters : your own conscience can 
unravel the dark mystery better than I can. 

In a foot-note on page 57 of my Letter to the Duke of Buccleuch, 
I have given a problem for solution. No Mathematician, whether 
" recognised'" or otherwise, has ever solved it. I gave the solution 
to your " College chum!' Mr. J. M. Wilson, in a long Letter, dated 
gth November, Tt was my intention to have given you a copy of 
this Letter, but this is not now necessary, since you have resolved, 
like Mr. Wilson, not to read my communications : and probably 
now think as he does, that you " made a mistake in corresponding 
with me." If my health be spared, you will have an opportunity of 
seeing the Letter in print.* 

In your second Letter of the 38th November, in reply to mine of 
the 23rd, you say : "Finally, a/ilh reference to the paragraph at the 
foot of page 25, 1 must observe that as EuclicCs reasoning is perfectly 
general, his results in the propositions you name are true univer- 
sally, unless there be a flaw in his reasoning. If there is a flaw, 
you can doubtless point it out. If the propositions are not true 
universally, they are not true as Euclid states them, and therefore 
Euclid is at fault." 

Now, omitting all reference to the construction of the geome- 
trical figure represented by the enclosed diagram, Fig. 2, (see 
Diagram X.,) beyond the fact that A B is a diameter of the 
circle X and bisects the line G F, it may be admitted, that 
by the reasoning of Euclid in his theorem : Prop. 3s : Book 3 : 
A C X C B is equal to a square on C F ; and that, apparently, 
there is no flaw in Euclid's reasoning ; and yet, Euclid is at fault 
after all ; but, his fallacy can only be detected, by means of applied 
mathematics to practical or constructive geometry. In your Letter 
of the nth December, after certain " j'/w/;(?'«'" on a paragraph 
in mine of the Z3rd November, you " t-wit" rat on my ignorance 
of the theorem of Euclid : Prop. 3; : Book 3 : by putting the 
following questions : — " Is it not rather -wonderful that the author 
of * Euclid at Fault' should be thus ignorant of the contents 
of the book he criticises ? What will the public think of this, the 
next time you publish a pamphlet of correspondence f 
"This Letler will be found in Appendii C, 



Hosted by 



Google 



DIAGRAM X. 




Hosted by 



Google 



Hosted by 



Google 



of the geome- 



187 

The foliowing may be taken as the 
trical figure represented by Diagram X. 

Let A B be a straight line divided into two unequal parts at C, 
so tliat A C shall be to C B in the ratio of 5 to 3. Bisect A B at O, 
and with O as centre and O A or B as interval, describe the circle 
X With B as centre and B C as interval, describe the circle Y. 
From the point B draw a straight line at right angles to A B and 
therefore tangental to the circle X, to meet and terminate in the cir- 
cumference of the circle Y, at the point D. Produce B D to E, 
makmg D E equal to ^'j (B D). From the point E raise a perpen- 
dicular to BE, to meet a straight line drawn from the point C 
parallel to B E in the circumference of the circle X, at the point F, 
and join O D, F D, and F B. Produce F C, to meet and terminate 
in the circumference of the circle X, at the point G. It is self-evi- 
dent, that C F and C G arc tangental to the circle Y. 

Let A C= 5. Then : B D = C B = 3 ; D E = 5^. (B D) = 
7 i^J = !1 -- -g;,5 ; therefore, B E = 3-875. 

Now, by Euclid : Prop. 2 : Book 2 : B £■- = {(B E . B D) + 
BE- D E)} ; that is, 3-875' = {(3'875 x 3) + (3'87S =< -875)}; or, 
(i 1-625 + 3'39o625) = i;-oi3625 = B E^ ; and is equal to a square 
on B E. But, by Euclid : Prop. 35 : Book 3 : a square on C F = 
(A C X C B) ; that is, C F' = (5 x 3) = 15. But, C F =^ B E, for they 
are opposite sides of the parallelogram C B E F : and BE* = 
15-015625. Euclid no where proves this, nor could he, without the 
aid of applied Mathematics. Well, then, can squares on equal hnes 
be unequal .' Certainly not, and you ^/lo-wit'. Hence: IfEuclid 
be right in the Theorem ; Prop. 35 : Book 3 : he is at fault in the 
Theorem : Prop. 2 : Book 2 ; and conversely, if Euclid be right in 
the Theorem : Prop. 2 : Book 2 : he is wrong in the Theorem 
Prop. 35 : Book 3. He cannot be mathematically right in 
both, unless indeed, that '■'■ imlispensabU instrument of science. 
Arithmetic" upon which all mathematics are founded, be a 
mere " mockery, delusion, and a snared' My Letter of the 29th 
December ought to have carried conviction to your mind, and I 
venture to tell you would have done so, had you read it, and been 
"a reasoning geometrical investigator," and to it I refer you as my 
method of meeting " ignorance with instruction" It is not one of 
the Letters returned, and I presume you have it in your possession. 
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Now, Sir, the '^ onus firobandi" rests with you to prove that Eudid 
is not at fault, and if he is not at fault either in. Prop. 35 ; Book 3 : 
or, Prop. 12 ; Bonk 2 :_v<)», Sir, as 3.^' recognised Malhemafidan," 
and admitted Arithmetician, can make {FD' + D B' + 2 (DB x 
DE)} = F B'. How will you set about it? If you attempt to 
prove it by that " indispensable instrument of science, Arithmetic" 
you will not only make Euclid " «/j-^/ " himself, but you will find 
that yon." upsef yourself at the same time, and so "bring down two 
birds at one shot.''' 

When I published the pamphlet " Euclid at Fault" I had never 
heard of Mr. J. M. Wilson, or his treatise on " Elementary Geo- 
metry:" but I was subsequently induced to get it. To me it has 
been very suggestive, and has enabled me to detect some of my own 
blunderings, and led me to many discoveries in constructive geo- 
metry, Mr. Wilson observes, in his preface : — " Everybody 
recollects, even if he have not daily experience, how unavailable for 
problems a boy's knowledge of Euclid generally is. Yet this is 
the true test of geometrical knowledge; and problems and 
original work ought to occupy a much larger share of a boy's 
time than thsy do at present^ 1 have already adverted to De 
Morgan's sarcastic reference to the term " quantity of turning'' 
introduced by Mr. Wilson in his sixth definition. You can hardly 
fail to have observed the importance Mr. Wilson attaches to 
parallels, and yet, he has not himself discovered the effect of devia- 
tion from parallelism in practical or constructive geometry. 

Now, with reference lo the geometrical figure represented by 
the diagram in " Euclid at Fault," it is self-evident, from mere in- 
spection, that there is not a straight line in the figure, parallel to 
A B the generating line of the diagram : and I have proved in my 
Letter of the 39th December, that if a " quantity of turning" be 
apphed to a straight line in the direction from B to H, starting from 
the " initial position " K B, it will become parallel to O T, the hy- 
pothenuse of the right-angled triangle O B T, before it reaches 
the point H ; and it follows of necessity, that B T and K B M 
are not similar right-angled triangles. I had carefully studied the 
properties of the geometrical figure represented by the diagram 
enclosed in my Letter of the 23rd November ; but, not knowing the 
effect of deviation from the parallel or perpendicular of the genera- 
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ting line, in the construction of a problem, I was inadvertently and 
unwittingly led into the blundering aisumption, that O B T and 
K B M were similar right-angled triangles ; and, consequently, that 
the parallelograms KLBH and KADC, in the two diagrams, 
were similar parallelograms ; and so, erroneously, making K H = 
}{KB) ihe diameter of the circle, in the diagram. in"E-uclid at 
Fault.'" But, strange to say, the Mathematicians who have at- 
tacked that Pamphlet, and there are about a score, — some of ihem 
recognised and known to fame — have all failed to perceive ray blunder, 
and have taken for granted, and reasoned accordingly, that OBT and 
KBM,in. the diagram in ^^ Euclid at Fault," are similar right- 
angled triangles. Even De Morgan, who was quick enough to 
detect a flaw in the body of the Pamphlet, failed to discover the 
absurdity of my assumption with reference to the diagram. (See : 
Cntiqu^ on " Etrciid ai Fault :" Athensum, ]uly -2,^, 1868.) 

Now, Sir, will you compare the diagrara in " Euclid at 
Fault" with the enclosed diagram, Fig. 2 (see Diagram X). 
You will observe that, in the latter figure, C F and B E are 
perpendicular to A B the generating line of the diagram : 
while, in the former figure, B P and F H are neither perpen- 
dicular nor parallel to AB the generating line of the diagram. 
But, since A C, in the former, = K F, in the latter figure, and 
C B, in the former, = F B, in the latter figure, by construction, 
it follows of necessity, that the triangles O B D and O B T, in these 
geometrical figures, are similar and equal right-angled triangles, if 
the diagrams be drawn to the same scale : the triangles FED and 
HPT are similar and equal right-angled triangles ; and, the 
parallelograms C B E F and F B P H are similar and equal paral- 
lelograms. Well, then, can you, Sir, a '■' recognised Mathematician" 
fail to perceive that, had I known when I published the Pamphlet 
'^Euclid at FaHtt," what Mr. J. M, Wilson has since been the 
'^instrument" of forcing upon my attention, I might have demon- 
strated Euclid to be at fault just as well by one of these geometrical 
figures as the other, since the fact is incontrovertible that T P is as 
certainly = ^ (B T), in the diagram in " Euclid at Fault" as D E 
=^ -j^(B D) in the enclosed diagram, Fig. 2 ? 

It is hardly to be wondered at, that in adopting methods never 
before thought of by Mathematicians, in my search after ir ; or in 
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other words, in my endeavours to find the true circumference of a 
circle of diameter unity, I should have occasionally fallen into 
blunders ; but I can conscientiously say, that I have never discovered 
a lapsus, or had one pointed out to me by an opponent, without at 
once frankly admitting it. Is it not more to be wondered at, that 
Mathematicians of the celebrity of Mr. J. M. Wilson, and yourself, 
should have failed to discover, that the triangles O B T and K B M 
in the diagram in "Euclid at Faulty' arc not similar right-angled tri- 
angles? Some of my correspondents would have it that BF and BT 
are unequal, although they are radii of the arc FT: and one of them 
would have it that B F is greater than f (0 B) ; but, as I have 
already said, not one of them discovered the real fallacy. Even 
Mr. J. M. Wilson, although he admits that the " iriie test of geo- 
metrical knowledge" is the construction of geometrical problems, 
would appear to be incompetent to apply his own theory.* 

"I sent a copy of the pamphlet, "Euclid al EauU," to Professor 
Harley, one of the Honorary Secretaries to Section A of the Brilisk Assoda- 
thn. The Professor handed over the pamphlet to a young friend, just 
fresh from College, Mr. Henry W. Toller, of Stoney-gale House, Leicester. 
Mr. Toller addressed a. Letter to me in which he ai^ed, (and by a certain 
use of Euclid, apparently with some shew of reason) that B T is not equal to 
B F, although they are radii of the arc F T. In two couvteous cotnmunj- 
cations I pointed out to Mr. Toller the fallacy and inconsistency of his 
arguments, when I received a Leiter from him in whicli the following esptes- 
sions occurred; — " Your Mathtniaiical genius is 6ut m its swaddli'ig clothes." 
" Vifu must there/ore be treated as a child." "My little dear." I was not 
likely to continue a correspondence with one who could be guilty of such 
impertinence as this, and of course took no notice of his Letter. When at 
Nonvich, on my way to the Reception-room of the BHtisk Association, the 
morning after my arrival, I fell in mth Professor Harley, in conversation 
with my friend Dr. Ginsburg, when the Professor told me I had not acted 
fairly with his young friend. This led me to address a Letter to him, in 
explanation, and subsequently I gave Dr. Ginsbuig Mr. Toller's imperti- 
ent Letter, that he might let the Professor have a perusal of it, and he did 
peruse il. But Professor Harley never replied to my Letter. Some daj-s 
aflerwai-ds, when on my way home, I acddeutly fell in with Professor Harley 
at the Ely Emlway Station, when he contrived to stumble out a very lame 
apology, for taking no notice of my Leiter. At the meeting of the British 
Association at Dundee, imder die Presidency of His Grace the Duke of 
Bueeleueh, I offered, and was wishful, Co read two Papers in Section 
A, on mean proportionals. The Reverend Professor Harley will remember 
the important part he played, in preventing me from reading those Papers, 
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It will depend upon the treatment this ( 
at your hands, whether I do, or do not, trouble you with another 
But under any circumstances, when I publish, it will be in the form 
of a series of Letters addressed to you, with your replies so far as 
they go. In my next Letter I shall prove, that parallelograms of 
unequal perimeters may contain equal areas, and that parallelograms 
of equal perimeters may contain unequal areas. 

Respectfully yours, 

Jamem Smith. 
The Rev. Professor Whitwoeth. 



Now, Sir, Mr. J. M. Wilson, in his Treatise on "Ele- 
mentary Geometry" observes : — " Unsuggestiveness is a 
great fault in a text-book. Euclid places all liistlieorems 
and problems on a level, without giving prominence to 
the master-theorems, or clearly indicating the master- 
methods. He has not, nor could he be expected to have, 
the modern felicity of nomenclature. The very names of 
super-position, locus, intersection of loci, profectio?i, compari- 
son of triangles, do not occur in his treatise. Hence, 
there already exists a wide gulf between the form in 
which Euclid is read, and that in which he is generally 
taught, Unquestionably the best teachers depart largely 
from his words, and even from his methods. That is, 
they use the work of Euclid, but they would teach better 
without it. And this is especially true of the application 
to problems. Everybody recollects, even if he have not 
the daily experience, how unavailable for problems a 
boy's knowledge of Euclid generally is. Yet this is the 
true test of geometrical knowledge ; and problems and 
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original work ought to occupy a much larger share of a 
boy's time than they do at present." 

From this quotation it is perfectly obvious, that Mr. 
J. M. Wilson not only attaches the utmost importance to 
constructive geometry ; but also to '" super-position, locus, 
intersection of loci, projection," and " comparison of tri- 
angles" Now, Sir, I shall proceed to make a "comparison 
of triangles, and such a comparison as ought to command 
your careful attention, as a professional "recognised Mathe- 
matician" and " reasoning geometrical investigator." The 
triangles are obtained — as a matter of course — by con- 
structive geometry, and it is self-evident that they cannot 
be obtained in any other way. I may fairly infer that 
you, Sir, in accepting the dignified position of President 
of the British Association, make a profession (if not in 
words, at any rate by implication) of your desire to advance 
the cause of scientific truth, so far as it lies in your power, 
and your scientific knowledge enables you. If I am not 
at fault in drawing this inference, the following facts will 
receive your careful attention. 

First : The coloured triangles F B C, in Diagram IX., 
and O B D, in Diagram X., are similar to the coloured 
triangles OBT in Diagrams VII. and VIII., and all 
these triangles are similar to the triangle O A H, in 
Diagram I. But, these five triangles are similar to the 
triangle O B T, in the Diagram in my pamphlet " Euclid 
at Fault" [Diagram XIV : See Appendix A.) and in all 
these triangles the sides that include or contain the right 
angle, are in the ratio of 3 to 4, by construction. 

Second : The coloured triangle F B E, in Diagram 
IX., and FED, in Diagram X., are similar to the col- 
oured triangles HPT, in Diagrams VII. and VIII.; 
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and all these triangles are similar to the triangle D G H, 
in Diagram I. But, these five triangles are similar to the 
triangle H P T, in the Diagram in " Euclid at Fault" and 
in all these triangles the sides that include or contain the 
right angle, are in the ratio of 7 to 24, by construction. 

Third : The triangle AFC, in Diagram IX., is a 
right-angled triangle— Euclid : Prop. 31: Book 3. FB 
is perpendicular to A C, and the triangles on each side of 
F B are similar to the whole triangle AFC, and similar 
to each other — Euclid : Prop. § : Book 6. The triangle 
F B A is a right-angled triangle, and the triangle F E A 
a part of it, is an oblique-angled triangle ; and F E' + 
EA" -f- 2(EA X EB) -- FA^— Euclid: Prop. 12: 
Book 2. We may put any finite value we please on the 
line A B, which is the generating line of the diagram, 
make the computations, and demonstrate these facts with 
arithmetical exactness. 

Fourth : It is self-evident that the right angles in the 
triangles FBC, FBE, and FBA, in Diagram IX,, are 
adjacent angles to the perpendicular F B. In Dia- 
grams VII. and VIII., and also in the Diagram in " Euclid 
at Fault," the. triangles OBTare similar to the triangle 
FB C, in Diagram IX.: and the triangles H PT, in the 
former diagrams, are similar to the triangle FBE, in 
Diagram IX. : and it is self-evident that the right angles 
in the triangles OBT and HPT, in Diagrams VII 
and VIII., are not adjacent angles, but angles of the 
parallelograms F B P H. It is self-evident that, in 
Diagrams VII. and VIII., and also in that in "Euclid 
at Fault," the triangles H P B are right-angled trian- 
gles, and the triangles H T B, parts of them, oblique- 
angled triangles: and by Euclid: Prop. 12: Book 2; 
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H T» + T B» + 2 (T B X T P) = H B^ But, the solu- 
tion of this theorem is beyond the reach of "Maihemaiics, 
as applied to Geometry by Mathematicians," when the dia- 
meter of the circles are divided at F, into two parts, in 
the ratio of 5 to 3. In other words, when K F = 5, and 
FB = 3, then, by Euclid : Prop. S: Book 6: and Prop. 35 : 
Book 3: KFxFE-SX3=:i5 = HF'; therefore, 
aV ~ JiS; and by Euclid : Prop. 47 : Book i : H FH 
FB' = Jis^ -I- 3' = V(iS+9) = V24 ^ H Bl But, it 
is beyond the reach of " Mathematics, as applied to Geo- 
metry by Mathematicians," to find the arithmetical value 
of T P, and prove that H T' + T B' + 2 (T B x T P) = 

J24. Well, then, with reference to Diagrams VII. and 
VIII., and also to that in "Euclid at Fault" I have 
proved, in my correspondence with the Rev. Professor 
Whitworth, that when K F = 5, and F B — 3, the arith- 
metical value of a square on the line H B is not 24, but 
24'0[5625. • The following conclusion is irrefragable. 
All the Propositions of Euclid are not of general and uni- 
versal application, and Prop. 8: Book 6: Prop. 12: 
Book 2 : and Prop. 35 : Book 3 : are not the only pro- 
positions to which this remark applies ; and this may be 
readily demonstrated by " zvielding thai indispensable in- 
strument of science. Arithmetic'' 

Fifth : In the similar right-angled triangles, to which I 
have directed your attention in Diagrams I., VII., VIII, 
IX., X., and that in " Euclid at Fault" the geometrical 
sines are not all equal. For example : Take Diagrams 
I. and VIII, When the diameter of the circles Z and X 
is represented by the number 8,H Qs \!h& geometrical or na- 
tural sine of the 'angle H D G in the former diagram — 
■84; and T P th.c geometrical 01 statural sins of T H P the 
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DIAGRAM XI. 
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similar angle in the latter diagram — '875. Will you, Sir, 
venture to tell me that the trigonometrical sine of these 
angles are unequal ? Is not the trigonometrical sines of 
these angles = '28, whatever arithmetical value we may 
put upon the diameter of the circles ? Is not the trigo- 
HOmetrical sine of the obtuse angle in the triangles 
D G H and H P T = -95 ? 

CONSTRUCTION OF DIAGRAM XI, 

Let A and B denote points dotted at random. Join 
these points, and on A B describe the equilateral triangle 
O A B. With O as centre and O A or O B as interval, 
describe the circle; and produce B O to meet and ter- 
minate in the circumference of the circle at the point C. 
Let fall the perpendicular C A, and join O A, With C as 
centre and C G, = * (C B), as interval, describe the arc 
G D, and join C D, D, and B D. From the angle D, in 
the right-angled triangle C D B, let fall the perpendicular 
D E, and so construct the right-angled triangle DEO. 

Now, Sir, it cannot be disputed, that with B as centre 
and I (B C) as interval, we might, from a point in the line 
C B, describe an arc to meet the circumference of the 
circle in the direction of D ; and if so, an extremity of 
this arc would meet the circumference at the point D, It 
is self-evident, that we might construct a diagram repre- 
senting the trapezium C A B D, and all the straight lines 
within it, without shewing the circumscribing circle, or 
the arc D G. But, my good Sir, will you tell me how we 
could construct the trapezium without the aid of a circle, 
or two arcs of a circle .' 

Well, then, the coloured right-angled triangle DEO 
in Diagram XI. is similar to the triangles D GH and AFM 
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ill Diagram I. ; similar to the triangle E D C in Diagram 
V. : similar to the triangles H P T in Diagrams VII. and 
VIII.: similar to the triangle FBE in Diagram IX.: 
similar to the triangle FED in Diagram X.: and, similar 
to the triangleH PTin the dizgnm in " Euclid al FauU,- " 
that is to say, in all these triangles the sides that include 
or contain the right angle are in the ratio of 7 to 34, by 
construction. But further : Referring to Diagram II., it 
is self-evident that we may join B E, and if B E be joined, 
then, B O E and D E O, in Diagram XL, will be similar 
triangles, and it follows, that the triangle B E is 
similar to all the others. How could such constructions be 
possible, if there were no definite relation between the 
superficies of rectilinear and curvilinear figures ? Have 
I not shewn that circles and squares of the same super- 
ficial area may be "isolated and exhibited" by means of 
Diagram V. ? Can you. Sir, or any other Mathematician 
controvert my proofs ,' Impossible ! ! It follows then, of 
necessity, that there is a definite relation between the 
diameter and circumference in every circle; and that -r^ 
is the true expression of the ratio between them ! I 

Now, Sir, referring to Diagram XL, you will ob- 
serve, that I have put an arithmetical value on every 
straight line in the diagram : and I have given the value 
of every rectilinear angle in the figure, expressed in de- 
grees. It is self-evident, that we may halve, quarter, 
double, or quadruple the arithmetical values of the straight 
lines, but this could in no way afiect the values of the 
angles. The Rev. Professor Whitworth disputes my 
values of the angles, and insinuates — for he goes into no 
proof — that the value of the angle O D E is less than jS" 
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i6', My correspondent, the Rev. Geo. B. Gibbons, dis- 
puted the values of the angles as I have given them, and 
it was in dealing with his arguments that I was led to 
adopt this very diagram, simply omitting the circle and 
the arc G D. The following Letters were written more 
than two years ago, and will speak for themselves. I am 
certain Mr. Gibbons v/ill admit that he received such 
Letters, and may have the originals in his possession ; — 

Bakkeley House, Seaforth, 
i^th January, 18S7. 
My Dear Sir, 

Yourfavouvof the ist instant, which, from some cause, 
has only just come into my hands, has had my careful attention. 

The first paragraph runs thus : — " / did not expect to give such 
a shock to the senses, but I mustrepeat my astounding assertion, viz. 
In a right-angled triangle, if a side and angle be given (in finite 
terms) the other sides willnot be expressed in finite terms. One side 
may be, but not both." On this point we are of course at issue, and 
I will proceed to shew you that this " astounding assertion " {these 
words are yours not mine) is an assumption of a thing to be proved, 
minus the proof. You raxj fancy you have given the proof in the 
next paragraph of your Letter. We shall see! How many times 
in the course of our Correspondence have you charged me with, 
and found fault with me for, assuming the tiling to be proved ? 
Why, Sir, so recently as in your Letter of the 24th December last you 
say:— " I think it is one of your chief faults, as an in-vestigator of 
geometrical results, that you employ very complicated figures to 
perform what (if it can be done at all) can be accomplished by easy 
ones, and the very multiplicity of such drawings leads you off from 
the fact, that you have never shewn the equality, either inperimeteror 
area, of a rectilineal and a curvilinear figure. You have assumed 
it, I grant" Now, Sir, in the face of the "astounding assertion" 
contained in this quotation, you are obliged to admit after all, that 
I have " shewn correctly the consequences that would follow from 
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my assumption^'' or I should rather say, from what you are pleased 
to call my assumption. I reassert what I stated in my last com- 
munication. "In my Letter of the i^th November, J have given you 
a demonstration of the equality in area, of a rectilineal and curvi- 
linear figure, as plain AnApalpable as that 2 and 2 make 4."* Your 
" astounding assertion " does not prove the falsehood of mine. To 
prove my assertion I have adopted and applied the simplest 
principles of geometry, and as a " Christian and a gentleman " your 
duty becomes plain and simple, and that is, to controvert my proof. 
You surely cannot have worked up your imagination into the belief 
of the_/^«0' that you can falsify geometrical truth by dogmatical 
assertion. 

I will now proceed to shew you some of " the consequences that 
would follow'^ from your " astounding assertion.^'' 

The second paragraph of your Letter runs thus : — " Generally, 
in a right-angled triangle, if the sides are all exact numericals, 
the angles •will not he exactly found, and conversely." You then 
proceed to give what yau fancy to be a double proof. 

First proof r " Let the sides 
be 3, 4 and Si exact. Sin. A = 
I = -6, which belongs to no angle 
exactly assignable." 

With reference to this proof 
I may observe :— It is unquestion- 
ably true that S!n. A = -6. But, 
it is equally true that Cos. A = 

i='8 ; and Sin,* A + Cos." A = ^e^ + '8= = unity. It is at this 
point ya\a fancy steps in. By Hutton's Tables Sin. A is "5999549 
and Cos. A is '8000338 ; therefore, Sin.' A + Cos.^ A = ■5999549° + 
■8000338' = '99999996316645, a close approximation to unity ; and 
we may make the approximation as close as we please by extending 
the number of decimals. Thus, according to Hutton, Sin.' A -i- 
Cos.' A is not expressible in finite terms, and so forsooth, according 
to your logic, the angle A cannot be an angle of 36° 52'. In the face 
of these facts can you wonder at the shock to my senses, when in your 

* This demonstration was by means of a geometrical figure similar to 
Diagram V,, but omitting the circle Y and its inscribed square. Let Mathe- 
maticians prove, that ihe square R P K E and the circle Z are not equal in 
superficial area. 




Hosted by 



Google 



199 

Letter of the 34th December you made the " astounding asser- 
tion ?" " Antecedently io any suck investigation, 'we mustremsmber 
that for any given value of A B, the sides C B andA C will not be 
found exactly" 

Proof second: "Ze/ the angle A ^e exact, say '^6° ^2', and side 
B C= 10. ^-^ = Sin. 36° 52', orAC= laCosec^^' 52', -which is 
notfinite^' 

With reference to this proof I may observe :— If the angle A be 
.n mgk of 36- 52', ^-^' that i,, JaUiS^, = f = ,S, i, the 

o ■' ^ * B C ' perpendicular' 3 " 

cosecant of the angle A, and is the fractional expression of a finite 
arithmetical quantity. Will you dare to dispute the fact, because 
we cannot give decimal expression to this arithmetical quantity in 
finite terms? I trow not!! Well, then, if B C = 10, then, 
10 (g-jj^ =; -/ lol — \(>%^^ hC; and, by analogy or propor- 
tion, B C : A C ; : B C : 10 cosecant of angle A ; that is, 3 : 5 : : 10 : 
i6i ; and since, by hypothesis, the sides of the triangle are 3, 4, and 
S, exact, it follows of necessity, that A C =• i6|, neither more nor 
less. Now, by Hutton's Tables, the cosecant of the angle A, that 
is, the cosecant of an angle of 36° 52' is i '6667920 ; therefore, 10 times 
cosecant of angle A = 10(1*6667920) = i6'66792o, and is greater 
than the indisputable arithmetical value of AC, the hypothenuse of 
the triangle, which is absurd, and s,o,yoxiY " astounding assertion 
upsets itself." 

I will now proceed to point out what "/ think is one of your 
chief faults as an investigator of geometrical results" You employ 
the higher branches of Mathematics in the course of your investiga- 
tions, but in such a way as " leads you off from the fads" of simple 
geometrical truth. To make my meaning perfectly intelligible ; — 
In the problem I gave you for solution in my Letter of the 22nd 
December, i assumed the angle A to be an angle of 36° 52', and the 
side B C ^ 600 miles. The admissibility of this assumption you 
do not venture to dispute, nor dare you do so ; on the contrary, you 
admit the premisses, and proceed to make an attempt to solve the 
problem. Well, then, if A be an angle of 36° 52', C is an angle of 
53° 8'. Now, by Hutton's Tables, the Log-sin. of the angle A is 
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977^1 '86 ; and, on referring to the Logarithms of numbers, we find 
that 7781 1 86 is the nearest Logarithm to the natural number 600, the 
given value of B C. The Log-sin. of the angle C is 9 9031084, and 
by the Logarithms of numbers, -9031084 is the nearest Logarithm 
to the natural number 800, the value of A B ; and, n/ B C- + AB' — 
s/6oo"~+" 800= = rooo = A C ; and 800 and 1000 are the true 
arithmetical values of the sides A B and A C, when A is an angle of 
36° 52', and B C = 600. If >ou could but see it, my dear Sir, by 
your mode of reasoning, yo put the c t before the horse, and 
attempt to make the higher b a ches of M thematics (Mathematics 
are based on, and are merelj an ex en on of the principles of com- 
mon Arithmetic) over-ride the une g la s of Arithmetic. You 
know as well as I do, that n all mathe atical investigations we 
must necessarily appeal to simple Arithmetic for our final results. 

The enclosed diagram (se^ Diagram XL), which I send you 
for an especial purpose, is afac-simile of that in my Letter of the 39th 
December, with the simple addition of the line O D, and I hardly 
think you will venture to charge me with troubling you with a com- 
plicated geometrical figure.* 

The lines O A, O B, D, and C are equal. {Of this fact yoii 
may readily convince yourself, by describing a circle with as 
centre, and any of these lines as radius. You will find that all the 
outer angles of the figure will touch the circumference of the circle.) 
These lines sub-divide the trapezium C A B D into four parts, and 
divide each of the outer angles into two angles. The four angles at 
the centre of the figure are together equal to the eight outer angles 
= 360°, and each of the angles at the centre is the apex of an isos- 
celes triangle. 

Now, my dear Sir, assuming D B, the sine of the angle D C B, 
to represent 600 miles, I have given, on the face of the diagram, 
what I believe -to be the exaci values of every line and angle in the 
figure. If you are right in your " aslounding assertion" these 
values must be erroneous ; but if so, you, as a Master in Geo- 
metrical and Mathematical science, can have no difficulty in making 
the necessary corrections. May I respectfulZy beg of you to do so ; 
state them on the face of the diagram, and return, it to me. I am 
* The reflective geometrical reader will understand why no curved lines 
were shewn in these diagrams. 
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sure you cannot have the shghtest hesitation in complying with th 
very reasonable request, if practicable. 

Waiting your reply, and wishing you a very happy new year, 
Believe me, my dear Sir, 

Very truly yours. 
The Rev. Geo. B. Gibbons, B.A. James Smith. 



Babkeley House, Seaforth, 
<jth January., 1867. 

My Dear Sir, 

I wrote you a Letter dated the 4th, in reply to yours of the 
1st instant, but for certain reasons did not post it till the 5th, so 
that it should not come into your hands before Monday morning. 
In that Letter I have, as I think, exposed the fallacy of your 
" astounding assertion" viz. '^Generally, in a right-angled triangle :~ 
If the sides are all exact numericals, the angles will not be exactly 
foun^ and conversely'.'' I shall be greatly surprised if you find it 
practicable to controvert the proofs I have given you of the absurdity 
of such an assertion. To do so you will have to demonstrate that 
the higher branches of Mathematics over-ride, not only the principles 
of common Arithmetic, but the plainest and simplest truths of 
Geometry. Now, Sir, while I maintain that if the sides of a right- 
angled triangle '^ are all exact numericals'^ the angles may be 
exactly found, I also maintain that the higher branches of Mathe- 
matics rightly applied, so far from contradicting, on the contrary, 
confirm and establish the truths of Geometry. One example will, I 
think, suffice to convince you of this fact ; — 

Let the sides of a right- 
angled triangle C B A ^s 3, 4, and 
5 exact, and let the side A B be 



AB 



ed by 800 miles. Then, 
= 1 ^ '8 is the Sin. of the 
; C, and C is an angle of 53° 




I'. The Log-sin. of the angle C 
s 9-9O31084, by Hutton's Tables. 

Now, referring to the Logarithms of numbers. 
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■9031084 is the nearest Logarithm to the natural number 800. The 
Logarithm of the natural number 800 is 9-9030900, and these two 
Logarithms agree within i at the fifth place of decimals. Well, 
then, I put the question to you: — Is it conceivable, my dear Sir, 
that Logarithms which are admitted to be mere approximations, 
could be expected to approximate more closely f 

I must noiv carry you back to your Letter of the 19th October 
last, in which you make some other " asimftilm^ assertions.'' In 
that Letter you say : — " There is no angle expressible in Jinite lerms 
■whose Sin. is -38 or '6. Sin. 16° 15' is rather less, and Sin. 16". i& 
IS rather greater than '28 ; and Sin. 36° 52' is rather less, and Sin. 
36° 53' rather greater than "6." Now, my dear Sir, it appears to me 
the simplest thing imaginable, to expose the fallacy of such assertions, 
and this I shall proceed to do. 

The enclosed diagram {See Diagram XI.) is a fac-simile of that 
contained in my Letter of the 4th instant, with the simple addition 
of the straight line D E, drawn from the point D, perpen- 
dicular to the line C B ; and C B is the hypotheniise of, and 
common to, the triangles CAB and C D B. Euclid : Prop. 31 : 
Book 3 ; will enable you to convince yourself, that the angles CAB 
and C D B are right angles, if with as centre and OAas radius 
you describe a circle.* 

Now, C B : B D in the ratio of 5 to 3 ; and, C B : C D in the 
ratio of 5 to 4, by construction; therefore, the sides CD and DB, 
which contain a right angle, are in the ratio of 4 to 3, by construc- 
tion. Thus, the sides of the triangle are represented by "exact 
numericals/ and assuming C D ^ 800 miles, CD ; D B : : 4 ; 3, 
which makes D B = 600 miles ; and C D : C B : : 4 : 5, which makes 
C B = 1000 miles. 

Again :CD:DE::DB:BE;and ECrED::ED:EB; 
therefore, CB:CD : :,CD : CE; therefore, the triangles C E D 
and DEB are equiangular, and consequently have their sides 
about the equal angles proportional, and are therefore similar. Thus, 
by Euclid : Prop. 8 : Book 6 : the triangles C E D and DEB are 
similar to the triangle C D B and to each other, and it follows of 
necessity, that C E ; E B : r 4' : 3', that is, 640 ; 360 : : 16 : 9. 

' The reflective reader will 
circle from the diagram, ii 
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Again : D B is an isosceles triangle of which O D and O B 
are the equal sides, and the triangle is divided into two right-angled 
triangles by the line D E. Now, D B : D E in the ratio of 5 to 4, 
and S ; 4- ■ : 600 '■ 4S0 1 therefore, D E = 480 miles, when D B =^ 600 
miles. But, D E : E B in the ratio of 4 to 3 ; therefore, 4 : 3 : : 480 
; 360 ; therefore, E B ^ 360 miles, when D B = 600 miles. Well, 
then, twice the product ol 4 and 3 - 2 (4 x 3) = 24, and 4 + 3=7. 
From these facts we obtain the ratios that exist between the 
sides of the right-angled triangle DEO. Thus: DE : EO 
in the ratio of 24 to 7, and E ; D O in the ratio of 7 to 
25 ; therefore, D E : D O in the ratio of 24 to 25, But, 24 : 7 : : 
480 : 140; therefore, E O = 140 miles; and 24 : 25 : : 480 : 500; 
therefore, D O = 500 miles. Proof: */d"E^ + E 0= = Ja-^cT+I.^ 
= ^y3304oo + 19600 = \/2Soooo = 5CX). This is in harmony 
with the theory of commensurable right-angled triangles, to which 
I directed your attention in my Letter of the 8th August last, and to 
which I would now call your especial attention. It is possible you 
may have destroyed or mislaid that Letter ; if so, I shall be glad to 
let you have a copy of it. But even this is not requisite. It is only 
necessary you should give my Letter of the 13th November last, the 
attention it ought to command from you as an honest and earnest 
enquirer after geometrical truth, to convince yourself of the absurdity 
of, at any i-ate, one of your "astounding iisseriiafis." 

Again ; ?~ =^ 2. = 1^ — 6 == Sin. of angle E D B, and 
DE 4 480 „ „ f .„^„EO_7 



^^ - -28 = Sin. of angle ODE, and ^ ^^ 1^ = ±"-^ = 
50Q ° ' D O 25 500 

■96 = Cos. of angle ODE. But, we may obtain the Sines and Co- 
sines of the angle in another way, and I must here reilerale what 
I have proved in my Letter of the 13th November, p-,, = ^ = 

600 , -. . ,___ ,CD 4 Soo 

-— = -6 ~ Sin. of angle BCD, and ^-g := ^ ~ — 

■8 = Cos. of angle BCD, and, (Sin.' BCD) + (Cos.' BCD) — 
unity. But, <S--J CD).+ (Co. B C D) ^ :^-8 ^ ,-4 ^ .^g 

= ^ ^ Sin. of angle E D 0, and {2 (Sin. BCD) x (Cos.BCD)} 
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= 2 (-6 X -8) = (2 X -48) = -96 — ^ = Cos. of angle EDO, and 
(Sin.' EDO) + (Cos,' E D 0) = 'sS' + -96= = '0784 + -9216 

How could these things be, if your "astounding assertions were 
based on geometrical truth ? I will ask you further : — In the face 
of these facts, which I cannot but think will be as plain and palpa- 
ble to you as that 2 and 2 make 4, how can you hesitate to admit 
your error, and withdraw youv absurd assertions, " -without offence 

I have divided the right angle, in the triangle C D B, into three 
distinct angles. The angle C D O == 36° 52'. The angle O D E = 
16° 16'. The angle E D B = 36° ja'. The three angles are toge- 
ther equal to the right angle C D B = 90°. That these angles have 
a value is indisputable, and, as I think, tlieir Sines are represented 
by the arithmetical symbols -6 and '28 exactly. If you still per- 
sist in asserting that '6 and -aS " belong to no angles exactly assign- 
able^' it is at least your bounden duty, as a candid controversialist, 
to demonstrate the fallacy of my conclusions, and furnish the proofs 
of your own. 

In conclusion : — It occurs to me, that I cannot do better, by 
way of bringing our controversy on the soluiiow of a right-angled 
triangle, to an issue, than give you the following problem for solu- 
tion ; — Bisect the angle ODE, and find the arithmetical value of 
the Sine of half the angle. 

Believe me, my dear Sir, 

Yours very truly, 

James Smith. 
The Rev. Geo. B. Girbons, B.A. 



Baekeley House, Seaforth, 
14/A January, 1867. 
Mv Dear Sir, 

Your Letter of the roth, in reply to mine of the 4th and 
9th inst,, came to hand on Saturday evening. I have given it my 
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careful attention, and can assure you that, the more I have pondered 
over it the greater has been my surprise. The Pope of Rome could 
not have excommunicated a heretic from the pale of the church with 
greater " sang-froid" than you have presumed to excommunicate me 
from the charmed circle of Mathematical " authority P You charge 
me with childishness, with ignorance, nay more, by implication you 
charge me with dishonesty ; for, you rashly assert that I ''impugn" 
the" Taiks ef Sines " wiiich. as you ^^.y," I have never investiga- 
ted!' Had I left myself open to the imputation of such a charge, it 
would indeed be a question, whether knavery or folly was the most 
prominent feature in my character and conduct. Fortunately, how- 
ever, your " astounding assertions'" upset themselves, and I tell you, 
Sir, without any hesitation, that you are rapidly drifting on to the 
shoala of Mathematical dishonesty, and that if you do not speedily 
alter your course, you will most assuredly make shipwrecli of your 
reputation, both as a Geometer and a Mathematician. I do not 
make these statements rashly, and as an honest man I am boundto 
warn you of the precipice upon which you are standing, by furnish- 
ing the necessary evidence of the facts, and this 1 shall proceed to 
do. 

I must now refer you to the diagram enclosed in my Letter of 
the 9th inst. (See Diagram XI.) 

In the triangle C D B the sides are in the proportion of " 3, 4, 
iJBi/S exact" by construction ; and i have proved in my last Letter 
that the triangles C D B, C D E, and D E B are similar triangles ; 
therefore, the sides of the triangle DEB are in the proportion of 3, 
4, and 5 exact. These facts you have not attempted to dispute, nor 
dare you do so, for you know as well as I do, that were you to make 
any such attempt, it could only result iri convicting yourself oi gioss 
ignorance, with reference to some of the simplest truths of geometry. 

Wellj then, you say : " In yoier diagram take the triangle BED. 
If S is given 53° ?! and B D is given 600. Then : 

D E = 600 Sin 53° S' -3000338 

= 4S0'O2028 600 

480 '0202 800 
and not 480 exactly, as you put it." 

Now, Sir, because the sides of the triangle C D B are in the 
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proportion of 3, 4, rtwrfj, ^j^ac//K5 t>y construction, and because the 
Iriangles C D B and BED are similar triangles, it follows of neces- 
sity, that the aides of the triangle B E D are in the proportion of 3, 
4, and 5 exacilyj therefore, g-g = j ~ '8 = Sin of angle D R E, 
and 600 (Sin D B E) = 600 x -8 = 480 =- D E. Thus, 5:4:: 
D B : D E, that is, 5 ; 4 : ; 6oo : 480. This you assume to be non- 
sense, and would have me believe that 5:4;; 600 : 48o'o3028 ; and 
I put the following plain question to you ; Do you think you can 
find a first class school-boy who could beguiltyoffolly and absurdity 
equal to this ? 

Again: You say: '^ In the triangle D E . IfODE is given 
16" 16' and OD ^- 500. Then : 

O E = 500 Sin r6° r6' -2801083 

I4o'oi4isoo 
net 140 exactly, as you have it." 

Now, Sir, because the sides of the triangle BED are in the 
proportion of 3, 4, and 5 exactly, it follows of necessity, that the 
sides of the triangle DEO are in the proportion of 24, 7, and 25 
exactly. These /«rfj may or may not be within your comprehension, 
but whether they are, or are not, \\\s/acts are incontrovertible. Now, 
DO -"^ ^ = '^S = S'" "*" ^"Sle ODE, and g-g = ^f = -96 = 
Cos. of angle O D E ; and Sin' -H Cos' ='z8' ■)- -96' = unity. But, 
Soo (Sin O D E) = 500 X -28 = 140 == E O, and 500 (Cos O D E) = 
500 X '96 = 480 = D E ; therefore, JlE-O" + D E' - 7140= + 480= 
= 500 = D 0. Thus, D E : E O : : 34 : 7, that is 480 ; 140 : : 24 : 
7 ; and D E : D O : : 24 : 25, that is, 480 : 500 : ; 24 : 25. 

Now, for the sake of argument I shall assume your conclusions, 

— Ho:2S4L5 ^ -,801083 = Sin 
500 ^ 

= ■96oo40s6^Cos of angle 

ODE; therefore, (Sin' ODE) + (Cos' ODE) =- -2801083' + 

■96004056' = ■921677876845 1 136 + -07846065972889 = 

I -0001 385362740036, an arithmetical quantity greater than unity. 



and mark the result ! Then ; ji-^ = 



of angle ODE; and ^-^ 
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This would sap, undermine, and shiver to atoms the very foundation 
of Trigonometry ; and so, your " astounding assertions upset them- 
selves?' 

Well, then, to establish the charges you have brought against 
me of childishness, ignorance, and (by implication) dishonesty, 
you must prove, and it becomes your bounden duty to prove — 

First: That it is not true of all right-angled triangles that Sin.' 
+ Cos. = unity. 

Second : That the triangle D E O is not a right-angled triangle, 
and that the sides are not in the proportion of 34, 7, and 25 
exactly. 

Third : That the arithmetical value of the Sin. and Cos. of the 
angle ODE cannot be '28 and '96, and that their true and exact 
values mrist be '2801083 ^'^^ '9599^84, a^ given in Button's Tables. 

But, Sir, assuming (if I can be forgiven for assuming an 
impossibility) your mathematical capacity to get rid of these 
difficulties, you would still have something more to do. You would 
have to demonstrate the absurdity of the theory I have propounded 
with reference to commensurable right-angled triangles, as fo which 
I directed your especial attention in my Letters of the Sth August 
and 13th November last. Will you dare to tell me that this theory 
is not of any importance* in the solution of a right-angled triangle ? 
Now, Sir, I must remind you that this THEORY you have so far treated 
with the most profound contempt, and I assert, without hesitation, 
that you have adopted a similar course throughout our correspon- 
dence, with every argument that you have found it inconvenient to 
grapple with. 

On the third page of your Letter you ohsevvt:—" At any rats 
/ shall be silent if you like to persist in saying, in the face of 
multiplied calculations, thai Sin. 53" 8' = -8 exactly, or the like of 
other arcs you name'' If you choose to be silent, 1 can't help it, 
and the threat " troubles me not;" but, I may tell you that I cannot 
conceive how you can decline to reply to this communication, 
" without offence to your own conscience." 

In conclusion : I beg to repeat the request made at the close of 
my last Letter. " Bisect the angle ODE, and find the arithmetical 
value of the sine of half the angle." I can assure you there is more 
to come out of this than was ever " dreamed of" in your mathe- 
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matical Philosophy, and this I shall be prepared to prove when t 
proper time arrives. Waiting your reply. 

Believe me, my dear Sir, 

Very truly yours, 

James Smith. 
The Rev, Geo. B. Gibbons, B.A. 



It is self-evident, that C B is the hypothenuse of, and 
common to, the triangles CAB and CDB, Now, if 
Euclid be right in the Theorem: Prop. 31: Books: 
CAB and CDB are right-angled triangles : and, if 
Euclid be right in the Theorem : Prop, 47 : Book i : 
(C A' + AB=) =(CD' 4- D B^); and this equation or 
identity == C B' = area of a circumscribing square to the 
circle. I maintain that these two Theorems of Euclid 
are as irrefragable, as the Theorem : I'rop. 32 : Book i. 
Now, O D, O C, and O B, are equal, for they are radii of 
the circle, and it follows that 4 (O D') = C B^ But, 
you will observe that Mr. Gibbons makes DE greater 
than 480, and E O greater than 140, when C B the 
diameter of the circle = 1000. If his data and reasoning 
be sound, OD a radius of the circle, must be greater than 
500, when the diameter of the circle = 1000. This would 
make 4 (OD=) greater than the area of a circumscribing 
square to the circle. Can you fail to perceive, that this 
would make the Theorems of Euclid : Prop. 47 : Book i : 
and Prop. 3 1 ; Book 3 : inconsistent with each other? This 
is ofzfy one of the absurdities into which a Mathematician 
may be led by the misapplication of Mathematics to pure 
Geometry. 
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It is self-evident, that the line AB is equal to half the 
side of an inscribed regular hexagon to a circle of which 
C B is the radius ; and 1 have given the values of all the. 
sides of the triangles in Diagram XL, when C B the dia- 
meter = looa Now, the two terms of a ratio may be 
divided by the same number, without altering the ratio 
itseif ; and it follows, that we may divide all the sides of 
the triangles by 500 without altering the ratios of side to 
side : and, if we so divide them, then CD ^ i'6: DE = 
■96 : D B = I '2 : C B = 2 : O E = -28 : and E B = 72. 
Hence; (DE^ -|- EO') =^ (-96= -j- ■28=) - (■9216 -|- -0784) 
= i = OD=; therefore, ^Y = i = OD, OA, OC, and OB: 
and,CD= +DB= = (i-6' -t- r2=)=(2'56 -|- r44) =4 = 
C B' ; therefore, ^^ = 2 = 2 (O D) = C B. The ratios 
of side to side in the triangles are unaltered ; that is to 
say, D B : C D : : 3 : 4 : and, O E : E D : : 7 : 24. Now, 
assuming Mr. Gibbons' data and reasoning to be sound, 
it follows, that no definite relation exists or can exist 
between the sides of the triangles, C E D, DEB, and 
CDB : and between the sides of the triangle DEO; and 
it would follow, that no definite relation could possibly 
exist between the diameter and circumference in a circle. 

Will you. Sir, or any other " recognised Mathema- 
tician" venture to tell me that I have not proved a de- 
finite relation to exist between the sides of the triahgles? 
Will any Mathematician dare to tell me that I have not 
demonstrated these ratios ? I trow not ! Well, then, it 
follows of necessity, although " recognised Mathema- 
ticians" either can not, or will not see it, that a finite and 
determinate relation must exist between the diameter and 
circumference in every circle. 

I have never said that the Theorems of Euclid ; 
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Prop. 12 : Book 2 : and, Prop, g : Book 6 : are not true 
under any circumstmues. What I have said is, that they 
are not of "general and universal application" and there- 
fore are not true under all circumstances. I know, that with 
reference to Diagram XL-: {DO' + O C= + 2 (OC X 
OE)} = C D% : and I also know that the triangles on 
each side of D E are similar to the whole triangle C D B, 
and to each other ; and I know- that we can work out these 
results with arithmetical exactness, whatever value we 
may put upon the radius of the circle : it matters not whe- 
ther it be a finite quantity, or be represented by the square 
root of a finite quantity. But, assuming Logarithmic Tables 
of Sines, Cosines, &c, to be infallible, which Mr. Gibbons 
does ; of course, by computations based upon this fal- 
lacious assumption, he makes D E greater than 430, 
and O E greater than 140, when C B. the diameter of 
the circle —- 1000. Let Mr. Gibbons prove his values of 
the lines D E and O E, by demonstrating that {D O^ -f- 
O C' + 2 (O C X O E)} = C D"-; and that the triangles 
on each side of D. E are similar to the whole triangle 
C D B and to each other. He will find that he " upsets " 
the Theorems of Euclid : Prop. 12 : Book 2 : and. Prop. 
8 : Book 6. Such are the absurdities and inconsistencies 
into which a Mathematician may be led, by a misapplica- 
tion of Mathematics to pure Geometry, 

You must not imagine that the Rev. Geo. B. 
Gibbons is not a " recognised Mathematician." He 
is the intimate friend of your acquaintance. Professor 
Adams, the well known Astronomer, and the Professor 
knows of my long correspondence with that gentleman, 
and can satisfy you on this point. When attending 
the last meeting of the British Association at Nor- 
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wich, I had the opportunity of a short conversation 
with Professor Adams, and told him that before the next 
meeting of the Association, I should bring out a work and 
demonstrate the true ratio of diameter to circumference 
in a circle, by means of angles. 

Now, Sir, unless you dnd other " recognised Mathema- 
ticians " can prove the values I have given of the angles, 
in the geometrical figure represented by Diagram XI. to 
be false, which I know you can't : as gentlemen, and men of 
honour, " you should not be ashamed to admit " that I have 
furnished the proof. 

I wrote Mr. Gibbons several Letters between the 14th 
and 38th January, I867. These, however, I must pass 
over; but, I quote the following from a Letter of the 
latter date : — 

" In my Letter of the 9th instant, I brought under your notice 
a geometrical figure in which I have introduced two rj"!]! angled 
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triangles, having . 

and (whether it h 

comprehend it) h d 

dispute or cavil m L 

triangle D E B a h p 

and the sides of the triangle D E O 11 

34, and 35 exactly. Both letters conclude by my making ' ■ai/iat I am 

sure you "would con/ess' to be, a very reasonable request, namely, 

Sisect the angle ODE, and ^nd the arithmetical value of the sins 

of half the angleV 

"With re- 
ference to this 
request you now 
say ; ' You ask 
me to bisect the 
angle ODE, 
having given D 
the ihne sides. This 
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" You then proceed to give the following solution of the 
theorem" ;— 

"2Cos.^= ^/^ + Sin."2^ + Vf^Sin. 2^. CallODE = 2fl., 
its Sine is '-^ = -aS,* and its Cosine, which is Sine of O = -96, 

2 C03..J. = s/f28 4- s/672 = 1-1313703 + -8485281 



"Now, Sir, I frankly admit (and that without any mental 
reservation) that -9899494 is the arithmetical value of the cosine of 
half the angle O D E as nearly as it can be given to 7 places of 
decimals, and without making the equation Sin." + Cos.' greater than 
unity: and so, we have airived " ai an agreement" on this particular 

" From your premisses you reason to the following conclusion": — 

" Cos. c(i = -9899494 

Cos. 8° 8'= -9989415 

■0000079 difference. 

Which for difference 411 correspondents to about ir," so that 
half the angle O D E = 8" / 49" nearly." 

Now, 2 (8° 7' 49") = i6°ig'38" nearly, is, according 
to Mr. Gibbons, the value of the angle ODE expressed 
in degrees. 

In a subsequent Letter, Mr. Gibbons computed the 
value of the angle EDB in the triangle DEB, in a 
similar way, arriving at the following conclusion : — 
" Sin 2 0= -6000000 by hypothesis. 
Sin 36° 52' =-5999549 

■0000451 for difference 232G. 

So that 2 = 36° 52/ -'^^g nearly." 

*In Mr. Gibbons' Letter, this was put JJ^ = •2&. This was obviously a 
lapsus, and I have corrected it ; and I am sure Mr. Gibbons will acquit me of 
ever attempting to catch at, and play with, a mere lapsus, in the course of our 
very long correspondence, 
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With reference to these conclusions, I put the follow- 
ing question to Mr. Gibbons : — " Is it cmiceivable that 
you could have advanced an argument better calculated to 
prove your assumption of the infallibility of our Mathe- 
matical Tables ?" At this time, the question at issue be- 
tween us was, whether the values of sines, cosines, tan- 
gents, Log-sines, Log-cosines, &c., as given in Logarithmic 
Tables, are or are not correct ; I maintain that they are 
not correct. 

Now, Sir, the angles C andD, in the triangle COD, are 
equal, for they are angles at the base of an isosceles 
triangle : and the angle 0, at the apex of the Isosceles 
triangle C O D, is greater than a right angle by the value 
of the angle ODE in the triangle DEO, whatever be 
that value. But, the angles C and D, in the triangle 
COD, are equal to the triangle K D B in the triangle 
DEB: and, since the triangles on each side of D E are 
similar to the whole triangle C D B and to each other, it 
follows of necessity, that the angles C D and ODE are 
together equal to the angle B in the triangle DEB. 

Well, then, according to Mr. Gibbons, the angle 
C D O =36" S3' ^ neariy, and the angle O D E =^ 
16° 15' 38" nearly. What is the sum of these two 
angles ? In other words, what is the value of the angle 
D, in the triangle C D E ? Is it not beyond the reach of 
that " indispensible instrument of science. Arithmetic" to 
add together these two quantities, and give an assign- 
able and definite value to the angle D, in the triangle 
C D E ,' It will be — or at any rate, ought to be — as 
plain and palpable to you. Sir, as that 2 + 2 :=: 4, that 
Mr. Gibbons' data and reasoning would "upset" the 
Theorem of Euclid: Prop. 32: Book i: or in other 
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words, would make the three angles of a plane triangle 
not equal to two right angles. This is another of the ab- 
surdities into which a Mathematician may be led, by a 
mis-applicatien of Mathematics to pure Geometry. 

Now, Sir, when CB, the diameter of the circle, = lOOo, the 
area of a square on C A = 750000 ; therefore, ^f$ooo6 
= S66'025403784 = area of a square on C A, the per- 
pendicular of the right angle CAB, approxzmaielj'. 
But, S66'02 5403734= is not equal to 750000, and by lio 
extension of the decimals could we ever get to the true 
area of a square on the line C A, by this process. But, 
■5 is the trigonometrical &\xi& of the angle C, and trigono- 
metrical cosine of the angle B, in the triangle CAB: 
and, '8860524, that is, ^75 is the trigonometrical sine of 
the angle B, and trigonometrical cosine of the angle C, in 
the triangle CAB: and the angles C and B are among 
the very few angles in which the natural or geometrical 
sine, and the trigonometrical sine, are the same. Hence, 
the sines and cosines of these angles are correctly given 
in our Logarithmic Tables of Sines, Cosines, &c., to 7 
places of decimals, although the triangle CAB is an 
incommensurable right-angled triangle. 

Now, Sir, we live in an age when the supposed im- 
possibility of one day, may become the admitted possi- 
bility of the next ; and of this there have been many re- 
markable examples in my time. If, half a century ago, 
a man had foretold that the time would come when we 
should beable to travel comfortably at the rate of 40 miles an 
hour, would he not have been thought mad ? If any 
modern discoverer in electricity had, a very short time 
ago, suggested the possibility of an Atlantic Cable 
conveying messages between this country and America, 
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would he not have been thought mad ? and yet, the 
day has come when Marine cables are conveying 
messages daily to nearly all parts of the world. Why 
then should it be assumed, by Uie existing race of profes- 
sional Mathematicians, that they have arrived at the 
ne plus ultra of geometrical truth ? Well, then, if you 
decline to give your consideration to the geometrical 
truths I have brought under your notice,' the day will 
come, when other Mathematicians will ; and when these 
truths will be universally admitted, and be known to, and 
comprehended by, every first-class schoolboy. That day 
may be nearer at hand than I anticipate, but it may be in 
your time, if not in mine ; and then, what will you and 
such of your compeers of the British Association as may 
be living, think of yourselves? 



James Smith to The Rev. Professor Whitwoeth. 

Baekeley House, Seaforth, 
ind February, 1869. 

Posted Zth February. 
Sir, 

I posted a long Letter, addressed to your private resi- 
dence, yesterday morning, which I presume would come into your 
hands when you returned home, on the close of your day's lahour 
at Queen's College. Should you return it uaopened in due course— 
and, to be consistent, you should do so— I shall get it this 
afternoon. 

The following may be talcen as the construction of the geome- 
trical figure represented by the enclosed diagram. (See Diagram 
XIJ.) 
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With A as centre, and any interval, describe the circle X, and 
draw the radii A B and A C at right angles to each other. Produce 
A B to D, making A D equal to three times A B. Produce A C to 
E, making AE equal to 4 times AC, and join ED. It is obvious tliat 
E AD is a right-angled triangle, of which the sides that contain the 
right angle are in the ratio of 3 to 4, by construction. With A as centre 
and AD as interval, describe the circle Y. With A as centre and 
and A E as interval, describe the circle Z. With. E as centre and 
EA as interval, describe the circle X Y. Produce A D to H, 
making A H equal to twice A D, or 6 times A B. With A as centre 
and A H as interval, describe the circle X Z, Bisect A E at O, 
and with O as centre and O A or O E as interval, describe the 
circle YZ. The circumference of the circle YZ cuts the line ED, the 
hypothenuse of the right-angled triangle EAD, at the point a. 
From the point a draw a straight line through the point O, the 
centre of the circle YZ, to meet the circumference of the circle at 
the point 6, and join aA. 6A, b E, and a E. It is self-evident that the 
rectangle 'KiAa is divided by the diagonal E A, as well as by the 
diagonaJ ia, into two similar and equal right-angled triangles. 
Produce E A, a diameter of the circle Y Z both ways, to meet the 
circumference of the circles X Y and Z, at the points F and G. 
From A, the centre of the circle X, draw a straight line through the 
point a, to meet and terminate in the circumference of the circle 
XY at the point K, and join F K. From the point K draw a 
straight line through the point E the centre of the circle XY, to 
meet and terminate in the circumference of the circle at the point 
L, and join LF and LA. Produce E^ to meet and terminate in the 
circumference of the circle Z at the point N. Produce E D to meet 
and terminate in the circumference of the circle Z at the point M. 
From the point M draw a straight line through the point A, the 
centre of the circle Z, to meet and terminate in the circumference of 
the circle at the point N. Join NL, NG, MKand MG. ProduceME, 
N E, L A and K A to meet and terminate in sides of the rectangles 
FLAK and E N G M, at the points c, d, g, and /. From F A cut 
off apart PA, making PA equal to EA + AD, or 7 times AB, 
and join P B. On P B describe the square P B V T. Produce A H 
to R, making H R equal to 3 times AH, or A R equal to 24 times 
A B, and join P R. From the point N draw the straight line N m 
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perpendicular to NM, and from the point M draw a straight line per- 
pendicular to N M to meet L K produced at the point «. From the 
points K and M draw straight lines, K^ and M I, parallel to the 
line A R, and equal to K L and M N, and join p t. 

Now, I must premise, that I have not said in the pamphlet 
" Euclid at FmM" or anywhere else, that the Theorems of Euclid ; 
Prop. 12 : Book 2 : and Prop. 8 : Book 6 : hold good under no cir- 
cumstances. What I have said is, that they are ^' wot of general 
and universal application^ and are, therefore, '^ not true under AIA. 
eircufnstances" and this I have proved. In the enclosed diagram 
we have examples which hold ^ood with regard to both these theo' 
rems. But, the remarkable geometrical figure represented by the 
diagram, not only contains within itself the means of demonstrating 
the value of tt, or the true circumference of a circle of diameter 
unity, but it does more. It enables us to demonstrate the true ratio 
of diameter to circumference in every circle, by means of angles. 

This geometrical figure is a perfect study for Geometers, and it 
would be absurd to suppose that I could exhaust all its properties 
within the limits of a letter of reasonable length. 1 shall, therefore, 
content myself with pointing out a few of its peculiar properties, 
and leave it to future Geometers to pursue the enquiry. Let them 
go to work in any way they please, I defy them to find anything 
inconsistent with the many proofs I have already given you, of the 
true ratio of diameter to circumference in a circle, by practical or 
constructive Geometry. 

Now, the right-angled triangles N ot L, M « K, and PAR 
are similar right-angled triangles, and all similar to the right- 
angled triangle H P T in the diagram in " Euclid at Fault J' and 
are also similar to the right-angled triangles D GH, E D C, F B E, 
FED, and DEO, in Diagrams I., V., IX., X., and XL; that 
is to say, in all these triangles the sides that contain the right angle 
are in the ratio of 7 to 24. The triangle EAD is similar to the 
triangle O B T, in "^ai^/^'ifiT/i^sfi//," and also similar to the trian- 
gles O A H, ABC, F B C, OB D, and C D B, in Diagrams 
I., v., IX., X,, and XL ; that is to say, the sides that contain 
the light angle in all these trngles, are in the ratio of 3 to 
4. But, in the enclosed diagram (Diagram XII.), P A is equal to 
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the sum of E A and A D, and A B is equal to the difference of E A 
and A D, by construction ; and it follows of necessity, that the sum 
of the squares of the three sides of the right-angled triangle E A D 
is equal to the square on P B. Hence : (P A' + A B") = area of the 
square on P B, and is equal to the area of the circles X Y and Z ; 
and (P A' ^ A B^ = area of an inscribed regular dodecagon to the 
circles X Y and Z. These facts bring into play the binomial theory. 
But, E A is the radius of, and common to, the circles X Y and Z, 
and 3g times the area of a square on E A, is equal to the sum of the 
squares of the three sides of the right-angled triangle E A D, or the 
area of a square on P B ; and it follows, that the square P B VT 
and the circles XY and Z, are exactly equal in superficial area. 

Now, E L, E K, A N and A IM are equal, for they are radii of 
the circles XY and Z. But, EAis the radius of, and common 
to, the circles X Y and 2, and it follows of necessity, that the 
parallelograms L N A E and E A M K are similar and equal 
parallelograms. Again ; The line N M, a diameter of the circle Z, 
is a side of, and common to, the parallelograms L N M K and 
in N M n. But, it is self-evident that m N and « IVI are shorter 
lines than L N and K M, for the latter are the hypotheneuses of 
right-angled triangles, of which the former are the perpendiculars ; 
and it follows of necessity, that L N M K and m N M n, arc 
dissimilar paralleograms. Again ; The line K M is a side of, and 
common to, the paralleograms K M N L and K M t p^ and Yip and 
M t are equal to K L and M N, by construction. But, because K/ 
and M t are not parallel to K L and M N, K M N L and K M tp, 
are dissimilar parallelograms, although their perimeters are equal, 
by construction. Again : Because F K is parallel to E M, and F L 
parallel to E N, and the parallelogram E i5 A a common to the 
parallelograms FLAK and E N G M, it follows of necessity, that 
the three parallelograms are similar, and FLAK and ENGM equal. 
THEOREM. 

Find the perimeters of the parallelograms L N M K and 
j« N M «, and prove that they are unequal, and yet, that the paral- 
lelograms are equal in superficial area. 

Let EA, which is a radius of, and common to, the circles XY 
and Z, = I. Then : 
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L K = N M, for they are diameters of the circles X Y and Z, of 
which EA is the radius, and common to both : and L K and N M 
arc parallel to each other ; therefore, L K and N M = 2 {E A) = 
2. But, E A is common to the parallelograms E A N L and 
E A M K ; therefore, L N and K M = i ; therefore, (L K + N M -i- 
L N + K M) = (2 + 2 + I + 1) = 6 = the perimeter of the paratlelo- 
gram L N M K, 

L N = K M = E A = r, and the triangles N wi L and M « K 
are similar right-angled triangles ; but, it is neither axiomatic, nor 
self-evident, that the sides that contain the right angle in these 
triangles are in the ratio of 7 to 24 : and yet, this can readily be 
demonstrated. By hypothesis, let -jV (LN), or, ^^(K M) = l^ = 
■28 = Lw and K«.- and, |i(LN), or, 4i(KM) = ?^' = -96 = 
;«N and «M. Then: (mN' + Lot') = (;; M^ + K»''); that is, 
■28' -1- -96" = (-0784 + ■9216) = I = L N'' and K M'' ; therefore, 
,y I ™ ). = L N and K M, which are equal to E A. Take another 
proof. With II as centre and « K as interval describe a circle. The 
circumference of this circle will cut the line « M at a point, say x. 
Join Kx. (I have not made this addition, to avoid confusion in the 
diagram). Then: (Kn^ + ux^) = -23= + ■28" = (-0784 + '0784) = 
■1568= K.r': and, {n'M. — nx) = {-^6— -28) = -68 =:i-M; there- 
fore, '63' = -4624 = ^M". But, K«M is a right-angled triangle, 
and KxlA, a part of it, an oblique-angled triangle ; and by Euclid': 
Prop. 12 : Bookz : Ka-" -i- j,-M^ + 2 [j^ M x *■«,) = KM" ; that is, 
■1568 -i- -4624 + 2 (-68 !< ■28) = KM^: or, (-1568 -^ -4624 + -3808) = 
I = K M^ ; therefore, JY^ = i = K M. Now, ot « = N M, and 
jw N = «M, for they are opposite sides of the parallelogram »iNM«, 
and N M is a diameter of the circle Z = 2, and « M = -96 ; there- 
fore, (NM + 7«n + wN -I- «M) = (2 + 3 + -96 + '96) = 5'92 = the 
perimeter of the parallelogram mNMrn. Therefore, the perimeters 
of the parallelograms L N M K and ot N M m are unequal. Q.E.D. 

Again ; M « E is a right-angled triangle, and M K E a part of it, 
is an oblique-angled triangle : and by Euclid : Prop, 12 : Book 2 : 
{M K' + KE"-t-2(KE X Kre)} = EM'; that is, {i' -i- i' -I- 2(1 
x-28)}EM'; or, (I* + i" + '56) = 2-56 ^ E M=; therefore, s/s'S'S 
= 1-6= E M, But, E M is bisected by K A, for they are the 
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diagonals of the parallelogram EAMK; therefore, — - = -■ = 
■S - E a; and E « A is a right-angled triangle ; therefore (E A' — 
E (z') = i' — -8') = (i — '64) = -36 = a A= ; therefore, ^/-35" = '6 = 
ah, and the sides that contain the right angle are in the ratio of 3 
104. But, the similar and equal parallelograms EAMK and EANL 
are each divided into four right-angled triangles, similar and equal to 
the triangle E;i A,and it is self-evident that the parallelograms EAMK 
and EANL together make up the parallelogram L N M K. Hence : 
4(Eo 1 aA) = (NM v. M re), that is, 4 (-8 x '6)= (3 x '96) or, (4 ^ 
■48) = (2 X -96) = I '92: and it foUows, that fhe parallelograms 
L N M K and ?« N M « are equal in superficial area. Q.E.D. 
THEOREM. 
Prove that the perimeters of the parallelograms L N M K and 
KM tp are equal, and yet, that they are not equal in superficial area. 

Because K^ and M t are equal to K L and M N, and K M common 
to the parallelograms KMN Land KM //, by construction; the peri- 
meters of the parallelograms are equal. Now, I have proved that the 
area of the parallelogram KMNLi=i'92: when E A = I : but, 
(KM X M if)= (1 X 2) = 2 = area of the parallelogram KM//.- 
and it follows, that the parallelograms K M N L and KM/ ^ are 
not equal in superficial area, although their perimeters are equal 
Q.E.D. 

These are some of the e^ec\.s ^ra&ac^A'by '^ difference 0/ direc- 
tion" and " quantity of turning" in constructive geometry. In the 
search after ir, — on what is called the exhaustive theory — by means 
of polygons, there is " difference 0/ direction" B.nd a " quantify of 
turning" involved at every doubling of the sides of the polygons ; 
and we are beset with incommensurables at every step, whether we 
make an inscribed square, or an inscribed equilateral triangle, 
to a circle of radius i, the " initial position" or starting point. 
Mathematicians not observing these facts, or, if observing them, 
failing to see the consequences, are led into the absurd fallacy, that 
they arrive at a close approximation to the true circumference of a 
circle of diameter unity, by their methods of computation. 

Now, referring to the enclosed diagram (Diagram XII.), the 
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triangle E A D is a right-angled triangle, and the sides E A and 
A D, which contain the right angle, are in the ratio of 4 to 3, by 
construction. But, A a is a straight line, drawn from the right 
angle A perpendicular to the opposite side E D. And, it will be 
observed, that the line A a produced, that is, the line A K, passes 
through the point of intersection between the line E D and the cir- 
cumference of the circle YZ. Hence: the triangles EA«andAirD on 
each side of A a, are similar to the whole triangle E AD, and to each 
Other, But, the triangles EAD, FK A, and EM G are similar right- 
angled triangles ; and it follows, that if, in the triangle F K A, a 
straight line be drawn from the right angle K, perpendicular to the 
opposite side FA, the triangles on each side of this line will be 
similar to the whole triangle F K A, and to each other. And 
similarly with regard to the right-angled triangle E M G. But, it 
will be observed, that if straigtit lines be drawn from the angles K 
and M, in the triangles F K A and E M G, perpendicular to the 
opposite sides F A and E G, these lines will be parallel to A B, and 
perpendicular to A C, the generating lines of the diagram. Nowi 
K F L and N G M are similar right-angled triangles, and similar to 
the right-angled triangle EAD; but, if straight lines be drawn 
from the right angles F and G, perpendicular to the opposite sides 
L K and N M, these lines will be neither perpendicular nor parallel 
to A B and A C, the generating lines of the diagram. 

Now, it may be admitted, that the diagonal of a square is in- 
commensurable with the sides ; and from this admitted fact, Mathe- 
maticians argue that there is nothing irrational in supposing the 
circumference of a circle to be incommensurable with the diameter. 
How many times have such questions as the following been put to 
me? Is not the diagonal of a square incommensurable with its 
sides ? Why, then, should it be thought irrational that the circum- 
ference of a circle is incommensurable with its diameter ? The 

Mr. R referred to in the early part of my pamphlet " Euclid at 

Fault" — and he is a " recognised Mathematician''' — in one of his 
communications said; — ^' There is nothing irrational a prwrt in the 
admission that x may be indeterminate j the irrationality is in 
capriciously or arbitrarily fixing its nature before WE FIND IT;" 
and in another communication he observed:—" Unless first prin- 
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ctples are "well established— proved beyoiid guestiou, if not axiomatic 
or self-evident — no discussion can be worth anything, or possess the 
least interest, to sincere and intelligent men. I am perfectly sure 
that Mr. Smith will admit, that if ir cannot be shewn to be a deter- 
minate quantity, and shewn by a priori reasoning; that is, without 
reference to its arithmetical value— that process of reasoning by 
which he some time ago said he arrived at his conviction thai 
jT = 3^ cannot be valid. That x is determinate is, I say, a first 
principle in that process. Now, I again question the truth of that 
principle — or rather, proposition. As frequently I have said, il is 
not self-evident; and I knom of no way in which it can be proved 
a priori. Surely it cannot be proved by practical geometry, or by 
calculations. It must be established by some kiitd of a priori and 
abstract reasoning: because it is brought in by Mr. Smith to find 
the arithmetical value of v. Now, I humbly submit that all Mr. 
Smith can say is away from the point, until he meet this claim I 
again make, namely, that he show how we must believe tt to be a 

determinate quantity."* Mr. R '^ ideas are very prettily expressed ; 

but, do they not amount to this, that the arithmetical value of jt 
must be discovered, without reference to that " indispensable instru- 
ment of science, Arithmetic," upon which all Mathematics are 
founded ? It is essential that I should expose the fallacy and 
ab I'ty f h I'k g if reasoning it can be called. 

W h p d with reference to the enclosed dia- 

m h h EA h of the circles XY and Z, = i, the 

hpal gmLNMKandwiNM«= rga ; and, 

h p allelogram K M ^^ = 2 : and, by 

n g p p n 9 : : 3 : 3"i2S- l^"fi ^ ^^''^ ^^^° 

p d h h E A the perimeters of the parallelo- 

m K M N L nd K I^ ^ = 6 ; and it is admitted by 
^ h m n 6 EA = (6 x i) = 6 = the perimeter 

a g d o the circles XY and Z : and, by 

ana y p p 9 : 6 : 6-2$. But, 6 (radius y- semi- 

ad a a gu cribed dodecagon to every circle ; 

• I would ask the reader to mark the contrast between Mr. R— 's 
veasoniiig, and the assertion of the Rev. Professor Whitworth, in his original 
o Mr. James Smith, 
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therefore, 6 ^E A >; -, - 1 = 6 (i x '5} --= 3 -- area of an inscribed 
regular dodecagon to the circles X Y and Z, when E A the radius of 
the circles -= 'i ; and, by analogy or proportion, 6 : 6-3S : : 3 : 3'I25, 
and is similar to the analogy, 1-93 : 2 ; : 3 : 3-125, Now, if the 
THEORY that 8 circumferences of a circle = 25 diameters — which 
makes sj = 3'i3S ^^^ arithmetical value of jt — be a sound theory, 
it follows of necessity, that the area of the parallelogram L N M K 
or OT N M « .- the area of the parallelogram K M /jft : : the area of 
a regular inscribed dodecagon to the circles X Y and Z ; the area of 
the circles XY and Z. 

The diagonal of a square of which the sides ^= i is v^' This 
determinate arithmetical expression has always been a "delu-^ion 
and It sjiare'" to Mathematicians, and is continually being employed 
by them after a certain fashion, to prove— as they fancy— that the 
circumference and area of a circle are incommensurable with the 
diameter. A living authority on the " Quadrature of the Circle" 
{Mr. J. R. Young), observes :—" The Jn'odiem ^ Squaking THE 
CIRCLE, as a is popularly called, has a ttaqfald meanings 
namely, the geometrical quadrature, and the numek i CAL quadra- 
ture''' He proves, by a sound process of reasoning, that a square 
equivalent to a given circle exists, and then says: — "7/ is plain, 
the7-e/ore, that there is nothing visionary or absurd in the search 
after this square, as if it were a thing that had no existence j 
although some very able Geometers have, strangely enough, con- 
demned the enquity en these grounds. The only sound reasons for 
abandoning the investigation are these ttao, namely— first, that the 
problem has been earnestly and laboriously attempted, by the pro- 
foundest Geometers, for thousands cf years, and they have been 
obliged to abandon it in despairj and secondly, that the successful 
solution of it would be of no theoretical or practical value if fur- 
nished. As far as utility is concerned, the other form of the problem 
of the quadrature of the circle is by far the more important; that is, 
to discover the numerical measure of the surface of a circle from the 
measured length of its diameter being given. £ut, under this aspect 
of it, the accurate solution of the problem is really impracticable ; 
it can be proved to be so. It is just as impracticable as it is to 
assign accurately the square root of 2 ; and, in fact, this square root 
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does repeatedly enter into the approximative numerical processV 
Suet are the publicly recorded opinions of Mr. J. Radford Young 

on the QUADEATUEE OF THE CIRCLE. 

Now, referring to the enclosed diagram (Diagram XII.), 
let E A, the radius of, and common to, the circles X Y and Z = tji. 
Then : K M = E A, and K M is a side of, and common to, the paral- 
lelograms KMNL and KM^^,- therefore, KM = ^^■. and 
since 6 [radius x semi-radius) = area of an inscribed regular dode- 
cagon to every circle, it follows of necessity, thai 6 [KM X --W 

6{^/^x ^)=6(^/2 K ^/•^=6(^/2T'^) = 6 ( VO = 6 = 
area of an inscribed regular dodecagon to the circles X Y and Z. 
And, by analogy or proportion, 6 : 6'2S ; : 3 : 3'12S ; and is similar 
to the analogy 3 : 3'i2S : : i"92 ; 2 : and again demonstrates, that 
the area of the parallelogram L N M K or th N M «, is to the area 
of the rectangular parallelogram K M tp, as the area of a regular 
dodecagon to the area of its circumscribing circle. 

Again : 2 it [radius) = circumference in every circle ; and, 
(circumference x semi-radius) — area in every circle. Now, 
2 TT (EA) = 6-25 ( ^/2) = Jb-it"-^ =■ V39"o6i5~x"3 = JjWizs 
=the circumference of the circles XY and Z ; and, ^(E A) = \ {^2) 
= J^S = semi-radius of the circles ; therefore, ( J7?>-12S x J'^) = 
fJyZ-J2S X -5) = ii/39-o625 = 6-25 = area of the circles 
XYandZ. 

Again ; the triangle E A D is a right-angled triangle, of which 
the sides that contain the right angle are in the ratio of 3 to 4, by 
construction. Now, when the side E A = V2, then, |(EA) = |[ 1/2) 

= V^' "" ^ ^ V fe =* = = ^'S^^^S ^ ^ = ^/^2^= the 

side AD, and, S(EA) = 5(^2) = ^ ^\ x 2= ^/f^''^ ^ 

= Vi'S62S X 2 = ^3-125 = the side E D ; therefore, (EA^ + 
AD" + ED*) =3'i2S (EA"), that is, (2 + 1-125 + 3-135) = (3'I25 
X 2) = 6-25 : and this equatioa or identity = area of the circles 
X Y and Z, when the radius of the circle = s/i. 
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You have told mi that my reasoning is " illogical and unsound;'' 
but 1 may now itViyou, that the foregoing facts establish the truth of 
THEORY, that 8 circumferences = 2S diameters in every circle, 
making V° = 3'izSf ^^ '^■'"e arithmetical value of the circumference 
of a circle of diameter unity; and .^l^ - ^ the true expression of the 
ratio between the diameter and circumference in every circle. To 
controvert this theory, you must demonstrate the following things to 
be untrue, and, by doing so, you will prove that I can set up no 
claim to be s.''' reasoning geometrical investigator;" and this you 
have brought yourself under an obligation to do, as " a geniUman," 
a " man of honour," a " Christian minister," and a fair coatro 
versialist. 

First r (E A' + A D^ + E D") = (P A' + A B'), and this equa- 
tion or identity is equal to the area of the square on P B, and it 
foEows of necessity, that the square F B V T and the circles X Y and 
2 are exactly equal in superficial area. 

Second : The sum of the squares of the three sides of the right- 
angled triangle KF L or N G M is equal to four times the area of the 
rectangle K M tp. It is self-evident that the triangles K F L and 
N G M arc equal to half the rectangles F L A K and E N G M. 

Third: The sum of the areas of the right-angled triangles 
K F L and N G M is equal to the sum of the areas of the parallelo- 
grams LNMKand wNMrey and it follows, that the rectangles 
FLAK and E N G M, and the parallelograms L N M K and 
fn'UM.n, are equal in superficial area, But, the sum of the squares 
of three sides of the right-angled triangles K F L and N G M are 
equal to 3|. times the area of a square on the longer of the sides that 
contain the right angle, and = 8 when E A the radius of the circles 
X Y and Z = i. But, tt (r') = area in every circle, and it follows, that 

. / — = radius in every circle. Now, / -:^r~ = n/s'sS = r6 
= the longer of the sides that contain the right angle, in the 
triangles KFL and NGM; and, f (r6) = ^-^^ = rz = the 
shorter of the sides that contain the right angle ; and it follows, 
that (i-6 X i'2) = 1-92 = area of the parallelograms FLAK and 
E N G M, and is equal to the area of the parallelograms L N M K 
and w N M K, when E A the radius of the circles X Y aad Z == i. 



Hosted by 



Google 



326 

Fourth; The area of the irregular hexagon FLNGMKis equal 
to the sum of the areas of the parallelograms LNM K and mNMft. 

Fifth; The triangles NmL, N«K, and PAR are similar 
right-angled triangles, and the longer of the sides that contain the 
right angle, is to the hypothenuse, as the perimeter of a regular 
hexagon to the circumference of its circumscribing circle. 

Sixth : P R, the hypothenuse of the right-angled triangle, 
PAR, is exactly equal to the circumference of the circles X Y and 
Z : and D R, the base of the triangle, is exactly equal to the peri- 
meter of a regular inscribed hexagon to the circles XY and Z 

Now, when E A, the radius of the circles X Y and Z, = i, A B, 
the base of the right-angled triangle P A B, =^ — = J = "25 ; and, 
7 (AB) = {7 X -25) =- 175 = PA; therefore, (PA' + AB °) ^ 
(175^ + ■25') (3-062; + '0625) = 3-125 = P B- ; therefore, Jyi2S 
= 1767766 ... = P B. Will you dare to tell me that -25 is not the 
Sine of the angle A P B when E A the radius of the circles 
XY and Z = I ? Well, tlien, ^ — ^^^gg = -1414214 is the 
trigonometrical Sine of the angle AP B : and, ^ = 1 -767766 "^ 
■9899500 is the trigonometrical 'Cosine of the angle APB. It is 
self-evident that we may make the natural or geometrical sine 
and cosine anything we please : and it will be a varying quan- 
tity according to the arithmetical value we may put upon EA, 
the radius of the circles X Y and 2. If we make E A = 4, 
then, PA ^ 7, and AB = i, and in this case the natural or 
geometrical sine of the ar ' " If we compute the 

trigonometrical sine and cosi P B by these values 

of P A and A B, we find nee in their values, 

making the former -141421; 9899494, But these 

differences cannot " -upset " trigonometrical sine 

of the angle A P B = »/ 02, ■ be demonstrated by 

extending the number of decimals. Will you dare to tell me that 
the trigonometrical sine of similar angles can be a varying quantity 
under any circumstances f Well, then, '1414214 is the trigonome- 
trical sine of the angle A P B as near as it can be ascertained to 
7 places of decimals. The Logarithm corresponding to the natural 
number -1414214 is 9'i5o5i5i, and this is the trigonometrical Log- 
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sine of the angle A P B. The Logarithm corresponding to the 
natural number -9899500 is 9'99S6i33, and this is the trigonometri- 
cal Log-cosine of the angle A P B. 

Now, let P B the side subtending the right angle in the triangle 

P A B be any length, or, in other words, be represented by any finite 

arithmetical quantity, say 666 ; and be given to find the length of 

the sides P A and A B, and prove that they arc in the ratio of 7 to r. 

Then: 

As Sin. of angle A= Sin. of 90°., 



Log : 

the given side P B = 665 Log. 

mgle APB = Sin. of 8' S' Log, 



r8234742 
(■1505 IS I 



the required side AB i 

= 666 « 'i4i42i4 = 94'i866S24 Log. 



■9739893 



As Sin. of angle A = Sin. of 90"? Log. lo'oo 

: the given side P B = 666 Log. 2'S234742 

; :Sin. of angle PBA= Sin. 8i° 52' Log. 9'995^r33 

i3'8i9o87S 
; the required side P A lo'ooooooo 

= 666 >c ■9899500 = 659-3067 Log. 2'Si9o87S 

Now, 7 (94-1866524) = 6S9'3o65668, and is slightly less than the 
computed length of P A = 659'3o67. These slight differences arise 
from the fact that P A B is an incommensurable right-angled triangle. 
Hence r The computed value of the length of A B is slightly less 
than its true value : and the computed value of the length of PA 
rather greater than its true value. 

If we make the computations by Hutton's Tables. 
Then: 
As Sin, of angle A = Sin 

; the given side P B = 666 Log, 

: : Sin. ofangle APB=Sin, of8'8' Log, 

: the required side A B. 
= 94-224 nearly, 
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As Sin. of angle A = Sin. 90° 

: the given side P B = 666 

: : Sin. of angle P B A = Sin. 81° 52',.. 



■8234742 
■995(5o9S 



the required side PA 

= 659-3 nearly Log. 



190837 



Now, 7 (94-224) = 6s9's68. This would make the side P A less 
than 7 times the length of the side A B, which is absurd. But 
further : What are called the natural sine and natural cosine of the 
angle A P B are given by Hutton as -1+14772 and ■9899415. Now, 
666(T4i4772) = 94-23383i52: and 666(-98994i5) = 659'30IO39: and 
again, on this shewing, Hutton makes the side PA less than 7 times 
the length of the side A B, which is absurd. Will you dare to tell me, 
that what are called the natural sines and cosines in mathematical 
tables, are not treated, and reasoned upon, by Mathematicians, as 
the trigonometrical sines and cosines of angles ? With very few 
exceptions, the natural sines and cosines of angles, are very different 
from the trigonometrical sines and cosines. 

The triangle P A R is a commensurable right-angled triangle, 
and the sides P A and A R which contain the right angle are in the 
ratio 7 to 24, by construction, The angle PR A is equal to twice 
the angle A P B in the triangle P A B. It can hardly be necessary 
for me to shew the author of "Choice and Chance," a "■recog- 
nised Matkematicianl' how to convince himself of this fact. 

Well, then, let P R the side subtending the right angle in the 
triangle P A R be 666 miles in length, and be given to find the 
lengths of the sides P A and A R which contain the right angle, and 
prove that they arc in the ratio of 7 to 24. 

Now, let E A, which is the radius of, and common to, the circles 
X Y and Z ~ the mystic number 4. Then r (E A + A D) = {4 -i- 3) 
= 7 = PA; (EA — AD)=(4 — 3) = r = AB: 24(AB) = (34x 
l)=24 = AR; therefore, (PA' + AR^ = (7^ + 24') = (49 + 576) 
= 625 = P R= ; therefore, V625 = 2; = P R, the side subtending 
the right angle, in the triangle PAR. Then ; ?-^ = -^ =• '28 
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and, 5^ = -3 : 



is the trigonometrical sine of the angle P R 
■96 is the trigonometrical cosine of the angle P R A. The Logarithm 
corresponding to the natural number -28 is 9447 1 580 : and the 
Logarithm corresponding to the natural number '96 is 9'98327i2 ; 
and these are the trigonometrical Log-sin. and Log-cosine of the 
angle PR A. 

Then: 

As Sin. of angle A = Sin, 90° Log. 1 

: the given side P R = 666 miles Log, 

:;Sin. ofanglePRA = Sin. 16° 16' Log. 



■8334742 
■4471580 



the required side PA 

= 666 X -28= 186-48 miles Log, 



As Sin. of angle A = Sin. 90° Log, lo-ooooooD 

: the given side P R = 666 miles Log. 28234743 

; ;SinofangIeRPA = Sin, 73=44' Log, 99822 712 

i3'8o574S4 

lO'OOOOOOO 



the required side A R 

= 666 X -96 = 639'36 miles,,. 



Hence, by analogy or proportion : 
P A : AR : : 7 ; 24 ; that is, 186-48 : 632-36 : ; 7 : 24. 
P A : P R : : 7 : 2S i that is, 186-48 : 666 : : 7 : 25. 
And, A R : P R : : 24 : 25 i that is, 639-36 : 666 : : 24 : 25. 

And it follows of necessity, that (-28' + -96') = (-0784 + -9215) 
= I = unity ; and meets the requirement of the trigonometrical 
axiom, Sin." + Cos." = unity, in. every right-angled triangle: and, 
(PA" -1- A R')^ (186-48'+ 639-36*) = (347747904 + 4o878r2096) = 
443556 = P R" ; therefore, >JuisW= ^^^ = P R. 
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If we make the computations by Hutton's Tables^ 
Then: 

As Sin of angle A = Sin. 90° Log'. 

; the given side P R = 666 miles Log. 28234742 

; Sin, of angle P R A = Sin. 16° 16' Log. 9'447325g 

1 2'2 708001 

: the required side PA i 

= iE6'55 nearly Log. 

As Sin. of angle A = Sin. 90° Log. i 

: the given side P R = 666 miles Log. 2-8234742 

: Sin: of Angle RP A = Sin. 73° 44' Log. 9-9825506 



: the required side AR 

E= 63977 nearly Log. 

But, by analogy or proportion, 7 : 24 : : 186-55 ■ 639-46, &c. 
Thus, by the computations made from Hutton's Tables, the known 
and indisputable ratios of side to side, by construction, in the com- 
mensurable right-angled triangle PAR, are destroyed. 

Well, then, the following is the irrefragable conclusion: The 
acute angle A P B in. the right-angled triangle P A B, is an angle of 
8° 8'. Hence: the angle PB A is an angle of 81° 53': the angle 
P B R is an angle of 98' 8' : fae angle A P R is aa angle of 73° 44' : 
the angle P R A is an angle of 16° 16' ; the angle P A R is a right 
angle = 90" ; and, the sum of these angles is equal to 4 right angles. 
This is in perfect harmony with the theory that S circumferences 
= 25 diameters in every circle, making \' = 3'I25, the true arith- 
metical value of the circumference of a circle of diameter unity, and 
-~ — ■ the true expression of the ratio between the diameter and cir- 
cumference in every circle. 

Now, Sir, unless you prove that my data is unsound, my argu- 
ments fallacious, and my reasoning illogical ; and so, vitiate my 
conclusions, and prove them absurd ; the inference will be, that I have 
" brought down two birds at one shot" a " recognised Mathema- 
tician" and a " recognised" computer ctf Mathematical Tables. 
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1 may, or may not, have to trouble you with another c 
cation ; at any rate, it will not be for some time. My next literary 
and scientific labour, will take the form of a printed Leiter to Pro- 
fessor Stokes, the Mathematical President elect of " The British 
Association for the Advancement of Science^'* 

Faithfully yours, 
The Rev. Professor Whitwoeth, James Smith. 



Euclid's Elements of Plane Geometry, by W. D. 
Cooley, A, B., is a well known modem text-book for 
teaching the rudiments of Geometry, and has been highly 
commended by our leading Scientific Journals. In his 
Appendix to the fifth and sixth booksj Mr. Cooley ob- 
serves : — " The same proposition (Prop. 13 ,■ Book 6) which 
enables us to find a mean proportional between two given 
lines, will also enable us to find a mean proportional between 
the first and second, and between the second and third; and 
thus to interpolate mean proportionals between the terms to 
any extent. But to find two m.ean proportionals, or A and 
B being given to find x and y, so that A : x : : y : B is a 
problem- beyond the reach of Plane Geometry." 

With reference to this quotation, the Rev. Professor 
Whitworth makes some extraordinary statements in his 
Letter of Dec. 2, igSg. {See page 52). In a Letter not 
addressed to him at all, but of which I gave him a copy 
in my communication of the 30th Nov., I have referred 
to this quotation. (See page 47.^ The Professor first 
says; — " If your inverted commas mark a true quotation 
from Mr. Cooley's work, of course he must be quite wrong :" 
and immediately adds: — " The problem (as you propose it) 

* The Reverend Professor Whitworth returned no more of my Letters, 
after that of the l8th January, 186S, 
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is not beyond the scope of pure Geometry, hut is 'indeter- 
minate;' that is, it admits of an infinite number of solu- 
■ iions." I did not quote from memory, as Professor Whit- 
worth supposes, and there is no lapsus -in my quotation, 
and it follows, that Professor Whitworth is absurdly in- 
consistent. I might refer to other absurdities in his com- 
munication of Dec. 2, i86S, but any reflective reader of 
that Letter will discover them without my assistance. 

There are many ways oi solving the problem, which 
Mr. Cooley asserts is beyond the reach of Plane Geome- 
try, but my book is already big enough, and I shall con- 
tent myself with directing your attention to one very 
remarkable solution. 

CONSTRUCTION OF DIAGRAM XIII. 

From a point A draw a straight line A C, and pro- 
duce it to O, making C O equal to A C. With O as centre 
and O A as interval, describe the circle. Produce A O to 
meet and terminate in the circumference of the circle at 
the point B. From A B, which is obviously a diameter of 
the circle, cut off a part Aj/, making Ay equal to |^ {A B). 
From the point j' draw a straight line perpendicular to AB 
to meet and terminate in the circumference of the circle 
at the point D, and join D A and D B, and thus construct 
the right-angled triangle A D B. From Ay cut off a part 
A E, making A E equal to f^ (A y), and join D E ; 
or, bisect O B at E, and join D E ; and so construct 
the right-angled triangle D y E. From A O cut off" 
a part A F, making A F equal to -f (A 0), and from 
A F cut off" a part A.x, making Ax equal to 4 (A F). 
From the points O, F, and C, draw straight lines per- 
pendicular to AB, to meet and terminate in the line D A, 
the hypothenuse of the right-triangle AHy, at the points 
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G, H, and M. Produce O G to meet and terminate in 
the circumference of the circle at the point L. From LO 
cut off a part, N O, mailing N O equal to | (O A), and 
Join N A. 

Let A denote the length of the line A C : ^ denote 
the length of the line Kx: y denote the length of the 
line Ky : and E denote the length of the line A B. Then : 
A : « :: 7 : B, and solves the problem, which, according to 
Mr. Cooley, " is beyond the reach of Plane Geometry ;" but, 
which, according to the Reverend Professor Whitworth, 
"admits of an infinite number of solutions." This learned 
Professor and " recognised Mathematician^' is quite right ; 
but, can you. Sir, tell me what he means by the " indeter- 
minate " solution of a problem ? Do you think he can 
give a determinate solution of Mr. Cooley's problem ? 

Let O denote the radius of the circle ; and, by 
hypothesis, let A, which denotes the length of the 
line A C a semi-radius of the circle, by construction, 
= 4. Then ; By computation, x = ^-I2:y = I2'g : and 
B = 16: therefore, A \ x -.-.y -.B; that is, 4 : 5-12 : : 12-5 
: 16. The product of the means is equal to the product 
of the extremes; that is, {x x y) = {h. x B) ; or, (5-12 
X I2'5) = (4 X 16) ■= 64 ; and it follows, that J x y. y 
= s/A X B, and that this equation or identity = 
O ; that is to say, is equal to the radius of the circle : and 
we necessarily arrive at this result whatever arithmetical 
value we may put upon A Hence : It is not a pro- 
blem beyond the reach of Plane Geometry, to find two 
mean proportionals, when A and B are given to find x and 
y, so that A : x : :y ; B. 

In this example, A B is the diameter of a circle of 
which A C is the semi-radius. Hence : When A and B are 
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given, making B equa! to 4 times A, the solution of Mr, 
Cooley's problem is extremely simple. 

By Euclid; Prop. 2: Book 2: the sum of the areas 
of the rectangles A B ■ A C and A B ■ C B = A B' ; and 
is equal to the area of a circumscribing square to the 
circle. But, (A B X A C) = (0 A X B), and this 
equation or identity, is equal to the area of a square on 
the radius of the circle ; and it is axiomatic, if not self- 
evident, that by no other division of the line A B into 
two parts, A C and C B, but that which makes A C to 
C B in the ratio of i to 4, can we get this equation or 
identity. 

By Euclid ; Prop. 3 1 : Book 3 : A D B is a right- 
angled triangle ; and, by computation, the length of the 
line A E :^ 12 ; the length of the line E7 = '5 ; and the 
length of the line jB — 3'5 ; when the radius of the circle 
= S. By Euclid : Prop. 35 ; Book 3 ; and Prop. 8 : 
Book 6: (A^ x j/ B) — D_y* ; that is, (12-5 X 3-5) = 
43'75 = D_y' ; therefore, D/ = ^4375 '■ ^^^d by analogy 
or proportion. Ay : Dj/ : : D_y ; ^ B ; that is, I2'5 : 
V437S : : ^/437Sj_3_-SJ o r, s/12 ^ = n/437 5" = : v/43 75 = 
73^ ; that is, ^IS^'SS : V437S : : ^^4375 ■ ^I2'2g. By 
Euclid : Prop. 8 ; Book 6 : and Prop. 13 : Book 6: Dj/A 
and D _;cB are similar right-angled triangles, and similar to 
the whole triangle A D B ; therefore, by Euclid ; Prop. 
47: Book i: (Dji/' + Ajv=) = (V437?^+ I3'S') = 
(4375 + IS6'2S) = 200 = AD"; therefore, AD = 
^/2o5: D/' -I- fB' = (s/4"37S'' + 3'S=) = (4375 + 
12-25) = 56 = D B= ; therefore, D B - V56. But, (AD' 
-f D B^) = ( V2to"= + VS6^) - 7 (200 -I- 56) - ^256 
— i6 = AB : and it follows of necessity, that (AD' — 
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A/') = (D B= — _yB), and this equation or identity — 
Dj/' : that is, (200 — 156-25) — (56 — 1225) — 4375 ; 
and again proves that Dj/ = ^/4375. Hence: the area 
of a square on A D = 200. 

D/ A is a right-angled triangle, and D E A a part of 
it, is an oblique-angled triangle ; and by Euclid : Prop. 12 : 
Book 2 : {DE' 4- EA= + 2 (E A X Ejc)} =■ AD'. 
Proof : D / E is a right-angled triangle, and the side 
Dj — V4375, and the side E/ = -5, when the diameter 
of the circle = 16, and makes the side E A, in the ob- 
lique-angled triangle DE A, = 12. Now, (Dj/' ■+- Ej'} 
= ( ^/437r + -5') = (4375 + -25) = 44 ~ D E' ; and 
it follows, that {D E'' -1- E A= 4- 2 (E A X Ejj-) } = area 
of a square on A D ; that is, {44 + 144 -t- 2 (12 -t- '5}} 
= (44 -i- 144 -t- 12) = 200. Thus, "on all shewings" 
the area of a square on A D = 200. 

Now, A is the radius of the circle, by construction : 
and TT (r") = area in every circle ; and I have demon- 
strated that the area of a square on A D = 200, when 
OA = 8. By hypothesis, let it — 3-141592. Then: 
7r{0A'') =:7r(8=) = (3'i4i592 X 64) = 2oro6i888. = 
area of the circle, on the hypothesis that tt = 3'i4iS92. 
But, -"^^ f J"'^'" — area of a circumscribing square to the 
circle, whatever be the value of tt ; therefore, - — r^^— " 
'°'g'^^ = 256, and is equal to the area of a circum- 
scribing square to the circle. Will you. Sir, or will any 
other " recognised Mathematician" venture to tell me, that 
this proves the arithmetical value of tt to be 3-141592.' 
It proves that the area of a circumscribing square to a 
circle, is equal to 4 times the area of a square on the 
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radius of the circle, and any other hypothetical value of tt 
will produce this result ; but as to the value of tt, if it 
prove anything, it proves the absurdity of the orthodox 
notion, that w is an indeterminate arithmetical quantity. 
It certainly shivers to atoms, the absurd definition of 
the terms "finite and determinate," given by that " recog- 
nised Mathematician" the Reverend Professor Whitworth. 

But further: (O A x A C) = 8 X 4 = 32: and, 
0AxAB=8X 16= 128. Hence: the mean pro- 
portional between (O A X A C) and (O A x A B) - 
V32 X "128 — j^^6 = 64. = area of a square on the 
radius of the circle: and 3^ (OA') = 200 — area of a 
square on AD, the hypothenuse of the right-angled 
triangle DyA ; and it follows, that the area of a square 
on A D =^ area of the circle. 

Now, Sir, it is conceivable, you might assert that this 
is not a proof /^r se that the true arithmetical value of tt 
is 3i^ ; and I shall now proceed to give you a proof, that 
" no reasoning geometrical investigator" would think of 
disputing ; and which no Mathematician can controvert. 

N O A is a right-angled triangle, and the sides N O 
and A, which contain the right angle, are in the ratio 
of 3 to 4, by construction. Hence : When O A, the 
radius of the circle, = 8, then, | (s) = ^-^ — 6 = the 
side NO; and % (8) = -^--^ = 10 = the side N A ; 
therefore, (N O' -F O A^ + NA^) = 31 (O A') ; that 
is, (6^ -I- 8= + 10') ^- i\ (8=) ; or, (36 -)- 64 + lOO) = 
{3'i25 X 64) ; and this equation or identity =; 200. But, 
I have demonstrated that the area of a square on A D, 
the hypothenuse of the right-angled triangle Djf A, = 
2CO, when A =^ 8 ; and it follows of necessity, that the 
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sum of the squares of the three sides of the triangle 
N O A, is equal to the area of a square on A D, whatever 
arithmetical value we may put upon the radius of the 
circle. Now, ?LOi±||L±^A, = _g^ . 356 = area 

of a circumscribing square to the circle ; and fixes g 
= 3"i25 as the true arithmetical value of tt, and estab- 
lishes the truth of the THEORY, that 8 circumferences = 
2$ diameters in every circle. Q. E. D. 

If Professor de Morgan attempt to controvert this 
conclusion, where will he be ? To quote his own words, 
I may answer : — " Overhead, in a cloud, on one stick laid 
across two others, under a nimbus of 3'I4IS9265 . . . dia- 
meters to the circumference" But, he certainly will not be 
in "t! glory" " Oh for a drawing of this scene!'* 

Now, although i and -J'x are definite expressions, and 
abstractly of equal arithmetical value, their mathematical 
functions are very different indeed. For example: | (i) 
= -6, and ^ (i) = "8 ; therefore, {-e" -f 'S') = ("36 + '64) 
= unity. Hence : "6 to 'g : '6 to i : and ■§ to i, ex- 
press the ratios of side to side in the right-angled triangle 
N O A, whatever arithmetical value we may put upon 
the line DA, the radius of the circle. But, | (Vr) = 
y rp ^ V36 = -6 ; and % (VT) = J^-^ = -Jm ^ 'S- 

Now, (\/-6 -I- v'-s') = {V-6 4- "8) = Vf^, and is greater 
than unity. Or, {J~& -|- J-%^ = ('6 -{■ ■8)= i'4. and 
is greater than unity. But, ( ^'6 x v^'S) — V'^ X '8 ■-= 
V-^8, and is less than unity. It appears to me that Ma- 

" See Athsnsum -. July 29 ; 1865 : Article : A Budget of Paiailoxea, 
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thematicians entirely overlook these plain and simple 
truths, and utterly ignore them, in their application of 
Mathematics to Geometry, 

Let A denote the length of the Une A C : ;t denote the 
length of the line A;i;l O denote the length of the line 
O A ; that is, the length of the radius of the circle ; let/ 
denote the length of the line Ay : and B denote the 
length of the line A B, that is, the length of the diameter 
of the circle, 

I have given you the computed values of x and y, 
when A C = 4, and demonstrated that A : x ■.: y : 'E, 
and on any other value of A C we may make the compu- 
tations, and prove that the solution of Mr, Cooley's 
problem is not beyond the reach of Plane Geometry. It 
is self-evident, that = 8, when A C — 4, and since 
C O = A C, by construction ; it follows, that J x x y, 
— v'X"x^E,'and both = O. 

Now, Sir, suppose me to say, that I can put another 
value upon A, that is, upon the length of the line A C, 
compute the values of x, 0,y and B, prove that A : x :: 
y.'B: and yet, shew that the mean proportionals J x x y 
and ^/ A X B = O, that is, are equal to the radius of 
the circle. You might say, and apparently with every 
shew of reason, that I am mad : and yet, " tis not more 
strange than true" that this is not an impossibility. If I 
am mad, I am not so far gone, that there is not a method 
in my madness. But, I maintain that I am neither charge- 
able with madness, nor with "ignorance and folly" " but 
speak the tvords of truth and soberness." 

Now for my proofs : — 

Let A=,yi, Then: 2{A) = 2{^2) = J^X2- V4><^ 
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= J8 = O. 2(0) = 2( ^/s) = V2^xl = s/4 X 8 = v'32 
^B. n(B) = IHs/^)= ■v'©X32) = ./G^,x 32) 
= J('6i035is625 X 32) = ^/i9^S3"i2S =7. (At tkis 
point, I may direct your attention to the fact, that 
■6103515625 = (^)' - Q^Y = '78125')- ^{O) = 
^^8) =^ VQ4 X S) = V (g X S) - n/'64"x"8 - 
VS^ — the length of the line A F. ^ (A F) = 
J ( ^/5T2) =: V^~>r S'''i3 = Vy2768 = *■- Therefore, 
^.■.x::y\'^\ that is, ^2 : ^^2768 : : J\^^V^ : 
JZ^. The product of the extremes, is equal to the 
product of the means; that is to say, (^3 x j^SS) — 
( V3'276S X sJW{yi2S): or, J {2 x 32)= V (3^763 
X I953t25). But, this equation or identity = J64 = 
8, and is equal to the radius of the circle, when A C the 
semi-radius = 4. But further : (A x O) = ( s/2 x Js) 
= JUn ~ J'16: and, (B X O) = ( J32 X J8) = 
i«/32 X 8 — -J2$6: and the mean proportional between 
^/i6 and V256 — Ji6x.2'^6— J4.0'^6 = 64; and is equal 
to the area of a square on the radius of the circle, when 
A C the semi-radius = 4, There can be no effect 
without a cause ; and, any honest Mathematician, if 
he be a " reasoning geometrical investigator," will 
readly trace this effect to its true cause. It arises 
from the simple fact, that the double of the square root 
of any finite quantity, is not the square root of twice that 
quantity, but the square root of four times that quantity ; 
and the result I have demonstrated follows of necessity. 

Let that unscrupulous critic. Professor de Morgan, try 
his hand once more, (he has told the scientific world. 
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through the columns of the Atkmamm, that he hopes to 
have " many a bit of sport" with me in the future, as he 
has "had in ike past"') and prove that James Smith, that 
" most amusing of all blunderers" and, most good humoured 
of all thunderers"* has "convicted himself of ignorance 
and folly, with an honesty and candour, worthy of a better 
value of v." "f 

The diagram XIII. is a perfect study for Geometers. 
To exhaust the properties of this remarkable geometrical 
figure would require something more than a pamphlet ; 
and I shall leave it to other Geometers to pursue the 
enquiry. But, I will direct your attention to one or two 
facts with reference to it, which are deserving of the atten- 
tion of Section A of the " British Association." 

Produce the line G to meet and terminate in the 
circumference of the circle at a point, say N. It is self- 
evident, that G N would be a longer line than G A. Now, 
conceive the line G N to revolve in the direction of A, 
and be arrested in the course of its revolution at the point 
F. It will then have passed along the line O A equal to 
one-fifth part of its length, and O A is the radius of the 
circle. Conceive the line G N to revolve again in the same 
direction, and be arrested at the point x. It will then 
have passed along the line O A a further distance, equal 
to one-fifth part of the length of the line A F. It is obvi- 
ous that we might pursue this operation mathematically, 
ad infinitum : but we could never get to ;sero; that is to 
say, we could never get to the point A, or make G N coin- 
cide geometficallyviith G A. 

Again : From the point A draw a straight line A K 
• See Atkenaum, Nov. 25, 1S65. 
f See Athatisiim, June 24, 1865. 
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parallel to O L and at right angles to A E, and therefore 
tangental to the circle. Conceive the line A K to revolve 
continuously in the direction of D until it arrive at the 
point B. It is self-evident, that if arrested at this point, 
the line A K will coincide with the line A B. Now, we 
may conceive the line A K to be arrested in the course of 
its revolution, at a thousand points in the semi-circle 
A L D B, and straight lines drawn from these points to 
the point B : but, there is no other point but D in the 
semi-circle, from which we can let fall the perpendicular 
Dj>, so that A: X -.-.J -.B. 

Now, there must be a ratio between the sides that con- 
tain the right atiglo in the triangles G O F, H F^ and M C A. 
Would it not be a rational and sensible enquiry for the 
"guiding stars" of Section A of the British Association to 
find these ratios ? If they can find these ratios, it follows, 
that they may find the values of the angles. Other matters 
worth enquiring into with reference to this geometrical 
figure, cannot fail to suggest themselves to you. 

This brings me to the part tliat j/om. Sir, have played 
in the " upward path" of my literary and scientific career. 
You have certainly not beset that path, after the fashion 
of a Whitworth " dragon" 

The British Association held its thirty-second meet- 
ing at Cambridge, in October 1862, and I again freely 
distributed a pamphlet amongst the assembled Members. 
I had made up my mind to read a Paper, if possible ; and 
I thought that at this hot-bed of Mathematics, there 
would surely be found somebody ready and willing to 
have a "passage at armd' with me hy correspondence, 
even if I failed to get a hearing in the Physical Section ; 
but I calculated without my host, and the seed sown on 
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that occasion produced no fruit. I sent a copy of the 
pamphlet to the President elect some time before the 
meeting (and a copy to you at the same time), and wrote 
him a Letter, enclosing the Paper I proposed to read. In 
my Letter I referred to the way I had been insulted at the 
Aberdeen meeting of the Association. The following was 
his reply : — 

CAMBRirCiE, Sept. 26, 1862, 
Sir, 

1 have the honour to acknowledge the receipt of your 
Letter, and printed Letter concerning the quadrature of the circle. 
You arc of course aware that all papers or communications, or 
at least the titles of them, must be submitted to the Secretary of the 
Section in which they are proposed to be read. You are also aware 
that a general rule excludes the subject of your paper, and I am 
sorry to say that there is no probability of this rule being waved 
upon the present occasion. 

If I might venture to offer advice, it would be not to attempt to 
obtain a hearing. In any case, I am sure your request would not 
be received with insult ; but I am sure it would be politely declined. 
The matter, however, properly belongs to the President of the Sec- 
tion in question and to its Secretary, to whom 1 beg to refer you. 
and am, 

Sir, 

Your obedient Servant, 



On receipt of this communication I immediately 
addressed a Letter to you, as the President elect of the 
Physical Section, enclosing copy of the Paper I proposed 
to read. I again wrote you on my arrival at Cambridge 
to attend the meeting, but to neither of my Letters did I 
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ever receive any reply. Such a course of procedure, if 
not insulting, was at least discourteous, and little in har- 
mony with the pohte epistle of Professor Willis, 

On the 31st March last, I addressed the following 
Letter to you ; — 

Sir, 

In the enclosed Diagram {see Diagram III,) the triangles 
O B C, O B P, O C F, O P F, O F R, O Fji', O^ V, and O R V, 
are similar right-angled triangles, and liave the sides that contain 
the right angle in the ratio of 4 to 3, by construction. 

When O K the radius of the circle P = 2, 
Then: 

O B the radius of the circle X = 4. 

O C the radius of the circle V = 5. 

O F the radius of the circle M = 6-25. 

O R the radius of the circle XZ = ;'8i25. 
And the line V, which is the hypothenuse of, and common to, the 
triangles RV and 0/ V = 3-i25s = 9765625. 

THEOREM. 
Prove that the area of the circle X Z, is exactly equal to the sum 
of the squares of the four sides of the quadrilateral jf V R. 

This Theorem can readily be solved ; and as an old Life Member 
of the British Association for the Advancement of Science, I venture 
to put the following question to you as the President elect, and a 
" recognised Malkematician." Is the solution of this Theorem a fit 
and proper subject for a Paper in Section A of the Association ? An 
answer will oblige. 

I am. Sir, 

Yours very respectfully, 

James Smith. 
G. G. Stokes, Esq., F.R.S., D.C.L., &c., 
Cambridge. 
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Now, Sir, you have chosen to treat that Letter with 
silent contempt. With the tone of it I hardly think you 
can find fault. Well, then, it appears to me, that what- 
ever nearly seven years may have done in the way of 
improving your scietitific knowledge, it has done nothing 
towards improving your ^czf/s^i^e of " tke usual courtesies 
of good society." 

In bringing two such important matters under your 
notice, as " Euclid inconsistent with himself," and " Mathe- 
matics, as applied to Geometry by Mathematicians, 'a 
mockery, delusion, and a snare' " I, as a Life Member of 
the British Association, have done my duty; and if you, 
Sir, as its President, do yours, I may hear you announce in 
your Presidential address, at the forthcoming meeting of 
that body, something equivalent to declaring, that J. M. 
Wilson, Esq., the Reverend Professor Whitworth, and 
one— the learned Professor de Morgan — who thinks 
himself a greater Mathematician than either of them, are 
all "nailed by themselves to the barn-door, as the delegates 
of iniscalculated and disorganised failure."* 

Again : Sir, with reference to the diagram enclosed 
in my Letter of the 31st March last (see Diagram III,), I 
beg to direct your attention to the following facts : — 

It is self-evident, that O P F C and Oy V R are simi- 
lar quadrilaterals, and it follows of necessity, that if the 
sum of the squares of the four sides of the quadrilateral 
O P F C is equal to the area of the circle Y, the sum of 
the squares of the four sides of the quadrilateral Ojj' V R is 
equal to the area of the circle X Z. Now, when O K the 
radius of the circle P = 2, then, O C the radius of the 
circle Y =; 5 : I (0 C) = 375 = C F ; and since F is 

• See Alhimnum : July 25, r86S : Article : Oiii- Lihtary Talk. 
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the hypotlienuse of, and common to, the right-angled 
triangles O C F and OFF, it follows, that P = O C, 
and P F - C F. Hence : (O C^ + C F^ + O P ^ + 
PF^) = 3i(0C'). or, 3J(0P'); that is, (S' + 375^ + 
5' + 375') = 3^ (5'). o'-- (25 + i4-o52S + 25 + i4'o635) 
= (3.125 X 25), and this equation or identity — 78-125, 
and is equal to the area of the circle Y. Any " reason- 
ing geometrical investigator" may readily convince him- 
self, that the circle Y and the square m n op standing 
upon it, are exactly equal in superficial area. 
THEOREM. 
Let the area of the circle F be represented by any 
finite arithmetical quantity, say 60. Prove that the sum 
of the squares of the diagonals in the quadrilateral Oji' V R, 
together with four times the square of the line ¥x which 
joins the middle points of the diagonals, is equal to the 
sum of the squares of the four sides of the quadrilateral 
O^VR. 

With you. Sir, it is quite unnecessary for me to work 
out this theorem in detail, and I shall content myself with 
giving you the values of the lines. The diagonal OV = 
,^4577636718757 The diagonal ^ R = -J 421^ ' O F 
= fji^ri. O F is to F;i:in the ratio of 4 to '875, by con- 
struction : therefore, 16 : 765625 : ;iS7-5 : 8"972i679687S; 
and it follows, that the area of a square on the line ¥ x =■ 
Z-972'^^79^^7S- But, OR and Oy = ,7222-96875, and 
j/V and RV = ,yr6479492ig75 ; therefore, (O R' -F 
RV + Of + y\^) = {OV +^R' + 4 (F;r=)} ; that 
is, {292-96875 + 164794921875 + 292-96875 + 
164794921875)^ {457-76367i87S+42i-8754-33-888i7i875}; 
and this equation or identity = 9i5'52734375 = area of 
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the circle X Z. Proof: O R the radius of the circle X Z 
= ^/29^687S, and m (^) — area in every circle ; there- 
fore, TT V(292'96875') = C3'i35 X sga'ges/S) = 
9I5'5273437S = area of the circle X Z. If I am right, in 
my demonstration of this Theorem, tt can be nothing else 
but ^^' = 3'i35 ; and if I am wrong, jj'u;*. Sir, as a " recog- 
nised Mathematician'' can surely prove it. 

I shall now repeat the THEOREM given in my Letter 
of the 3 1 st March last, in a somewhat different form ; and 
then give you the solution of it, and connect it with the 
foregoing Theorem and its solution. 
THEOREM, 

Let the area of the circle P be represented by any 
finite quantity, say 60. Find the values of the sides of 
the quadrilateral O ji V R, and prove that the sum of the 
squares of the four sides, is equal to the area of the 
circle X Z. 

I must premise, that if you. Sir, were to assert that 
the solution of this Theorem is impossible, you would 
simply make an assertion that is untrue ; and if you were 
to admit that you cannot solve this Theorem, you would 
forfeit all claim to the title of " recognised Mathema- 
tician." But, I have no hesitation in saying, that you not 
only knoiu that the solution of the Theorem is not impossi- 
ble, but that you also know how to solve it. If I am 
wrong in this statement, you can prove it. Well, then, if 
you know how, and yet decline to solve the Theorem (you 
will have the opportunity of doing so at Exeter), can you 
be an holiest advocate of scientific truth ? Would you 
not stamp yourself as one of the De Morgan, Whitworth, 
and Wilson school of Scientific morality ? Or, if you ex^ 



Hosted by 



Google 



24? 

amine my solutions of the Theorems I have given you, and 
find them incontrovertible, how can you, if an honest man, 
hesitate to admit, that they demonstrate the truth of 
the THEORY that g circumferences = 25 diameters in 
every circle, and make V = 3'I3S, the true arithmetical 
value of TT ? 

Again: Referring to diagram III., I mayobserve, it is 
self-evident that with O as centre and O V as interval, 
we might describe another circle. Conceive this circle to 
be added to the diagram, and denoted by X Y Z. 

Now, when O K = 2, then, O V = (31)' = 9765625, 
by construction : and tt (O V) = 3^ (9765625*) — (3"i2S)* 
= 398-023323876953125. But, 3^ (OK") = (3-125 X 4) 
= 12-5 : and, ^98-0232.3^6953-5 ^ 23-84185791015625, 
and this is the number of times the area of the circle P is 
contained in the area of the circle X Y Z, when the area 
of the circle P = 60 : therefore, 60 (23-84185791015625) 

— 1430-511474609375 = area, of the circle X YZ. Now, 
since IT if) = area in every circle, it follows of neces- 
sity, that "^^^ = radius in every circle : therefore, 

■J p-5:siVgpls) . J (4S776367'875) - O V the 
radius of the circle X Y Z. But, the aides O R and R V 
which contain the right angle in the triangle O R V, arc 
in the ratio of 3 to 4, and the sides O R and O V in the 
ratio of 4 to 5, by construction ; therefore, 4 (0 V) 

— i ( ■MirfSWisrS) — j 29^-g6g7i — O R : and, 
5 7457783671875) — 7164794921875. But, Oy — 
O R, and ^ V = R V, in the quadrilateral O 1/ V R ; 
therefore,(0!/' + J/V+OR' + RV).3i(Oj)or,3j(OR-); 
that is, {292'96875 + 164794921875 + 29296875 + 
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164794921875) = (3'i25 X 292-96s75), and this equation 
or identity = area of tlie circle X Z. Q. E. D. 

In conclusion. This either is, or is not, a demonstra- 
tion of the Theorem. If it is, you, Sir, as an honest man, 
ought to admit it. If it is not, surely as a " recognised 
Mathematician" you ought to prove it. If you decline to 
adopt one or other of these alternatives, and resolve 
to treat both with silent contempt, you will simply 
prove that, rather than admit the truth of my solu- 
tion of this Theorem, you elect to take your place with De 
Morgan, Whitworth, and Wilson, in the ranks of that 
numerous class, "2uho despise wisdom and instruction" 
I am, Sir, 

Yours respectfully, 

James Smith, 
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EUCLID AT FAULT. 

To Joseph Dalton Hooker, Esq., F.R.S., D.C.L., President 
Elect sfthe British Association for ike Advancement of Science^ 
1868—1869. 

Sib, 

1 am a very old Life Member of " The British Association 
for the Advancement of Seiencs,'" and have reason to believe that I 
am better known, than respected, by the leading Members of the 
Mathematical and Physical Section. The Astronomer Royal, in his 
opening address to that Section, at the thirty-first Meeting of the 
Association, held in Manchester, ia 1861, observed ; — "// was known 
to those present that great in-gemtity had been employed upon certaitt 
abstract propontions of Mathematics which had been rejected by the 
learned in all ages, such as finding the length of the circle, and per- 
petual motion. In the best academies of Europe, it -was established 
Of a rule that subjects of that kind should not be admitted, and it 
was desirable that such communications should not be made to that 
Section, as tkey were a mere loss of time''* These remarks arose 
out of a small pamphlet I distributed among the mathematical Mem- 
bers at that Meeting, a copy of which I had taken care to put the 
Astronomer Royal in possession of, previous to giving his opening 
address. 

* Transactions of the British Association for 1861. Notices and Ab- 
stracts of MiscelianeOliS Communicalions to the Sections. Page 2. 
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Notwith standing the rules adopted. " in the best academies of 
Europe" men — call thera learned or call them unlearned — have not 
been prevented from spending their time — wasting it the Astrono- 
mer Royal would say— on such subjects as " The Quadrature and 
Rectification of the Circle;'" and I am not ashamed to confess that I 
am among the number. My labours have led to the discovery of 
the remarkable fact, that Euclid is at fault m one of his most im- 
portant Theorems ; that is to say, that the eighth proposition of the 
sixth boob of Euclid is not of general and universal application, and 
is therefore KO^ ('?Kir under all circumstances; and consequently, is 
inconsistent with the forty-seventh proposition of the first book. ■ The 
proof of this fact is so plain and simple, as to be within the capacity 
of any man possessed of the most moderate geometrical and mathe- 
matical attainments ; nay, I might say, within the capacity of any 
first class school-boy ; and Xa you, Sir, my demonstrations will be as 
palpable, as that the square of 3 is 9. 

I must now tell you how I was led to make this important dis- 
covery. I have for years attended regularly the Meetings of the Bri- 
tish Association, hut, not being allowed— by the rules of that body 
— to read a Paper in the Mathematical and Physical Section, on " The 
Quadrature of the Circle^' I have, from time to time, brought out 
pamphlets on the subject, and these I have freely distributed among 
the mathematical Members of the Association. At the last Meeting, 
in Dundee, 1 distributed one. At the time I was writing that Pamph- 
let, a Mr. and Mrs. S -, from Dumfriesshire, were on a visit to 

Iheir son, resident in Liverpool ; and being old friends of my wife's 
family, came out to Seaforth and made a call upon us. I happened 

to mention the fact to Mr. S , that I was engaged in writing a 

Letter to His Grace the Duke of Buccleuch, the President elect of the 

British Association, and told him the subject of it ; when Mr. S 

informed me that in early life, he had him self been agood Mathema- 
tician, and still took a deep interest in Mathematics. This led us 
into a conversation on the subject of Squaring the Circle, which re- 
sulted in my presenting him with several of my pamphlets. He then 
told me that his brother was an excellent Mathematician and a man 
of leisure ; and, that he had a relative residing in the immediate neigh- 
bourhood of his brother, who was a first-class Mathematician, and 
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that lie sliould send the pamphlets to them, and induce those gentle- 
men to give them their careful attention, which his own health and 
business engagements would not admit of kis doing. As soon as 
my Letter to the Duke of Buccleuch was published, I sent Mr. S-— 
copies, and in December last I received a communication from him, 
which led to a correspondence that would make a large volume ; in 
which his relative, whom 1 may call Mr. R — — ~, played the part of 
my chief opponent. Only some two or three communications passed 

between me and my friend's brother. Mr. S played the part, as 

it were, of a medium, or 1 might say referee ; that is to say, my 
Letters were addressed to him, and after perusal, forwarded to his 

relative i and Mr. R 's communications came to me through 

my friend, who really acted as referee, inasmuch as he kept Mr. R 

and me within the legitimate bounds of controversy. 

In the course of the correspondence, I think I extracted from 

Mr. R every conceivable objection he could advance against 

the truth of the Theory, that 8 circumferences = 25 diameters in every 
circle ; which makes -^ = 3'12S the true arithmetical value of jr ; 
and, ■-.■-; the true expression of the ratio between the diameter and 

circumference, in every circle. 1 pointed out to Mr. R that in 

attempting to find the value of ir, by multilateral-sided inscribed poly- 
gons to a circle, whether we make an inscribed equilateral triangle 
to the circle, or an inscribed square to the circle, our starting point, 
the ratio of chord to arc in every successive polygon, is a varying 
ratio ; and I shewed him that the reason is plain enough. It fol- 
lows from the fact, that the sides of every successive polygon are 
convergent and divergent lines from the sides of those that precede 
them ; and consequently, that we can never, by these processes arrive 
at the value of jt, or the true ratio of diameter to circumference in a 
circle : nor, can we arrive at them, by any other process, in which we 
attempt (directly) to measure a curved line by means of straight lines. 
Hence the inapplicability of the forty-seventh proposition of the lirst 
book of Euclid, to measure directly the circumference of a circle. I 

answered every objection started by Mr. R -, still he was not 

convinced ; and it then occurred to me, that nothing short of proving 
the forty-seventh proposition of the first book, inconsistent with 
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some other Theorem of Euclid, would ever convince a recognised 
Mathematician, that the arithmetical value of ir is a finite and 
determinite quantity. But, whoever thought of questioning Euclid ? 
Professor de Morgan never went further than attempt to prove 
Euchd illogical. * But, it never entered into his mathematical 
philosophy, to dream of proving Euclid positively at fault. How 
then was it likely that I should ever think of doing so. 

Towards the end of April I was called away to Scotland, and 
on my return home spent a few days at Windermere, and it was 
during my stay there that I made the important discovery, that 
Euclid is at fault. The morning of the and May was very wet at 
Windermere, and it occurred to me — as I could not leave the 
Hotel — that I could not better pass the time than by writing a 

Letter to Mr. S , 

enclosing a diagram, re- 
presented by the geo- 
metrical figure in the 
margin, in which the 
angle A and the sides 
OB and O L, in 1 
triangles O A B and I 
O B L, are bisected by ' 
the line AN. This I 
intended as introduc- 

diagrams, explanatory 

and demonstrative of 

the important discovery, tliat, the eighth proposition of the sixth 

book of Euclid is inconsistent with the forty-seventh proposition of 

the first books and that it is the former, not the latter^ that is at 

It subsequently occurred to me, that if Euclid could be at fault 
in one Theorem, he might be at fault in others, and upon further 

* Notes and Queries, 3rd S. VI. August 27, 1S64. P. 161. Had 
the learned Professor asserted that the 18th and 19th Propositions of Euclid's 
Third Book are superfluous— what is proved by these propositions being 
established by the l6th Proposirion — I should have agieed with him. 
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1 I discovered, that the twd/tk and thirteenth proposi- 
tions of the second book of Euclid, are also inconsistent with the 
forty-seventh proposition of the first book, and again, that it is the 
former, not the latter, thai is at fault. 

In the correspondence with my friend, I directed his attention 
to a succession of geometrical figures, derived from the foregoing 
very simple diagram, but for my present purpose it is quite sufficient 
to take one of them. 

In the annexed diagram, {Diagram X/K)Iet Aand Bbe two points 
dotted at random. Join A B, On A*B describe the equilateral triangle 
A B, and from the angles of the triangle draw straight lines, 
bisecting the angles and their subtending sides at the points C, D, 
and E. With O as centre, and OA or O B as interval, describe 
the circle. Bisect E O at F, and E B at G. Join D G, and from 
the point F draw a straight line parallel to A E and D G, to meet 
and terminate in the circumference of the circle at the point H, and 
join F C. Produce B to meet and terminate in the circumference 
of the circle at the point K, and join K H and H B, producing the 
right-angled triangle K H B. (Euclid : Prop. 31, Book i.) From 
the angle B draw a straight line at right-angles to K B, and there- 
fore tangental to the circle, to meet K H produced at M, constructing 
the right-angled triangle K B M. From the point H let fall the per- 
pendicular H P. From the angle H draw a straight line through the 
point 0, the centre of the circle, to meet and terminate in the cir- 
cumference at the point L, and join K L and L B, producing an in- 
scribed right-angled parallelogram K L B H, to the circle. Produce 
H C to meet and terminate in L B, a side of the parallelogram 
KLBH, at the point N, and join N M. Bisect H N at V, and join 
V B. From the point O, the centre of the circle, draw a straight 
line through the point V, to meet and terminate in B M, the base of 
the right-angled triangle K B M, at the point T, and join T H. With 
B as centre and B F as interval, describe the arc F T. 

Now, Sir, in this geometrical figure there are many things that 
will be — or, I should rather say, will appear to be — self-evident to 
any Mathematician. First : That B F = B T, Second : That the 
triangles K B M, K F H, and H P M are similar right-angled tri- 
angles. Third : Because KB is bisected at O, and B IVI at T ; K B M 
an4 O B T are similar right-angled triangles. Fourth : Because 
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K B and L H are diagonals of the paraJlelogram K L B H ; K H B 
and B L K are similar right-angled triangles. Fifth ; Because the 
diagonals of the parallelograms HNBMandHVBT intersect and 
bisect each other ; H B, the diagonal common to both paraUeiograms 
is bisected by O T, the hypothenuse of the right-angled triangle 
O B T. Sixth : H B is a diagonal of the right-angled parallelogram 
F B P H, and if we draw the other diagonal F P, these diagonals 
would also intersect and bisect each other at the point ?j, the point 
of intersection between the diagonals of the parallelograms H N B M 
and H V B T. 

I shall not attempt to elaborate all the properties of this remark- 
able geometrical figure. I shall confine myself to demonstrating, by 
means oi it, that Euclid is at fault in three of his most important 
Theorems. This I shall do in the simplest way possible, and so, 
bring my proofs within the capacity of anyone possessed of the most 
moderate geometrical and mathematical attainments. 

Let K B, the diam.eter of the circle, = 8. 
Then : by construction : 

K H = ^ (K B) = 6'4 

H B =- |(K H) = f (K B) = 4-8. 

B M = |(K B) = |(K M) = 6, 

H M =-|(H B) = 3-6 

KM = KH + HM=io. 

B F ^BT = ^ (BM) = 3. 
And, KF =KB — BF=5. 

Now, the triangles on each side of H B, are similar to the whole 
triangle K B M, and to each other ; and it follows of necessity, that 
KB' — KH' = B M= — H M' ; that is, the equation, (8= — 6'4') 
= (6=— 3-6') = HB'=23'o4, 

But, K H B is a right-angled triangle, and H F is perpendicular 
to K B, by construction ; therefore, according to Euclid, Prop. 8, 
Book 6, K H' — K F" should equal H B' — B FS and both should 
equal H F^ But this is not a fact. 

For: 
K H' — K F' = 6-4' — s' 40'96 -- 25 = 15-95. But, H B' 
~ B F' = 4-8' — 3= = 33'04 — 9 = 14-04. 
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Therefore, ft follows of necessity, that the triangles K F H and 
H F.B are not similar to the whole triangle K H B, and to each other. 
Hence : the eighth proposition of the sixth book of Euclid is not o( 
general and universal application, and consequently, is not true, 
under aU circumstances. (Q. E. D.) 

Again : Because H N is parallel to B M, B N parallel to H M, 
and H B a diagonal of tiie parallelogram H N BM, by construction; 
the triangles H B N and B H M are similar and equal right-angled 
triangles, and H B is the perpendicular of, and common to, both. 
Now, when K B the diameter of the circle = 8, then, H B = 4-8, 
B N = 3-6, and H N = 6. But, L B = K H, and K H = 6-4, 
when K B = 8 ; therefore, L B = 6-4. But, LB — NB = NL: 
therefore, 6'4 — 3'6 = 2-8 = N L. 

Now, H B L is a right-angled triangle, and H N L a part of it, 
is an oblique-angled triangle ; and according to Euclid : Prop. 13, 
Book 2, {H N» + N L= + 2 (N L ■ N B)} = H L= ; that is, {6' + 
2-8' + 2(2-8 X 3'6)} == (36 + 7'84 + 2ot6) = 64 = H L". 

But, H F K is a right-angled triangle, and H O K a part of it, is 
an oblique-angled triangle, of which H O and O K sides of this 
triangle, are radii of the circle. But KF — OK = OF, by con- 
struction ; and when K B the diameter of the circle ^= 8, H O and 
O K = 4, and O F = i. Now {HO' -h OK' -I- 2 (O K ■ O F)} 
= {4' + 4' + 3(4 X i)} = (16 -H 16 + 8) = 40. But, when KB 
= 8, K H = 6'4 ; therefore, 6'4' ■= 40'96 = K H' and is greater 
than 40 1 that is, greater than (H 0= + OK' -1- 2 (O K ■ O F)}. 
Therefore, it follows of necessity, that the twelfth proposition of the 
second book of Euclid is not of general and universal application, 
and consequently is not true, under all circumstances. (Q. E. D.) 

The 13th proposition of the second book of Euclid is simply the 
converse of the i2th ; and it follows, that if the i2th proposition be 
fallacious, the 13th must necessarily be so, and there is no occasion 
to burden my Letter with the calculations, to prove it. 

In the right-angled triangles K F H and H F B, H F is the 
perpendicular, and common to both. Now, to the Mathematician, 
it will appear, that the triangles K F H, H F B, and C B M, are 
similar right-angled triangles. But this is not so, For, if this were 
true, we should get the following analogy or proportion KB: B M : : 
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K F : F H, that is, 8 : 6 : : 5 : 375. But, K H'— K F= is greater than 
375, and therefore greater than F H ; and H B' — B F' is less than 
375, and therefore less than F H. Hence, K F H, H F B, and 
K B M are not similar triangles. 

Where is the IVIathematician who would have thought of doub- 
ting, that K F H and K B IM are similar triangles? It is no doubt 
true (hat the angles in these triangles are similar, and one angle 
common to both ; tut this does not make them similar triangles. 

For : If K F H and K B M were similar right-angled triangles, 
we should get the analogy or proportion, KF:FB:;KH:HIVI. 
But, K F : F B : : K H : 3-84 ; this is, 5 : 3 : : 6'4 : 3'84, when K F 
+ F B = 8. But, H M — 3'6 when the diameter of the circle = 8 ; 
therefore, KFH andKBIVI ira«w/ be similar right-angled triangles. 
Again : We should get the analogy or proportion, KB: B M : : 
H P : P M ; that is, 8 : 6 : : 3 : 2-25. But H P M is a right-angled 
triangle of which the sides H P and P M contain the right-angle ; 
therefore, H P^ -(■ P M^ = 3^ -[- 2-25" =9-1- s'o62S = i4'o62S = 
H M' ; therefore, «/i4*o625 = 375 = H M. But, I have proved 
that H M = 3'6, when the diameter of the circle = 8 ; therefore, 
K B M and H P M cannot be similar right-angled triangles. 

The sincere and earnest geometrical enquirer, will make many 
more remarkable discoveries, by means of this geometrical figure. 



Construct a geometrical figure, in which there shall be two dis- 
similar and unequal right-angled triangles, of which the sides sub- 
tending the right angle shall be equal.* 

This problem involves most important consequences to Mathe- 
matical science, and I question if there be a living Mathematician 

'In giving this problem, which I have slated very imperfectly, I had in 
my mind the geometrical figure represented in the di.igram, enclosed in my 
Letter of the 9th November, 1S68, to Mr. J. M. Wilson, (See Appendix C.) 
The reader will observe, by a reference to that Letter, how I should have 
stated the problem, so as to make my meaning distinctly intelligible. So 
far as "■ Euclid al Faull" is concerned, the problem might have been omitted. 
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competent to solve it This, you, Sir, can readily find out, through 
the President of the Mathematical and Physical Section of the Bri- 
tish Association. Had that Association permitted me to bring my 
discoveries before the Physical Section, they would have had the 
solution of tbis problem, and the consequences involved in it, ^efore 

It is my present deterra.ination never again to read a Paper or 
attempt to read a Paper, at the British Association. At the last 
Meeting, at Dundee, I offered, and was anxious, to read two Papers 
in the Mathematical and Physical Section ; but the Committee of 
that Section obstinately persisted in their determination not to per- 
mit me. The subject of these Papers was Mean Proportionals, and 
inoneof them my object was to shew that from any given determinate 
quantity (it may be commensurable or incommensurable), we may 
obtain two pairs of numbers, of which the mean proportional of both 
pairs, shall be the same finite quantity. This is a discovery in Mathe- 
matics, and leads to very important consequences. The fact is, the 
subject of mean proportionals may be reduced to a theory, and a 
most useful and valuable theory too, in Mathematical Science ; and 
of thisyiirf I believe our recognised Mathematical Authorities to be 
profoundly ignorant, at this moment. Is it not marvellous that, in 
an Association, called an Association for the Advancement of Science, 
the "guiding star^' of it should refuse to permit such subjects to be 
dealt with ? 

In conclusion : Strange as at first sight it may appear to you, 
Sir, for any one to assert that Euclid is at fault j if you should have 
read so far, you will have discovered that, " 'iis not more strange 
than true'.' In bringing this fact under your notice, /^av« done my 
duty; and it remains for you, as the forthcoming President of "■The 
British Association for the Advancement of Science^' and as such, 
the guardian of its interests for a season, to do yours. 
I am. Sir, 

Yours very respectfully, 

James Smith. 

This was written on the nth, and was in print in the form 
of a pamphlet by the 15th July, i86a. In my correspondence 
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with the Rev. Professor Whitworth, I have admitted that there 
is a fallacy in the reasoning, and explained how I was led into 
it, by not observing that B T and K B M are not similar right- 
angled triangles. The '■^reasoning geometrical investigator," 
however, who has read that correspondence, and carefully 
observed my explanation, will not fail to perceive how, by the 
geometrical figure represented by Diagram XIV., it may be 
proved that all tlie Theorems of Euclid are not of general and 
universal application. 

J. S. 



From the "ATHEN^UM" of July 2STH, 1868. 

Our Library Table. 

Euclid al Fault. By Jaraes Smith, Esq. (Simpkin, Marshall & Co.) 

Turn about is fair play ; we have often had " James Smith, Esq. at 
fault, by Euclid of Alexandria," and now we have the converse. 
This is a word on the meauing of which Mr. Smith requires instruc- 
tion; he tells us that Euclid II. 13 is the converse of II. 12. Wc 
give Mr. Smith the present notice for two reasons. First, he has 
toned himself down since we last heard of him : he is so mild, that if 
he were but right no objection could be taken. Secondly, this Letter 
to the President of the British Association is the last commimication 
that body is to receive from him. He offered to read them a paper 
" to show tl inate quantity we may obtain 

two pairs o ;an proportional of both pairs 

shall be tl This they would not receive. 

But in am , Mr. Smith heightens it by 

pointing ou have lost. " Problem — Con- 

struct a gee _ 2re shall be two dissimilar and 

nn equal right-angled triangles, of which the sides subtending the right 
angle shall be equal. This problem involves most important con- 
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sct|uenccs to mathematical science, and I question if there be 

a living mathematician competent to solve it 

Had the Association permitted me to bring my discoveries before 
the Physical Section, they would have had the solution of this 
problem, and the consequences involved in it, before now." To 
mitigate the anguish of the Association, we will give the solution of 
the problem which days of deep thought have suggested to us : if 
the body be duly sensible, we shall not object to a testimonial. On 
the given hypothcnuse A B describe a semicircle ; take P and Q 
any points on the semicircle, so that A P and B Q, are not equal ; 
then A P B, A Q B, are the triangles required, right angled, unequal, 
dissimilar. Mr. James Smith professes to show that VI. 8 and 11. 
12, 13 are wrong. He does not show where Euclid's demonstrations 
fail, but he produces contradiction out of complicated constructions 
of his own. Now we can go with him thus far : we are satisfied 
that whenever he attempts to handle such constructions as he has 
shown, either he or Euclid will be at fault before he is out of the 
wood : accordingly, we advise him to keep himself in" bottle nine 
yeai-s before he pronounces on his own flavour. We recommend 
him, not only to l^eep his word to the British Association, but to quit 
a field in which he has realized all the reputation of incompetency 
which it is given to man to obtain. The moment is favourable : 
here is Lord Napier of Magdala raised by the Queen to the House 
of IvDrds as the representative of calculated and organized success, 
almost at the moment when James Smith, Esq., of Liverpool, is 
nailed by himself to the barn-door as the delegate of miscalculated 
and disorganized failure. 
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I commenced writing my printed Letter to His Grace the 
Duke of Buccleuch on the day it b a iate but t was not 
published for some weeks afterward I nt py to His 

Grace, so that it should fall into his h n 1 b t e ny one else 
could see it, and I find from the ackn wl d n t of ts receipt, 
that I must have posted it on or about the 8th A gust, 1867. 
In the Atheiup.um, of September 7th, 1867, the receipt of it is 
acknowledged by the Editor in the list of new books, and he 
lost no time in handing it over to his Mathematical critic, 
Mr. A. de Morgan, as will be seen from the following 
critique 1 — 

From the "ATHENAEUM," September 14TH, 1867. 
Our Librarv Table. 

Letter to His Grace the Duke of Buccleuch... on the Quadrature and 
Rectification of the Circle. By James Smith, Esq. {Simpkiii, 
Marshall & Co.) 

Ecce iterum Crispinus, says the Latin poet i Here we are again, 
says the clown ; May it please your Grace, says Mr. Smith. And it 
ought to do so ; for the phrases are all fashioned upoa the hy- 
pothesis that the Duke will read and understand, which is a compli- 
ment to liis industry and intElligence that any Duke in Christendom 
might be proud of. His Grace will indeed be the " hold Buccleuch" 
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if he does the first, and says the second, The circle is the old 
emblem of eternity ; the symbol refers to the efforts to square it. 
The subdivisions of eternity are times. This time Mr. Smith brings 
on the stage the Rev. G. B. Gibbons, between whom and the 3s-ist 
upwards of 120 letters have passed. We hope this means only six 
tens from one and half-a-dozen tens from the other ; not I3o letters 
a-piece. Mr. Gibbons is the second mathematician whom Mr. James 
Smith has whiled into a long correspondence with him, Mr. De 
Moi^an— who of course is handsomely acknowledged— showed his 
sense by never giving a private answer to any one of Mr, Smith's 
private letters. He knew that Mr. Smith is the Old Man of the Sea 
in the Arabian Nights, who would not dismount from the neck of 
any one who Jet him get up for a ride. Journals cannot be so served, 
and we arc glad to see Mr. Smith again. We hope to have a bit of 
sport with him many a-time in the future, as we have had in the past. 
He is now an institution ; and here we go round, round, round (and 
I of a round, of course) is a regular part of our itinerary. As to the 
rest, there are two sines to an angle, geometrical and trigonometrical ; 
one of them, no matter which, is greater than the measure of the 
angle in small angles ; the mathematicians are a set of priests, who 
jealously guard a mystery ; and Albert the Good will ever be revered, 
for when Mr. Smith sent one of his books, the Prince's librarian 
returned thanks for " the valuable addition made to His Royal High- 
ness's Library. 



James Smith io the Editor of the " Athen,«um." 

Barkeley House, Seaforth, 

Liverpool, 14^^ September, 1867. 
Sir, 

1 beg to thank you for the complimentary notice of my 
Letter to his Grace the Duke of Buccleuch, on the Quadrature and 
Rectification of the Circle, which appears in the " AtheniBum" of to- 
day. Complimentary it is, although you did not so intend it, and I 
ground this expression of opinion on the following facts. Assertion 
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is not demonstration, neither is ridicule argument, and since you 
have not dared to point out any inadmissible step in. my data, ex- 
pose any fallacy in my reasonings, or attempt to grapple with any of 
my demonstrations by Logaritlims, you have left my arguments 
unanswered, and my conclusions uncontradicted. Now, Sir, there 
is more in Geometry than, was ever dreamed of in your mathematical 
philosophy, and I take the liberty of directing your attention to 
some geometrical and mathematical truths which will be perfectly 
new to you, and I shall make use of them to put your honesty and 
sincerity as a scientific Journalist to the test. 

In ih.t tacXose&Aing'ca.ta (See Diagram XV.), let the triangle 
A B C be the generating figure of the diagram, and represent a 
right-angled triangle of which the sides A B and B C which contain 
the right angle are in the ratio of 4 to 3, by construction. Then ; 
With A as centre and A B as interval describe the circle X, and 
with E as centre and B A as interval describe the circle Y. Join the 
points D and E where the circumferences of the circles cut each 
other. Produce B A to meet and terminate in the circumference of 
the circle X at the point F, and join F D and F E, and so construct 
the equiangular and equilateral inscribed isosceles triangle F D E 
to the circle X. The lines D E and A B intersect and bisect each 
other at the point O ; and it follows, that the line F O which bisects 
the isosceles triangle F D E = 3 times OA, or OB = 2BC; 
therefore, AO + ^OB =AGandBC. With A as centre and 
A G or B G as interval describe the circle Z. With A as centre and 
A C as interval, describe the circle X Y; and with A as centre and a 
side of the isosceles triangle, F D E as interval, describe the circle 
X Z. It is obvious that I might have drawn straight lines from the 
point A the centre of the circle X, parallel to F D and F E, and by 
joining the points where these lines would meet the circumference of 
the circle Y, have constructed an equilateral and equiangular inscribed 
isosceles triangle to the circle Y, two sides of which would be radii 
of the circle X Z. 

Now, let A B the radius of the circles X and Y = 4, which 
makes B C and A G = 3. 
Then, 

jr (B C=) or tt (A G') = (3') = area of the circle Z. 
77 (A B') = ir (4') = area of the circle X. 
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JT (A C) = IT (5=) = area of the circle X Y. 
■!r{DE^)= 7r(*/48^") = areaofthe circle XZ. 
3 times A B" ^ DE^ 
BC: AB :: DE^ : FB 

BO : AB^ : : area of circle Z : area of circle X. 
And it follows, that if B C : A B : : A B in, then, ?/ times area 
of the circle Z = area of the circle X Z. 

B C is to A B as the area of a square on D E to the area of a 
circumscribing square to the circles X and Y. The area of the circle 
Z is to the area of the circle X or Y, as the area of a square on 
A G or B C to the area of a square on A B. The sum of the areas 
of the circles Z and X = area of the circle X Y. And, the area of 
the circle X Z is equal to 5^ times the area ot the circle Z : 3 times 
the area of the circle X: and 1-92 times the area of the circle XY. 

Let the letters which represent the circles denote the arith- 
metical values of their areas. Then ; 

X Z ; s^ : : Z ; unity, 
X Z : 3 ; : X : unity. 
XZ: 1-92 ; :XY:unity. 
All the foregoing facts are quite independent of the true arithmeti- 
cal value of TT. In other words, for the purpose of ascertaining the 
relative values of the circles, we may hypothetically adopt 3'i4i6, 
3-14159, or, 3-14159265 as the value of ir, or we may work out the 
calculations on any hypothetical value of tt greater than 3 and less 
than 4, and so, vary the arithmetical values of the areas of the 
circles, but wc cannot alter the ratios or relative values of circle to 
circle ; that is to say, X Z : 5 J^ : ; Z : unity ; by whatever hypothetical 
value of JT we may ascertain the values of X Z and Z. 

Again : 3(XZ), 16 (Z), and45r(F O^), are equivalent expressions, 
and if these expressions be denoted by P, then P = area of a circle 
of which F O the bisecting line of the isosceles triangle F D E is the 
semi-radius. One hypothetical value of ir intermediate between 3 
and 4 is just as good as another for the purpose of demonstrating 
these facts. 

Now, the following _/&i:^ is inseparably connected with the geo- 
metrical figure represented by the diagram ;■ — 
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(A B' + B C= + A C) = 3-125 (A B^) whatever arithmetical 
value we may put upon A B the radius of the circles X and Y ; 
that is to say, the sum of the squares of the three sides of the right- 
angled triangle ABC the generating figure of the diagram = 3*125 
times the area of a square on A B the perpendicular. 

,- Area of the circle Z jt , tt ^ . -. r -,• 

Now, . F~0^~~~~ ^ ~ ' *° ' " ~ *'"^* * circle of dia- 
meter unity, whatever be the value of jr. That the expression 

Area of the cirde Z w , , , , ^1 

-— PQj = -, may be demonstrated by means of any hypo- 
thetical value of Tf intermediate between 3 and 4. For example ; by 
hypothesis, let tt = 3'I4I59265, and let A B the radius of the circles 
X and Y = 4. Then : B C the base of the right-angled triangle 
A B C = |(A B) = 3, by construction. But, A G = B C, by con- 
struction, and A G is the radius of the circle Z ; therefore, tt (A G° 
or IT (B C=) = 3-14159265 >; 9 = 28'27433385 = area of the circle Z. 
Area of the cirde Z __ 28-37433385 _ 3-'4r59'6s ^ .,8t-iQ8i62i: = - 
FO^ 36 4 ' '^^ ■' 4* 

Again : By hypothesis, let ?r = 3-1416, and let F B the diameter of 
the circle X = unity = I. Then ; A B the radius of the circles X 
and Y = i = -5; and AG or BC= f (A B) = -375. Therefore, 
jr(AG^)or;r(BCO =3-1416 « -375" = S'HiS >' -140625 = -4417875 
Area of the cirde Z __ -4417875 ^ - 4417875 
O' ~ -75' '5625 



a of the circle Z. 



= ■7854=-. Now, my good Sir, any other hypothetical value of 
TT intermediate between 3 and 4 will produce similar results, and if 
you are incompetent to convince yourself of this fact, you must be 
more of a " clown " than a philosopher. 

Well, then, on the THEORY that 8 circumferences of a circle are 
exactly equal to 25 diameters, which makes V = 3-125 the true ar- 

. . . . ,, T^, ^ r~,. . ^n\ Area of the circle Z 
ithmetical value of jr, {A B' + B C« + A C) = yj^ 

= - = area of the circle X, when T'~ B the diameter of the circle X 

Proof : If F B = unity = 1 , A B the radius of the circles X and 
Y = I = '5 ; and, }(A B) = -375 = B C the base of the triangle 
ABC, and B is a right angle, by construction ; therefore, A B' + 
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BC'=-5' + '37j' = '3; +'140625 = -390525 =AC''; therefore, AB- + 
BC + AC== 'j; +-140525 + '390625 = '78125 = the sum of the areas 
of squares on tlie sides of the right-angled triangle ABC, the genera- 
ting figure of the diagram, and is equal to - = area of a circle 
of diameter unity. But.Tr (B C) = 3'i25 x -375= = 3-125 x -140625 
= -439453125 = area of the circle Z ; and F O the bisecting line of 
the isosceles triangle F D E = | (F B) = | (unity) = -75 ; therefore, 
A rea, of the circle Z -43945 3125 "439453125 _ j, . _ -jt 

FO^ = ^^> - = — 56.S - ^^'^^ - - = area 

of a circle of diameter unity. Hence : We get the equation (A B' 

, ^ . ,-,, Area of the circle Z , ^, . . '^ -u . 

+ B C + A C=) = p -Qs , and this equation = -, what- 
ever arithmetical value we may be pleased to put upon A li, the 
radius of the circles X and Y. 

Now, Sir, if you can find any other value of tt either greater or 
less than 3'125, by which you can obtain this equation, you will be 
something more than a philosopher, and will prove to the scientific 
world that you are indeed a phenomenon, even more remarkable 
than " (he Old Man of ike Sea, in the Arabian Nights" 

Again, Sir, you will admit that geometrical data admit of 
no doubt, and I shall now adopt a datum with regard to which 
it is impossible you can raise an objection. In every circle, 
the perimeter of a regular inscribed hexagon = 6 times radius, and 
- expresses the ratio between the perimeter of every regular hexa- 
gon and the circumference of its circumscribing circle, whatever be 
the value of tt. 

Well, then, if the radius of a circle = i, the perimeter of a 
regular inscribed hexagon = 6. Let this be our datum, and if upon 
this datum I stumble into illogical reasoning, it will be for you to 
prove it, and so vitiate my conclusions. 

Now, -4" (6) = 5'76, and ^-y^ (6) = 6'2S ; therefore, 5-76 
; 6 : : 6 : 6'25, and the mean proportional between 5-76 and 6-25 is 
^5-76 X 6-25 = iJ^S ^ 6 = the perimeter of a regular inscribed 
hexagon to a circle of radius i. Hence : .-.j.v expresses the ratio 
between the perimeter of every regular hexagon and the circurh- 

33 
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Proof: The foilo-.ving is 



proportional 
proportional 
and <:, and d 



■r-,,-; W = '^■- - id) = c: ■' if) ■= b : and •' - {U) 
3-125 3-1,5 3-135 3.125 

a. And, when e = 625, then, d = b: c = 576; d = S'5296.' am 
= 5-3o84i6.' therefore, ^''^-^ {a) =-- b: ^— ^ {b) = c: '^^- [c] 
rf/and, 3''^^^ (rf) = <-. 

Hence : 
b ^ d = a ^ e, and c the middle term is a rae: 
between a and e the extreme terms, and is also a mes 
between b and d. ri is a mean proportional between 
is a mean proportional between c and e. 

Therefore ; 
When e = circumference of a circle, d = per 

scribed he>^gon. 
When rf = circumference of a circle, c = per 

scribed hexagon. 
When c = circumference of a circle, 6 = perimeter of a reguh 

scribed hexagon. 
When b = circumference of a circle, a = perimeter of a rcgul; 

scribed hexagon. 
Now, Sir, we may pnt any arithmetical value we please upon s, 
and in working out the calculations backwards from ^ to a obtain ex- 
act arithmetical results ; but if we put an arithmetical value upon 
a and attempt to work out the calculations forwards from u to .f 
(unless we first get the value of a by making the calculations back- 
wards from e to a) we get into incommensurables immediately. For 



r of a regular 
■r of a regular 



6'QS, 



3:i?5 



{a) 



3'_'.y_ 






example ; If 1 

= 6770833 with 3 to infinity. But, will you dare to tell me that for 
this reason, the middle term c is not, and cannot be, a mean pro- 
portional between the extreme terms a and e ? You would indeed 
be more of a mathematical " clown" than a philosopher if unable to 
perceive that the difficulty (if difficulty it can be called) arises from 
the mere fact that all numbers arenot divisible by 3 and its multiples 
without a remainder. 
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Now, Sir, you will not venture to dispute that - and -— are 
equivalent ratios, and that both express the ratio between the peri- 
meter of every regular hexagon and the circumference of its circum- 
scribing circle, whatever be the value of it ; and I must now direct 
your attention to the following formula : — 

-y- (a) = b, -=- (i) = c, and -i- {e) = d, and so on, ad inJiniUtm. 

Hence: If a represents the perimeter of a regular hexagon,^ 
represents the circumference of its circumscribing circle If b repre- 
sents the perimeter of a regular hexagon, c represents the circumfer- 
ence of its circumscribing circle. If c represents the perimeter of a 
regular hexagon, d represents the circumference of its circumscribing 
circle, and so on, cd infinitum. 

Will you dare to dispute the formula because you cannot put a 
value on a and work out the calculations from aXa d with arithmeti- 
cal exactness ? I trow not t Well, then, to vitiate my conclusion 
that 8 circumferences of a circle are exactly equal to 25 diameters, 
which makes "j' = 3''2S the true arithmetical value of jr you must 
not only dispute my data, and prove my reasoning to be illogical, 
but you must find an arithmetical expression for the ratio between 
the perimeter of a regular hexagon and its circumscribing circle, by 
which you can put a value on d, work out the calculations back- 
wards to a, and prove that 5 is a mean proportional between a and c, 
and c a mean proportional between b and d. Think of "7& Old 
Man of the Sea, in the Arabian Mights." 

Again ; Tn the triangle ABC, the generating figure of the dia- 
gram, the sides A B and A C are in the ratio of 4 to S, by 



Now, Wl : k.C : : Pk.C : III : : m : ti : : n : p is an example of 
continued proportion, and when A li + ^ (A B) = A C, then, A C + 
^ (A C) = m.- ;« -1- i (in) = «-■ and w + i (;/) =P; and it follows, 
that, when AB = 4, AC = s: '« = ^'^5 = 2ff: « = T^i^S = '<> 
times the area of a circle of diameter unity: and^ = ir' = 3' 125' - 
9 765625- 

Hence: 

AB X (( = AC ;< (H = io(x) =31-25. 

ACx p^m X tz = $ (it') = 48-828125. 

A B X ^ -T A C X « = 1,2 tt)' = OT= = 39''^^5- 
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Therefore : 
The middle term ?« is a mean proportional between the c: 
terms A B and p, and is also a mean proportional between the 
terms A C and n. A C is a mean proportional between A B and iii, 
and « is a mean proportional between m and^i. 

Now, let :r denote the area of a square, and let _c denote tlie 
area of its circumscribing circle. 

Then: 
{{x + \3C) + i (^ + i ^), j and 2 j- / - V ai'e equivalent expressions, 

and both equal to y. 

Thus, from the foregoing facts we obtain a method of finding 
the area of a circle from the given area of its inscribed square, which 
shivers to atoms the absurd notion of Mathematicians that jt can 
only be represented arithmetically by an infinite series. 

Now, Sir, you have charged me with being a fool, or at any rate 
you have endorsed the charge by permitting Mr, de Morgan so to 
call me repeatedly in the columns of your Journal. You profess to 
be a Mathematician, and if so, you will point out where there is a 
fallacy in my reasoning, and thus vitiate my conclusions, establish 
Mr. de Morgan's charge, and put me to silence. If you find this to 
be impossible, and are an honest scientific Journalist, you will 
purge your conscience by admitting my conclusions through the 
columns of the Alhenaum, and so far as you are concerned, acquit 
yourself of any participation in Mr. de Morgan's scurrility and ribald 
vulgarity. 

I shall now assume a thing which remains to be proved. In 
this communication, " tke phrases are all fashioned upon the 
HYPOTHESIS " that you, Mr. Editor, are a philosopher and a gentle- 
man, and consequently, that "you will read and understand, •wkick 
is a compliment to your industry and inlell g k N f my 

hypothesis be well founded, you will mark a d n dly d t tl 
epistle, and doing so, you cannot fail to be th by t n lat d f om 
the kingdom of mathematical darkness, nt th 1 n d m f 
geometrical light, and thus become a " 3^-/J'^ d y Up 

to the scientific world that you are an honest ' t g t I 

truth by making a frank confession of your faith in 3s-ism, through 
t)ie columns of the leading scientific Journal. 
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Now, let the area of a square be represented by any arithmetical 
quantity, and be given to find two pairs of numbers, of which the 
mean proportional between both pairs of numbers shall be equal 
to the (jiven area of the square. The larger numbers in one pair 
not to be multiples or submultiples of the larger numbers in the 
other. For example : Let the given area of the square be 7. 
Then : 14 and 3'5 will be the first pair of numbers, and 
10-937; and 4'48 will be the second pair of numbers, and 
*/i4 " 3'S = "710*9375 >< 4'48, and both expressions = ^49 = 7 ; 
therefore, the given area of the square is a mean, proportional 
between either pair of numbers. 

Again : Let the sides of a square be represented by any arith- 
metical quantity, and be given to find two pairs of numbers of which 
the mean proportional between both pairs of numbers shall be 
reprfisented by the same arithmetical symbols, As in the former 
example, the larger numbers in one pair not to be multiples or 
submultiples of the larger numbers in the other. For example : Let 
the given side of the square be \/;. In this case we may work out 
the calculations either outwards or inwards. If outwards, the first 
pair of numbers will be 10 and 25, and the second pair of numbers 
will be 7-8135 and 3-2, and tjio^x 2S~= V7S12S >' 32, and both 
expressions = 1J2S = 5 ; therefore, the mean proportional between 
either pair of numbers is represented by the same arithmetical 
symbol. If we work inwards, the first pair of numbers will be 5 and 
i'25, and the second pair of numbers will be 3'9o625 and i-6, and 
\/$ X 1-25 = V3'9o625 X 1-6, and both expressions = ^/6■25 ~ 25; 
therefore, the mean proportional between either pair of numbers 
is represented by the same arithmetical symbols. 

Now, Sir, permit me to put the following questions ; — Do you 
know the rule by which these peculiar mean proportionals are found ? 
If you are a philosopher and a gentleman, will you not answer this 
question by giving the rule ? If you do not know the rule and are 
a gentlemen, will you not admit the fact ? If you decline to do 
either, and fancy you are protected by the privileges connected with 
your editorial capacity, will you not falsify my hypothesis, and prove 
that you ate neither a philosopher nor a gentleman? In putting 
lliese tfuestions do 1 not fulfil the promise made in the first she^t of 
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this communication, and put your honiiSty and sincerity as a 
scientific Journalist to the test ? You say in your notice of my 
Letter to the Duke of Buccleuch, that ^'- you hope to ha-ue a bit of 
sport ■with me many a time in the future, as you have had in the 
past." Now's your time. This epistle affords you the opportunity. 
Don't fail to let me share in the " sfiort " you get out of it. 

In conclusion: You charge me with having '^ it'Mled'" two 
Mathematicians into a long correspondence. This is not true ! I 
" whiled'" neither of the gentlemen to whom you refer into any 
correspondence. The correspondence was of their seeking, not 
mine, and both are personally unknown to me at this moment. Do 
not imagine, my good Sir, that I have any desire to play the part of a 
WILY disputant and attempt to nvhile you into a long correspondence. 
I have no such inclination, I can assure you. But, I confess I 
should like YOU to look upon this communication as my last effort 
to -wile or wheedle you and Professor de Morgan into honest Mathe- 
maticians, and if the pair of you have " the power to see (ruth, and 
the candour to admit it" I shall most assuredly be successful, and 
no further correspondence on my part will be necessary, as to the 
ratio of diameter to circumference in a circle. 
I am, Sir, 

Yours respectfully, 

James Smith. 



James Smith lo The Editor of the Aehena:u.m. 

B.4RKELEV HOUSF, SeaFORTH, 
2ist September, 1867. 

Sis, 

In your publication of to-day, I observe, in " Notices to 
Cori-espondents," your acknowledgment of the receipt of my Letter 
of the I4tli inst. 

Now, Sir, I recognize, and admit, the distinction between you as 
[lie Editpr of, and Professor de Morgan as the mathematical critic 
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to, the leading scientific Journal ; ^\A I knoiv that you, Mr. Editor, 
are sufficient of a Mathematician to " read a?ui understand" tte facts 
I am about to bring under your notice ; and the question I shall put 



a you, arising out of these facts, 



e competent to answer, with- 



out the assistance of either Professor de IVlorgan, 
great " mathematical autkoritt 

In this geometrical 
figure, let A B C D re- 
present a square. Bi- 
sect the sides at the 
points E F G, and H. 
Join E B, D G, A H, 
and F C. In the square 
mn o p inscribe the 
circle X, and in the 
square A B C D in- 
scribe the circle ¥■ 
Then: The square 

fifth part of the square 

ABCD; and it follows 

of necessity, that the area of the circle X inscribed i 

m n op, is equal to one-fifth part of the area of the circle Y inscribed 

in the square ABCD. 

Now, let the area of the circle X be represented by any finite 

arithmetical quantity, and be given to find two pairs of numbers, so 
ha he 1 e number in either pair shall be an aliquot part, or 
ub 1 p] of he larger number in the other pair, and the moan 

p oport o al b ween both pairs of numbers of the same arithmetical 

Well 1 en let the area of the circle X be represented by 666, the 
n mbe of he Apocalyptic beast. Then: One pair of numbers will 
be 3330 and 832'5, and the other pair of numbers ivill be 26oi'552S 
and 1065 '6, and ^3333 x Zyr^ = Vz6or5625 x io65'6 = .4/2771225 
= 166; ; that is, the mean proportional between 3330 and 832-5 
is represented by the same arithmetical symbols as the mean pro- 
portional between 2601-562: and 1065-6. Hence: ^^^°- = g^g'^S^S 
■^ J J J io65'6 832-5 
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and this equation or identity =j' 125 ; therefore, -v ■> and - — ^- — 
^ J J J ' 1 1065-6 ^la-S 

are equivalent ratios, and both equivalent to the ratio - — -■ Again : 

f^;-4,..d?^|f. f:^')'. .■se.s- = .HH06,i. He.ce: 

The mean proportional between 4 and2'44i4o625= ^4^ 2'44i4o62S 

, — — 33^0 , !o6^'6 

= V976S62S - 3'"5. B«f"nl>="i,-s62l"''"8« ""'"'" 

valent ratios ; and both equivalent to the ratio — ; and I'zS: i ;; i 

: 7812; ; therefore, — - and ;rg^, are equivalent ratios, and both 
express the ratio between the area of every square and the area of 
its inscribed circle. 

Again : Let the area of the circle X be represented by the digit 
5, which stands in the centre of our system of arithmetical notation, 
and is the arithmetical mean between the extremes of i and 9, 2 
and 8, 3 and 7, and 4 and 6, Then ; One pair of numbers will be 
25 and 6-25; and the other pair will be I9'5312S and 8; and 
,j2l'y~6-2$ = \/i9-53i25 x 8 — .^^is^'as = 12-5- Hence: The 
mean proportional between 25 and 6-35 is represented by the same 
arithmetical symbols as the mean proportional between I9'S3 1 25 and 
8, and is equal to 4 tt, Hence : ^ and ^^~r^ "re equivalent 
ratios, and both equivalent to the ratio ^-^ . Again: -^ = 
4, and i91|3i2S ^ ^^--^Y = r'5625^ = 2'44i4o62S. Hence : 
The mean proportional belween4and 2'44r4o625 = V4X2'44i4o625 
= ^9765625 =3''2i - IT, as in the previous example. Butfurthcr; 
- and 2 — ^'■s equivalent ratios, and both equivalent to the 
: ; I : 78125 ; that is, r2S : i : : i : - ; there- 
are equivalent ratios, and both express the 
of a square and the area of its inscribed 

no mathematical magic in finding two pairs 



I9'53 


125 


■■" 6T25 


ratio 


128 


and 1-23: 


fore, 


1-28 


and .--n — 


ratio 


between the are 


circle. 






Now, 


Sir, there i: 
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of numbers from a given area of the circle X, of wUicli tiie mean 
proportional between the two pairs of numbers shall be of the same 
arithmetical value. All that is required is to know the rule, and I 
put the following plain question to you :— Do you know the rule ? If 
you know it, will you not, as an honest scientific journalist, let your 
readers have thebenefitof your knowledge ? If you know it not, pray 
have the candour to admit it ! / kno'w the rule, and have no wish 
to keep it a secret, and shall have much pleasure in revealing 
the secret to you, on. receiving your assurance, that you will give 
currency to it through the columns of the Athenmiim. 
I am. Sir, 

Yours respectfully, 

James Smith. 



From thk "ATHEN/EUM," Septembkr jSth, 1867. 

Our Weekly Gossip. 

"Bless the man!" said Miss Trotwood, of MIcawber, "ho 
would write letters by the ream if it were a capital offence." Mr. 
James Smith would do as much even were it a reasonable thing ; so 
fond is he of writing. Fifteen quarto pages, mostly of geometry, in 
answer to our " complimentary " notice of his Letter to the Duke of 
Buccleuch, Complimentary he calls it, because we have left his 
arguments unanswered: surely he does not mean that this is 
the first compliment we have paid him ? And ridicule is not 
argument : we know that ; if ridicule had been argument we 
should never have ridiculed Mr. James Smith, He calls us to re- 
pentance and to 3^; he says his Letter is written to test our sincerity. 
How he does forget ! He found out that we were impostors long ago. 
In one point he has hit us ; we wrote whiU instead of 'wile .- we re- 
memberhow it was ; we began to write wheedle, and changed it into 
tu(h)ile in the act of writing. And so we are to argue with a man 
who produces a pentagon of which four sides are together ^tow/^/j-j- 
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cnlly larger than the fifth, but fnaihemalkally equal to it. Surely, 
the argiiment of the Carol, which appeared in the Correspondent is 
good enough. The first verse is as follows — 

A creeil is a very fine tWng, 
Above all ivlien there is'nt mucli of it ; 
There is no TT but three and one-eighth, 
And Mr. James Smith is its prophet. 
So here we go round, round, round. 
And there we go square, square, square, 
Five per cent, is a hob in the pound. 
And sixpence an omnibus fiire. 
We have been told on good authority that the last line of the 
chorus was at first — 

And J~- S is a d -y who's there. 

Really Mr. J. S. deserves the restoration of the original reading, 
painful as it is to us to make it known. 



In the AthetKsum, of January 4th, 1868 : fhefe appeared an 
Article bearing the signature of A. de Morgan, headed : — 
" Pseudomath, Philomath, Grapkomath." (See Appendix D). 
The Article commences thus : — " Many thanks for the present 
of Mr, James Smith's Letters of September 2^th, and October \oih 
and T.2tk." Many thanks to whom, if not to the recognised 
Editor of the Aihenaum 1 Not a word from the beginning to 
the cod of the Article, about Mr. James Smith's Letters of 
September 14th and 21st, 1867. Does Mr. A. de Morgan 
mean to say, that these Letters were not presented to him by 
the Editor of the Athenieum 1 Does he not convey the im- 
pression to the readers of that Journal, and intend to convey 
Ihe impression, that he was not the writer of the scurrilous and 
untruthful critique upon these Letters which appeared in the 
Athenmum of September zSth, 1867 1 Does he not assume, a 
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la Talleyrand, that " la?iguage was given to man, not to feveal, 
but to conceal his thoughts?" These are not only so«nd 
inferences, but the only inferences, that can be drawn from Mr. 
A. de Morgan's omission of all reference to Mr. James Smith's 
Letters of September 14th and aist, 1867. I do not think a 
more barefaced piece of (^^/V(Z«^^/ was ever perpetrated by a, 
public writer I If Mr. A. de Morgan was not the writer of the 
Article in question, who was ? By implication, he makes the 
"King of English Critics" the writer. I must leave the "King of 
English Critics" and, the King of English Sophists to settle 
this point between themselves. Well, then, Mr. A. de Morgan 
admits the fact, that Mr. James Smith's Letters of September 
a 8th, and October loth and 12th, were presented to him by 
the Editor of the Athenaeum. 

James Smith to The Editor of the " ATHEfj^.UM." 

liARKELEY House, Seaforth, 
2&tfi September, 1867. 

Sir, 

Since the " complimentary'" notice of my Letter to his 
Grace the Duke of Bucdeuch on the Quadrature and Rectification 
of the Circle, which appeared in the Alhenaum of the 14th inst,, I 
have addressed two Letters to you, Mr. Editor, written under the 
impression that they would fall into the hands of Mr. William 
Hepworth Dixon. If my impression be opposed to fact, you, Mr. 
Editor— be you who you may— can prove it ; and unless you 
furnish the proof, 1 shall continue to assume that Mr. William 
Hepworth Dixon is the recogtiised Editor of the leading scientific 
Journal ; and if not the writer, at any rate the supervisor, and 
approver, of all that appears in " Our Library Table" and " Out 
Weekly Gossip?' 

Now, all the phrases in my two Letters were '^fashioned upon 
ihe hypothesis^ that you, Mr. William Hepworth Dixon, are a 
philosophical Editor ; and consequently, that you can. " read and 
mtdersland"" ^ communication on a scientilic subject. Am \ tg 
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conclude that this hypothesis is not founded upon fact f Am I to 
infer that you are not a philosophical Editor, and consequently, that 
you cannot understand z-izx^K^SiZ communication ? \ixny hypothesis 
be well founded, how was it that my Letters were handed over to 
Professor dc Morgan to be dealt wkli after his scurrilous fashion ? 
How happens it that you (Mr. William Hepworth Dixon) appear to 
merely play the part of a puppet, to a mathematical "impostor^' who 
assumes that he has " the capacity to criticise a ■work before it is 
either published or written" *and are ready to insert anything, at 
hia bidding, in the leading scientific Journal, no matter how vulgar, 
contemptible, and untruthful ? Witness the untruthful and absurd 
trash that appears in " Our Weekly Gossip " in this da/s 
Athen<sum. 

"Here lae are, says the clown.''' "And so we (how wondrous 
is that little word the editorial -we) are " to argue with a man 
■whoproducedapentagon of-whichfour sides aretogethergeomeiricalty 
larger than the fifth, but mathematically equal to it" 




* See my pamphlet, " Th€ British Asso 
4e Morgan in Ihc pilloiy, wiihoii! hope of est 



u Jeopardy, and Profess 
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1 the circumference of the circle at the point U. Then : 
D C = A B. Divide the arc subtending the chord D C into four equal 
parts, and djraw the chords D^, ef^fg-, and^'C. 

Now, D C = A B -= radius of the circle, by construction ; and 
2 JT (radius) = circumference In every circle ; therefore, 2 tt (D C) = 
circumference of the circle, and it follows, that -(DC) ■■= the arc 
D/C; that is, (DC) = an arc subtending a chord equal to radius, 
and is therefore equal to one-sixth part of the circumference Of 
the circle ; therefore, 3 = one twenty-fourth part of the 

circumference of the circle. 

Hence : if the circumference of the circle be divided into any 

number of equal arcs, - (arc) multiplied by the number of arcs = the 

perimeter of a regular inscribed hexagon to the circle. For example : 
By hypothesis, let tt = 3'i4i6 and D C = -5. Then : 2 tt (D C) = 
6'Z832 X '5 = 3'i4i6 = circumference of the circle. Now, let the 
circumference of the circle be divided into 96 equal arcs. Then : 
3^1' . -03,7.5 - »e of the.. „c.. I („) - i^.Sp . 
'03125 ; therefore, 96 times '03125 = 3 == the perimeter of a regular 
inscribed hexagon to the circle. Again ; By hypothesis, let jt = 
3'i4i6, and D C = 16. Then: 2 ir (D C) ^ t-%?,yi v. 16 
= ioo'53i2 = circumference of the circle. ' — 4'l888 - 

each of the arcs subtending the chords ii e, e f, f g\ and 
gC ; therefore, 24 times ^(4-1888) --= '^^{^—-^'-l^^--) = 
24 (f^^) = 24 >' 4 = 6 (D C) = 6 X ,6 == 96 = the peri- 
meter of a regular inscribed hexagon to the circle ; therefore, 24 
time, : (4) - .4 (^■■''■3 " ♦) - .4 ("-f*) - =4 x 4'.888 - 
100-5312 = circumference of the circle. Now, let the circumference 
of the circle be divided into 96 equal arcs. Then : - - v^- —I'O^'^z 
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^oneof thesearcs,and 2 (arc) = ^ ,.i'"°6^ " = ^ ' therefore, 96 times 
1 := 6 [D C) = 96 = the perimeter of a regular inscribed hexagon to 
the circle, and 6 {voi^jz) ^ 6'2K32 = 2 tt. Hence: -(4) = 
3.. '4' ,. >: ..4 ^ i3'5 4 ^ ^.jggg is the value of the arcs subtending 
the chords D e, ef,fg, and g C, on the hypothesis that tt = 3'i4i6. 

Now, Sir, you and yourcoadjutor,Professorde Morgan, may cloak 
these facts in any language you like ; and you may garble and pervert 
my language and meaning in any way you please ; but you will never 
either ^^w(h)ile" or " wheedle" any honest man, of moderate mathe- 
matical attainments, into the belief, that when the radius of a circle 



= 16, -- (4) is not equal to one twenty-fourth part of the circumfer- 
ence, or that 6 f — ,- — - \ is not equal to 2 x, whatever be the 
value of TT. 

Now, I have before me a modern edition of " EuciuCs Elements 
rf Plans Geometry, with explanatory appendix, adapted for the use 
a/ schools, or for self-instruction" The compiler, in his "explanatory 
appendix to the fifth and sixth books, observes ; — " The same 
proposition (Prop 13, Book 6) -which enables us to find a mean 
proportional between two given lines, will also enable us to find 
a mean proportional between the first and second, and between the 
second and third: and thus to interpolate mean proportionals 
between the terms to any extent. But to find t-wo mean proportionals, 
or, A. and B being given, lo find x and y, so that A. : x : : y : 'B,isa 
problem beyond the reach of Plane Geometry^' If the compiler 
meant to say, that by the aid of Mathematics we cannot find two 
mean proportionals, so that A : ;r : :/ : B, or, in other words, that 
we cannot by the aid of Mathematics find two mean proportionals, 
so that the mean proportional between A and B the extremes, shall 
be equal to the mean proportioual between x and^ the means, his 
assertion is not true, and this I shall now proceed to prove. 

The construction of this geometrical figure (Fig.2) may be described 
as follows : On A B, alineof any length, describe the square A B CO, 
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Draw the diagonal A C, and on A C debtribe the square A C E F. 
G F K 




With D as centre and DA or DC as interval, describe the circle X, 
and about it circumscribe the square G B H K. With D as centre, 
and any interval greater than half the side of the square ABCD, but 
less then half the side of the square A C E F, describe the circle Y, 
the radius of which shall he for the present unknown. 

Let A denote the area of the square G B H K circumscribed 
about the circle X. Let B denote the area of the square ABCD, 
on the radius of the circle X. Let C denote the area of the square 
on AC, a diagonal of the square ABCD, and therefore an inscribed 
square to the circle X. 

Then : i (A) = B, and the mean proportional between A and B 
== C, that is, pi/a X B = C, whatever arithmetical value we may put 
upon A. Now, let .r denote an intermediate arithmetical quantity 
between A and C, and let y denote an intermediate arithmetical 
quantity between B and C. Then ; If we can find values of x and 
y, so that A : x : -.y -.B, the mean proportional between x and y 
the means, will be equal to the mean proportional between A and B 
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the extremes, and both equal to C, and the problem of finding two 
mean proportionals so that A : .r : :_v : B, will be solved. 

Let A which denotes the area of the square G B H K circum- 
scribed about the circle X = 20. Let C denote the area of the 
square A C E 1' : and, by hypothesis, let 77 = ^^^ 3"f25- 
Then : 



- 3'L25 -^ ■' 



■ ■ ■ {(C + i C) + i(C + iC)} == ;(io + 2-5) + ir(i2-S)} - 12-S + 
3'izs = 15-625 = X. 

And, A : .1: : :_v ; B. The product of x and y, the means, is 
equal to the product of A and B, the extremes; and it follows of 
necessity, that the mean proportional between x and_y is equal to 
the mean proportional between A and B ; and both = C ; that is, 
J*~'>r^ = VA >;'B, or, s/i5^25~x^"^ = v/so X 5 ; and this 
equation or identity is equal to the area of an inscribed square to the 

circleX: and when A = 20,then,C-io. therefore, - = f=j ; and it 

follows, that i =(-y; therefore, 16 T- J = (277)% and A « ^(x) = 

20 K ■78135 ; and this equation or identity = 15-625 = x* 

" A Mathematician of the De Moigaii or Whitworth type, would catch 
at this and exclaim ; What ! am I to argue with a ntai! vihe -tviadd make the 
square A C E F and the circle V equal in snperficiat area I No doubt, it is 
self-evident, that the circle Y and the square A C E F cannot he equal in 
sapetficial area ; and Mr, James Smith knows this as well as De Morgan or 
WhilworSh, or any other " rtcognised Matkematieian" But, it b not self- 
evident that the cirde Y and the square A B C D on the radius of the circle 
X cannot he equal in superficial area. We kncna that the radius of the circle 
Y is greater thou the half of D C, a side of the square A B C D, and less 
than the half of A C a diagonal of that square, by ( 
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It may be admitted, that this is s. particular casg, A-aA quite 
unique, and consequently, that it is true only, when A = 20. But, by 
means of it, ivc discover the following formula for finding the area 
of a circle, from a given area of its inscribed square. 

Let C denote the area of a square. 
Then : 

{C + J Q -i- |(C + i C) = area of a circumscribing circle, 
and this holds good, whatever arithmetical value we may put 

We alsn knoia, thai if a circle equal in superficial area to the square A B C D 
exists, its raditis must be greater than the half of D C and less than the' half 
of A C. We also htffw, that if with D as centre and the half of A C a» 
interval, we describe a circle, this circle will be an inscribed circle to the 
square A C E F. 

It is self-evident, tliat the area of a square may or may not be rejire- 
aented "b^ a square number. If represented by a square number, say 64, then, 
x/64 = 8 = a side of the square, and is equal to the diameter of an inscribed 
circle; and the diameter of the circle is a finite arithmetical quautity. 
But, if the area of a sqTiare be represented by an arithmetical quantify (hat 
is not a square number, say 32, then, the diameter of an inscribed circle — 
ij%2. It may be admitted that ^^32 is a definite arithmetical expression, 
but, since we cannot extract the root without a remainder, it \Yiil surely not 
be argued by any "recognised Mathetnatkian" or " rmsoning gfome- 
Irical investigator" that ^32 represents 3. Jiniti awA determinate arithmetical 
quantity. Now, because the area of a circumscribing square to any circle is 
equal to twice the area of an inscribed square ; and because the area of an 
inscribed square to any circle is equal to tmce the area of a square on the 
radius : it follows, that the mean proportional between the area of a 
square on the diameter of a circle and the area of a square on the semi- 
(adius, is equal to the area of an inscribed square to the circle. This is 
axiomatic, if not self-evident, and the reason is obvious enough, vii. : The 
mean proportional between any given whole number and one-fourth part of 
it, is equal to half the given number; and it follows, that the double of any 
whole number, is equal to the half of four times that number. 

WeU, then, let the diameter of a circle = 32. Then -.'^ = & ^ seniL 
radius of the circle; and the mean proportional between the diameter and semi- 
radius = Vi^ JTS = ^y256 = 16 = radius of the ciiele. But, when the 
area of a circumscribing; square to a circle = 33, then, the diameter of the 
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Upon C ; and it follows, that if C denote the area of a circle, 
then : { (C — J C) — J (C ~ t ^) / = '"ti-ca of an inscribed square to 
the circle ; and again, the formijla holds good, whatever arithmetical 
value we may put upon C, 
Again : 
if, in a right-angled triangle ABC, the sides A D and B C con- 
bin the right angle, and are in the ratio of 4 to 3, then, the hy- 
pothenuse A C will be 5, when the side A E = 4. 

■circle =^ ^/^2■. > { JJ2) = Vs = radius: ""d, '—^ = > ^ = ^3 
■= semi-radius ; therefore, the mean proportional between the diameter 
nndsemi-radins= \/{V32 ^ V^ = s/(V32Vz)= J( ^64) = ^/8": 
and is equal to radius ; and 4 (r*) = 4 ( ^8 ) = (4 =< 8) = 32 = area of 
a circumscribing square to the circle. Let the diameter of the circle X -=■ I. 
Then ; j = '25 = semi-radius of the circle X ; and the mean proportional 
between the diameter and semi-radius i=v'i x ■25 =r V '25 = ■5 = radius 
of the circle X. But, i6(jt«) = 16 (-25=) = 16 x -0625 = I -= area of (he 
square GBH K, cifcnmscribed about the cii'cle X ; and since the properly of 
one circle is the property of all circles, it folIoK's, that 16 limes the area of a 
squar.: on the semi-radius = area of a circumscribing square to every 
circle. L.et Ihe area of the square ABCD = 6'4, Then, V5^= DC 
tha radius of the circle X. Now, 4 (D C) = 4 (6-4) ^ 25 '6 ^ area of a 
circumscribing square to the circle X, and it follows, that V 25*6 ^ diameter 
of the circle X. But, the mean proportional between V 6-4 and VzyO 
= V( \/6h X v'^l'e) = ViVb^ X 2$-6) = V'(^i"6r84) = 
1^763-84 = 12-8, and is rot equal to the radius of the circle X, 
but equal to the area of the square A C E F inscribed in the cir- 
cle X. Now, these are cither facts or they are not facts. Facts they 
cannot be. if the value assigned to t by " recognised Malhemalicians" is . 
arithmeticall}' correct. Well, then, let that unscrupulous critic, and imi- 
temfUble matltentaticaliwaddlirT>^ Morgan, go to work and prove that they 
are not facts, and consequently, that they are matheinalical untruths. In this 
way he may demonstrate that Mathematics us applied to Geometry by Mathe- 
maticians is neither a mi!cks?y, delusion, nor a snare, and so establish his 
niathematica! reputation, and put Mr. James Smith to silence. Let not 
that vaia man imagine that he can convert truth into falsehood, by his scur- 
rilous abuse, coniemptiilt ridicule, and ribald vulgarity ! I! 
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AC : AB' ; -.Jzo: Ji-ig^; that is, 25:16:: s/ao': s/s-iyz, 
and the product of the means is equal to the product of 
the ex-lremes ; that is, 16 {J20) — 25 (VS'igi), and this 
equation or identity = s/siao; but, since 5120 is not a square 
number, the mean proportional between the means and extremes 

is incommensurable. Now, li { ,l^\ ^ . / --; x 20 = , I -r- x 20 
= ^■4096"^"^= VS^i^; i { •J'^l'<i^) ^ V2"o48; and, 

\U^^r^ sj% ^ 2'043 = s/fl<" 2-^8"= ,J^>r'ToiS = 

i/-ji2. But, 6-25 ( V" 2-048) = I'^&JS' X 2-048 — V'39-o625 x 2-048 

= V'80 ; therefore, v'iVSo'x v'-5T2) = V (So x -512) = v'40^§ 
-=6-4. 

By hypothesis, let the circle Y and the square A B C D be equal 
in superficial area, and let tbp area of the circle Y = 6-4 
Then: 

2 (6'4) = 12-8 = area of the square ACE F inscribed iri the 
circle X : 2 (r2'8) = 2y6 = area of the square GB H K, circum- 
scribed about the circle X; and -- = 64 = area of the square 
A B C D, on the radius of the circle X. 



^M^Tol^Y^ y3%-./S55=r.di„ 



f the 



circle Y. 2 ir (Jroj^i) = 6-23 ( Ji'o^i) = ^6-25' x 2-048 
= J39'o62S X 2048 = ^/8o = circumference of the circle Y ; 
therefore, the mean proportional between the square of the cir- 
cumference of the circle Y and the square of the radius = 

V'( VSo X Vro48) = ./8o x 2-048 = s/i^yS^. = 12-8 ; therefore, 
the mean proportional between the square of the circumference 
and the square of the radius of the circle Y is commensurable, 
and equal to the area of the square A C E F, and is therefore equal 
^o twice the area of the square ABC IX 
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J =^ radius of the circle Y, 



2 IT ( ^1-0^%) = ^80 = circumference of the circle Y ; and it fol- 
lows, that the mean proportional betweenthe circumference and radius 
of the circle Y = ^ ( VSo x V^8) = J {^^~lCl^o^) = 

s/(VT63"84)= -/ia^; therefore, ^fll^ — 12'8 — area of the 
inscribed square A C E F, and is equal to twice the given area of 
the circle Y. 

Again : 

Circumference of circI eY _ VeS _ /„ i_ / ' Zo~~ 

3'i25 — 3":t25 - ^^°-^3-i25 -y -^765625 

= VS-iga = diameter of the circle Y; and it fallows, that the 

mean proportional between the square of the circumference, and the 

square oi the diameter of the circle Y =/(v'8o x VS'igz) 
= ■v'"(8o~!r"8"-"ig2) = v' (655-361 = 25-6; therefore, the mean 
proportional between the square of the circumference, aiid the 
square of the diameter of the circle Y is commensurable, and is equal 
to four times the area of the square A B C D. But, 6-25 ( ^3^8) 
= ^/6■2s' X 2-048 =^ v39'o625 x 2'0^8 ^= nJSo ; therefore, 

s/{ VSo X nZ-sTs) = s/(8o X '512) — Jio-96 = 6-4; and is 

equal to the area of the square A B C D on the radius of the 

circle X. 

Again : 

Circumference of circle Y __ ;„■ ,, ^ . - ^ ,, 

~— — ^8-192 = diameter, and it follows, 

that the mean proportional between the circumference and dia- 
meter of the circle V = J{ Js^ x ^'8^92) = J ( V80 x S'lga) 

= V ( ^655-36) = JzyS; therefore, J^S'S =• 2y6 = area of 
the square G B H K, circumscribed about the circle X, and is equal 
to four times the area of a square on the radius of the circle X. 

Now, Mr. William Hepworth Dixon, where will you be if 
you attempt to work out similar results with the mysterioui ir 
—- 3'i4iS926s... ? Who,mygood Sir, is the "iw/w/iir?" That 

is the question ! Is it J S , the "d y ;" or is it the 

Pf(((hfntatical d y of the Aihenaum f Pray tell me ,' 
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I must bring this Letter to a close, which has run on so far to- 
wards "fifteen quarto pages" as I dare say to make me, in the 
opinion of the we of the Athenmum, criminal in the highest degree, 
if not guilty of a " capital offence'' Well, then, in conclusion, 1 may 
observe : I am not prepared to believe, that you, Mr. Wm. Hepwortb 
Dixon, are either incompetent to "rifi!rfa«i^M«iA^'M(ii«'^>"«'lia! I have 
written in this and my Letters of the 14th and 21st inst., or unable 
to comprehend the value and importance of the geometrical and 
mathematical truths I have brought under your notice ; and I ask 
you, as a professed caterer of intellectual nourishment for the scien- 
tific public, will you not, if you decline to make these truths known 
to your numerous scientific readers, prove that the editorial WE 
of the Athettaum are Mathematical '■'■impostors f " 
I am, Sir, 

Yours respectfully, 

James Smith. 

My early Letters to the Editor of the Athenmum, were in- 
tended to be suggestive rather than exhaustive. These Letters 
were obviously handed over to Professor de Morgan, and it 
would appear, that no argument would be suggestive of 
geometrical truth to that gentleman ; and no reasoning, however 
cogent and logical, sufficient to convince him of the truth of the 
THEORY that 8 circumferences = 25 diameters in every circle, 
I believe, however, that Professor de Morgan knows the fact, 
that 8 circumferences are exactly equal to 25 diameters in 
every circle; but I do not believe that the learned Professor 
will ever have the candour to admit it, I have made some 
alterations and additions to this Letter ; — If Professor de Morgan 
should happen to think I have done him an injustice, he can 
publish the original Letter and prove it. I have no doubt 
the following hint will enable him to lay his hands on 
the original Letter. " His (Mr. Smith's) pamphlets and letters 
are all tied up together, and -will form a curious lot when death or 
cessation of fewer to forage among bookshelves shall bring my (Mr. 
de Morgan's) little library to the hammer." 

J. S. 
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In the Article, PsKUDOMATH, Philomath, and Graphomath, 
Mr. A. de Morgan says : — " TAere are some persons who feel 
inclined to think that Mr. Smith should be argued with : lei those 
persons understand that he has been argued with, refuted, and 
has never attempted to stick a pen into the refutation" This was 
written on or about the 31st December, 1867. When or 
where has Mr. A. de Morgan ever " refuted" or attempted to 
refute, the geometrical truths brought under the notice of the 
Editor of t,hGAthenmum,m my Letter of September 28th, 1867? 
Will he dare to assert that he did not receive a Letter from me, 
dated 30th June, 1864 1 * Will he dare to assert that the geo- 
metrical truths brought under his notice in that Letter, are not 
inseparably connected with those in my Letter of September 
38th, 1867 1 When or where has he, or any other Mathema- 
tician, refuted these truths 1 Have I not refuted the Rev. 
Professor Whitwoth's false assertions, and fallacious arguments^ 
Well, then, it appears to me almost inconceivable that so 
practiced a pubHc writer as Mr, A. de Morgan should lay him- 
self open to the charge of deliberate falsehood. Has he not 
done so 1 

Barkeley House, Seaforth, 
loth October, 1867, 

To The Editor of the "Athen^um-" 
Sir, 

" Here ve are again, says the clown' but where will 
you be, Mr. Hepworth Dixon, if you "read, mark, learn, and 
inwardly digest^' this epistle ? I may frankly confess that, in again 
addressing you, I hope to "luheedU" you into an examination of 
the properties of the remarkable geometrical figure represented by 
the enclosed diagram {See Diagram XVJ.), of which the following 
may be taken aa the method of construction ; — 

* See ; Thi British As!<^iatic'. in J^pardy, and Prof Hior de Mcrg/fn 
\n Iki Pillon-.viilhaut hope 0/ escape : Page 7S, 



Hosted by 



Google 



DIAGRAM XVi. 
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On the straight line AB describe the square A BCD, and draw 
the diagonal D B. On D B describe the square D B E F, With A 
as centre and A B as interval, describe the circle X, and about it 
circumscribe the square G C H K. From A B cut off a part A L 
equal to sixteen twenty-fifth parts of A B, and with A as centre and 
A L as interval, describe the circle Y. From the point L draw the 
tangent L M, making L M equal to three-fourth parts of A L, and 
join AM, producing the right-angled triangle A L M. From the 
paint A, the centre of the circles, draw the straight line A N at right 
angles to A M, making A N equal to A M, and join N M. From the 
point N draw a straight Sine parallel to A B, to meet L M produced 
at the point P, producing the right-angled triangle N P M. On 
N M describe the square N M a i. Produce A N and A M, to meet 
the sides K H and H C of the circumscribing square G C H K, to 
the circle X at the points and T, and join O T, producing the 
right-angled triangle O H T. On O T describe the square OT cii. 
The sides of the square OT cd cut the circumference of the circle 
X at the points m, ft, o, and p. Join m n, n a, op, and^ m, producing 
the square m n op, which is an inscribed square to the circle X, and 
therefore similar and equal to the square D B E F, on the diagonal 
of the square A E C D. the generating figure of the diagram. 
Join B M, 

Now, B M is a straight line drawn from the right angle E in the 
triangleABT, perpendicular to its opposite side AT, and connects the 
right angle in the triangle ABT with the obtuse angle M in the triangle 
JJ P m. The triangles ABT and A L iVt are similar right-angled 
triangles, and the sides containing the right angle are in the ratio of 
3 to 4, by construction. The triangles NPM and O H T, are 
similar right-angled triangles, and in the triangle N P M the side 
N P ;= the sum of the two sides A L and L M which contain the 
right angle in the triangle A L M, and the side P M = the difference 
of A L. and L M. In the triangle H T the side O H = the sum of 
the two sides A B and B T, which contain the right angle in the 
triangle ABT, and the side H T = the difference of A B and B t. 
Hence : The sides which contain the right angle in the similar 
triangles, NPM and □ H T, are in the ratio of 7 to i. 
Hence : 

(AL-l- LM) = NP,and,(AL— LM)= P M i therefore, (A L' 
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+ LM" + AM») = (NP^ + PM')= N M= =3^ (AL^) = area of 
the square N Mai. 

(A B + B T) = O H, and, (A B — B T) = H T; therefore, (A B' 
+ BT' + AT^)= (0 H' + HT = ) = OT' =3i(AB=) = area of the 
square OT cd. 

(N P + P M)' = area of a circumscribing square to the circle 
Y, and, (N P° — P M^) = area of a regular inscribed dodecagon to 
the circle Y. 

(O H + H T)' = area of the square G C H K circumscribed 
about the circle X, and, (OH' — H T") = area of a regular inscribed 
dodecagon to the circle X, 

In a right-angled triangle, if a perpendicular be drawn from the 
right angle to the opposite side, the triangles on each side of it, are 
similar to the whole triangle and to each other, (Euclid : Prop. 3, 
Book 6). 

Now, in the triangle A B T, B M is a straightline drawn from the 
right-angle B, perpendicular to its opposite side A T; therefore, A M B 
and B M T, the triangles on each side of B M, are similar right-angled 
triangles and similar to the whole triangle A B T. But, in the 
right-angled triangle A M B, M L is a perpendicular drawn from the 
right angle M to the opposite side A B ; therefore, A L M and M LB, 
the triangles on each side of M L, are similar right-angled triangles, 
and similar to the whole triangle A M B. But, the triangles A M B 
and B M T arc similar triangles ; therefore, the triangles MLB 
and B i\I T are similar triangles ; therefore, the five triangles A B T, 
A L M, A M B, B M T, and M L B are similar right-angled triangles, 
and the sides containing the right angle are in the ratio of 3 to 4. 
But, B M is common to the two right-angled triangles MLB and 
BMT, and is the hypothenuse of the former and the perpendicular 
of the latter therefore, (M L' + L B') = (B T' — M T'). 

Now, TT denotes the numbei of times the diameter of a circle is 
contained m the circumfeience or in other words, ir denotes the 
circumference of a circle, when the diameter is taken as unity, and 
the peumetei of a cirt,umsi,rLbmg square to a circle of diameter 

unity = 4, th^iefore, - expresses the ratio between the circum- 
ference of -i cncle ind the perimeter of its circumscribing square. 
Now, 4(8) = io(-5 2) = ■%! -- the perimeter of a circumscribing 
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square to a circle of diameter 8 ; therefore, 8 ir = the circum- 
ference of a circle, when the pcrimetei' of a circiirascribing square 
= 32, whatever be the value of tt. For example ; by hypothesis, 
let ir = 3'i4i6, and let the diameter of a circle = 8. Then : 8 ?r = 
8 X 3'i4i6 = 35'i328 = circumference of the circle ; and ir : 4. ; : 
2S'I328 : 32, the perimeter of a circumscribing square ; and it is 
obvious that any other finite hypothetical value of tt, intermediate 
between 3 and 3'2, would produce a similar result. 

By means of the following algebraical formula, we obtain some 
remarkable results ; — 

^ -7/ {a A -^ = x; and, - = B. 

Now, let A denote the area of a square circumscribed about a 
circle, and let B denote the area of a square on the radius of the 
circle. Let x and y denote the areas of circles, so that x is less 
than A, and y greater than B, and let A be given to find two mean 
proportionals, so that K\ x : -.y-.Vi. 

Let A = 32, and, by hypothesis, let ir = 3'2. 
Then: 

J ^|.^ = io=j.:(A>.p = 32 X -8 = 25-6 ^x: 
and, - — ^- = 8 = B i therefore, A : .r : :^ : B ; that is, 32 : 

T 3'2 

25-6 : : 10 : 8 ; and the product of the extremes is equal to the pro- 
duct of the meaiu; therefore, the mean proportional between A and 
B, is equal to the mean proportional between x and y; that is, 
V32 X 8 = J^"6"in^ = ^^56" = 16 - l^' or,(2B.) 

Again : Let A = 32, and by hypothesis, let vr -■= S'^S. Then : 
^■- 3^725 = ^°'^4=J^^ (A ^5-32 .78125 = 25-^: and, 

- = ^~ = 8 " B ; therefore, A : jr ; :^ : B ; that is, 32 : 25 
: : 10-24 : 3 ; and the product of the extremes is equal to the product 
of the means J therefore, the mean proportional between A and B, is 
equal to the mean proportional between x and_Kj' that is, ^32~x~8 

— ^if^T^ii, = s/256 = 16 = 2 ' or, (3 B.) 

In both examples the mean proportional between A and B, and 
X and y, := area of an inscribed square to a circle of which A 
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denotes the area of a circumscribing square ; but neither affords any 
proof of the true value of ir. Either hypothetical value of tt on 
which the foregoing calculations are worked out, may be right, or 
both may be wrong, but both cannot be right. Hence : we must 
resort to some other means to prove whether either or neither is the 
true arithmetical value of tr. 

Let A = 32, and, by hypothesis let x = 3. 
Then. 

^=3^? = roS=j:[Ax J) =32,<75 = 24=^:and,^=^/' = 
8 = B ; therefore, A : x : : y: '& ; that is, 33 ; 24 : : 10.^ : 8; and the 
product of the extremes is equal to the product of the means; there- 
fore, the meaa proportional between A and B, is equal to the mean 
proportional between x and yj that is, >,/ ■^■^ '">< ~8 = ■v'34 x io| ; 

and this equation or identity = v'256 = 16 =--= - or, 3 (B). Hence : 



4ey-" 



', whatever be the value of x. For example: 4[i'5') 
= 4 X 2-25 =9=3', when we assume ir = 3. How, then, can 
the arithmetical value of it be an indeterminate arithmetical quantity? 
Surely these facts ought to suggest to 3.'^ recognised MathemaHcian" 
like Professor de Morgan, that there is something more in Geometry, 
than wets ever dreamed of in his mathematical philosophy. 

Well then, referring to the diagram (See Diagi-ara XVI.)j let A 
denote the area of the square A B C D on the radius of the circle 
X. Let B denote the area of the square N M «,* on the hypothe- 
nuse of the right-angled triangle N P M. Let C denote the area 
of the square wmij^, or,DBEF, eitherof whithisan inscribed square 
to the circle X. Let D denote the area of the square 01 cd on the 
hypothenuse of the right-angled triangle O H T. And let E denote 
the area of the square G C H K circumscribed about the circle X. 

Then ; A ; B : : D ; E ; and the product of the extremes is equal 
to the product of the OT^aMj-j- that is, A x E^B x D; therefore, the 
mean proportional between A and E ^ the mean proportional 
between B and D, and both = C, which denotes the area of the 
inscribed squares to the circle X, 

^ ^ A: (AL= + LM^ + AM') = 3i(AL=)-^B : f =zA 
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- C : (A B» + B T^ + A TO = 3t (A B') ^ D : (2 A B)^ = E ; 
and I (A) = the difference between D and E : and it follows that : — 
If A = 16 : then, B = 20-48 : D = 50 : and E = 64 ; therefore, 
A : B : : D : E ; that is, 16 : 20-48 : : 50 : 64. The product of the 
means = the product of the extremes ; and it follows, that the 
mean proportional between the means = the mean proportional 
between the extremes ; that is, ^'20-48 x 50 = Ji6 x 64 = ^"1024 
= 33 = C. 

Now, let wand ?! denote the areas of the circles X and Y, and let 
the arithmetical value of n be any finite quantity, say 32, and be 
given to find B, that is, to find the arithmetical value of tlie area of 



thesquaieNM^^. Then: >^ ^^ = JY^ = AL the 
radius of the circle Y, which is also the perpendicular of tlie right- 
angled triangle A L M ; and A L : L M : ; 4 ; 3, by construction ; 
therefore, | (AL) = | ( 71^24) = ^g"! '< 10-24) = V('^ « ^^■^^) 
= ^('5625 :< io'24) = ^/576 ^ L M the base of the right-angled 
triangle A L M, and A L and L M contain the right angle ; there- 
fore, (A L" + LM') = (10-24 + 576) = 16 == AM* ; therefore, 
|'AL«+LM' + AM') = 34(AL^)=32 = B; that is, = area of the 
square N M a 5. For, A N = A M, by construction, and A N and 
AM contain a right angle, A ; therefore, (AN*+ AM')= (16 + 16) 
= 32 = N M" =- B ; that is, = area of the square N M a i, and 
demonstrates that n and B are exactly equal ; that is, that the circle 
V and the square N M u 5 are exactly equal in superficial area. And 
similarly, from a given value of //;, we may find the arithmetical value 
of D, that is, the arithmetical value of the area of the square OT cd, 
and so prove that }k and D are exactly equal in superficial area. 

Now, Sir, to prove that « is not equal to B, and m not equal to 
D, you must demonstrate the following things to be geometrical 
absurdities : — 

First : | (A), that is, seven-eighths of the area of the square 
A B C D, the generating figure of the diagram, = the difi'erence be- 
tween D and E. 

Second: The sum of the areas of the four triangles bpU, 
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N ,9 M, Mn<t, and ami, about the square N M n ^, = the differ- 
ence between B and C. 

Third : The sum of the areas of the four triangles mcn,nH o, 

Of, and^ dm, about the square mttop, — the difference between 
C and D. 

Fourth : The parts of the circle X, contained by the sides of the 
square m n op and their subtending arcs, are equal to the parts of 
the square O Tcrf, about the square mnop, each to each. 

Fifth : The sides that contain the right angle, in the triangles 
N P M and O H T, are in the ratio of 7 to i, by construction. 

The area of every circle is equal to the area of a square on the 
hypothenuse of a right-angled triangle, of which the sides that con- 
tain the right angle are in the ratio of 7 to r, and their sura equal to 
the diameter of the circle. Corollary : The area of every circle is 
equal to the sum of the areas of squares on the sides of a right- 
angled triangle, of which the sides that contain the right angle are 
in the ratio of 3 to 4, and the longer of these sides the radius of the 

These geometrical truths are very far from exhausting the 
properties of the remarkable figure represented by the diagram, but 

1 am warned that it is time to bring this Letter to a close, as it is 
fast running on to "fifteen qttarto pages!' Well, then, in conclusion, 
if the WE of the Athen/eum find it impossible to controvert the 
geometrical and mathematical truths I have now brought under their 
notice, and yet decline to give currency to them through the columns 
of the leading Scientific Journal, I leave it to their own consciences 
to answer the following question ;— ^What will they be ? 

1 am. Sir, 

Yours respectively, 

James Smith. 
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Barkelev House, Seaforth, 
iztk October, 1867. 
To The Editor of the "ATHENffiuM." 
Sir, 

I posted a Letter to your address yesterday, and 
omitted to enclose the diagram, which ! send you herewith. 

In my Letter I stated that the truths to which 1 addressed your 
attention were far from exhausting the properties of this remarkable 
geometrical figure, and I may take this opportunity of calling your 
□ the following facts, of which, as a Geometer and Mathe- 
1, yaa may readily convince yourself. 
The sides of the squares D B E F on the diagonal of the square 
A B C D, intersect and bisect the sides of the square O T c .^ on the 
hypothenuse of the right-angled triangle O H T. 

The side a M of the square N M a ^, intersects and bisects D B 
the iliagonal of the square A B C D, at the point e, therefore, the point 
e is the centre of the square A R C D, the generating figure of the 
diagram. With A as centre and A ^ as interval, describe a circle. 
This will be an inscribed circle to the squares D BE F and mnop. 
The sides of the square N M n ^, on the hypothenuse of the right- 
angled triangle N P M, cut the circumference of the circle Y at eight 
points, by means of which we may produce two inscribed squares to 
the circle V. 

How could these things be, my good Sir, if there were no defi- 
nite relations existing between the circles, squares, and triangles, of 
which the diagram is composed ? 

I am, Sir, 

Yours respectfully, 

James Smith. 



At this time, and in consequence of the scurrilous attack on 
my Letter to His Grace the Duke of Buccleuch, I decided upon 
writing a series of Letters to the Editor of the Atherueum, with 
a view to publication, and in this way bring under the notice of 
the Mathematical world the Geometry of the Circle ; but I was 
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diverted from this intention by the correspondence referred to 
in the early part of my pamphlet " Eudid at I'ault'' wK\<^ com- 
menced on the 17th December, r867, and extended over a 
period of nearly six nionths. In the article ; Pseudomath, 
Philomath, and Graphomath, Mr. A. De Morgan admits 
the receipt of, and thanks the Editor of the AthetKsum for, nine 
of these Letters. But not a word about Mr. Smith's Letters of 
November 7th, aotli, 23rd, 27th; December znd, sth, 7th, loth, 
and i6th. (One of these Letters (November 20th) concludes 
as follows : — " N010, Mr. Editor, ■whether you do, or do not, 
think this communication, worth your attention, pray let the 
learned Professor De Morgan have the opportunity of perusing 
it.") Does Mr. A. De Morgan mean to say that these Letters 
never came into his hands ? Mr. Smith is of opinion that all of 
them came into the possession of tliat gentleman, and if Mr. 
Smith is wrong, let Mr. A. De Morgan speak plainly, say 
so, and prove it ! That of December lotb, appears in my 
Correspondence with the Rev. Professor Whitworth. When Mr. 
A. De Morgan has his next '^ bit of sport" with the ^^ great 
pseudomath of his time" let him prove that he saw for the first 
time the pseiidomath's effort of December loth, in that corres- 
pondence. Well then, it is quite impossible that I can introduce 
into this work, all my Letters to the Editor of the Athenieum, 
which would make a volume of themselves, and I shall content 
myself with giving three of them : — 



James Smith to Wm, Hepwokth Dixon, Esq., 
Editok of the " Athen^um." 

Barkeley House, Seaforth, 
"jth November, 1867. 
Sir 

The supplement No. 10, to the "Budget of Paradoxes," 
by Professor De Morgan, wliich you will find in the Atkenceum of 
December i, 1866, commences thus ; — " And now for an episode on 
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ihe things of Ike day. My account of Mr. Thom and 666, appeared 
on October 27 .■ on the 2gth, I received from the Editor a copy of Mr, 
Thonis Sermons, published in 1863 (he died, February 27(h, iS6z), 
with best wishes for my health and happiness. The Editor does not 
name himself in the bookj but he signed his name in my copy ; and 
may my circumference never be more than 3J of my diameter, if the 
signature, name, and writing both, were not that of my © \i\ing 
friend, Mr. James Smith'' The Budget eflds with the following 
words: " His (Mr, Thorn's) fame must rest 0/1 his senary tnpod." 

Well, Mr. Editor, it is now my turn for '^an episode on the things 
of the day" You know, Sir, that I am a Member of the Mersey 
Docks and Harbour Board, and Thursday is our Board day. The 
Board is a public one, and short-hand writers attend regularly to re- 
port the proceedings. One of these gentlemen, on entering the 
Board-room to-day, handed me a printed paper. I wish you could 
have seen the air with which he did it ; I can assure you that 
Professor Dc Morgan himself could not have made me such a pre- 
sentation with a greater air of triumph. The following is a copy of 
the paper : — 

" THE Circle Squared. 




Square Root -8362269354527. 

Area 7 8S 3 9S 1633 973 45 483 09993 7 29 

Circumference of circle 3.14159265358938193339974916. 

Ratio 3 '93 69908 1 698 67 274 1 5 49968645, 



■25 



(Signed) Yours truly, 
H. H— 
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Wilhin five minutes, I threw off, and presented Mr. H. with 
a paper, of which the following is a copy :— 




Thank you, Mr. H . Since you are competent to calculate 

the ratio of diameter to circumference in a circle to 26 places 
of decimals, you will, of course, be competent to solve a much 
simpler problem. Well then, in the above geometrical figure, you 
have a perfect ellipse about the rectangle A B C D. Find the ratio 
between the periphery of the ellipse, and the circumference of the 
circle X.* 

On the Reporter's leaving, I handed Mr. H ■ another paper, 

and I afterwards saw him outside the Board-room and had a few 
minutes' conversation with hini. The following is a copy of the 
second paper ;~ 

* Mp. H, H , the circle squarcr, is Ihe father of the Mr. H— — 

referred to in this paragtaph i but at the time of penning it I was not aware 
of this fact. 
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In this geometrical figure, let A B C be a right-angled triangle, 
and A B the radius of the circle, and let the sides A B and B C, 




which contain the right angle in 
4 to 3, by construction. 

Then: if AB = i, |(AB) = 75 = B C, and A B^ + BC = 1= 
+ 75^ - 1 + -5625 = 1-5625 J" A C ; therefore, ^/I■5625 = r'25 = 
A C ! and the value of A C is oae of the terms of your ratio, and 5 
times the area of a circle of diameter unity, is the other term. But, 
(AB= + EC + AC') = (i + -5625 X r563s) = g-i35, is the sum of 
the areas of the squares on tJie sides of the triangle ABC; and on 
the THEORY that 8 circumferences of a circle are exactly equal 
to 25 diameters, is equal to the area of the circle. Now, the area 
of a circle of radius i, is represented by the same arithmetical 
symbols as tt, whatever be the value of tt. 

Again: IfAB = i= -5, then, |(A B) = -375 = B C; andAB^ 
+ BC^=-5^ + '375' = -25 + -140625 = -390625 -^ AC ; therefore, 
V-390625 = -625 = AC, and 5 times AC = 3-125. But, (AB= + 
B C» +AC^)=-35 +-140625 + -390625) = -78125, is the sum of 
the areas of the squares on the sides of the triangle ABC, 
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and is equal to ■ — ■; that is, - to one fourth part of the area 
of the circle when A B = i ; and on the theory that 8 circumferences 
= 25 diameters in every circle = area of a circle of diameter 

Now, the square root of 78125 is -8838.,., and in your paper 
yon give the square root of the area of a circle of diameter unity = 
■8862269254527 , . . But, pray, my good Sir, what on earth has 
either the one or the other to do with the ratio of diameter to circum- 
ference in a circle ? Arc you aware that by your paper you make one 
of the terms of your ratio equal to 5 times the area of a circle of 
diameter unity, and the other equal to 5 times the semi-radius of a 
circle of diameter unity ? Are you aware that these would have been 
the terms of your ratio had you given mc 260 decimals instead of 26 ? 
Now, Sir, when the diameter of a circle is represented by unity, 
then, on the THEORY that 8 circumferences of a circle are exactly 
equal to 25 diameters : — 

Area of the circle = -78125. 

Circumference of the circle = 4 (78125) = 3'i25. 

5 times area = circumference + area = 3M25 +78125 =3'9o625. 

5 times semi-radius = 5 >; -25 = ('25. 

Therefore, -—t— expresses the ratio between the circum- 
ference and diameter of the circle, 
But, the two terms of a ratio may be divided by the same 
arithmetical quantity without altering the ratio itself. Hence: If 
we divide the two terms of the ratio i-S-—- ^ by r25, we obtain the 

equivalent ratio ^ , which is the true arithmetical expression of 

the ratio between the circumference and diameter in every circle. 

Hence ; When A B the radius of the circle = i, then S (A C) = 
5 X 1-25 - 6-35 = circumference of the circle ; and I2'5 ( — 1^ = 
12-5 (-5') = i2'5 X -25 = 3'i25 = area of the circle, and since the 
property of one circle is the property of all circles, it follows of 
necessity, that 12^ times the area of a square on the semi-radius = 
area in every circle. 
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When I spoke to Mr, H outside the board-room, I soon 

found that the elliptical figure was a perfect puzzle to him. 1 thein 
said : — I may tell you, Mr. H — —, that before you can controvert 
these facts, you must establish some relation between your ratio, 
and a circle standing in connection with some other geometrical 
figure or figures. Pray malse the attempt, my good Sir, and where 
will you be ? I may Cell you that when you are prepared to teach 
me anything in Geometry and Mathematics, you will not find me 
taking my stand in the ranks of that numerous class " ifin despise 
■wisdom and instruction!' 

Now, Mr. Editor, we are not without a recognised Mathematical 
authority in Liverpool, and it so happened, that (after my little 

episode with Mr. H ), I had occasion to see this gentleman 

on a matter of business, and referred to it. I drew the elliptical 
figure (See Fig. i.) which he admitted was new to him, I then asked 
him to find the ratio between the periphery of the ellipse and cir- 
cumference of the circle X. He saw in a moment thatAB is a chord of 
an arc of 6o°, and very soon found the ratio between the periphery of 
the ellipse and circumference of the circle to be as 240 to 360, or as 
2 to 3. True, said 1, and it follows that the periphery of the ellipse is 
exactly equal to four third parts of the circumference of one of the 
small circles, and its longer diameter or major axis equal to 3 times 
the radius of the small circles. This he admitted to be true, and I 
put the question :— How could this be possible if there were no 
definite relation between the diameter and circumference of'a circle ? 
And I eventually drew from him the admission, that it would be 
impossible. What, Mr. Editor, will you and Professor de Morgan 
say to this ? 

Now, Sir, suppose me to construct a diagram made up of Fig. I 
and Fig. 2 in combination, would it not be a "senary tripodf' 
It would be a queer three-legged stool, no doubt, but employing 
language somewhat after the fashion of your funny friend De 
Morgan, it would be a " senary tripod,'^ and a tripod that renders 
its own oracle. If this be nonsense, let you and Professor de Morgan 

1 have no doubt that you, Mr. Wm. Hepworth DiKon, was one of 
that singularly distinguished assembly of literary and scientific men, 
who, on Saturday last, were drawn together bj" the farewell banquet. 
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given to Mr, Charles Dickens ; and so heard the brilliant speech of 
the noble Chairman, Lord Lytton, who in proposing the toast of the 
evening, is reported to have said ; — "You are now inmted to do 
honour (o a kind of royalty, which is seldom very peacefully acknow- 
ledged until he who wins and adorns it has ceased to exist in Ike 
body, and is unconscious of the empire which his thoughts have 
bequeathed to his name. Happy is the man who makes clear his 
title deeds to Ike royally of genius, while he yet lives to enjoy the 
gratitude and the reverence of those he has subjected to his sway. 
Though it is by conquest that he achieves his throne, he, at least, is 
a co?tqueror whom^ the conquered bless, and the more despotically he 
enthrals, the dearer he becomes to the hearts of men. Rarely, I say, 
is thai kind of royalty quietly conceded to any man of genius, till 
his tomb becomes his throne. Yet none of us think it strange that it is 
granted without a murmur to the guest we receive to-night." Happy, 
indeed, in his literary career, should that man be, of whom Lord 
Lytton, hiraseK a poet, novelist, dramatist, critic, orator, statesman, 
and philosopher, could so speak. Mr. Dickens is said to have replied 
with much emotion, and in the course of his address observed :— " / 
have always tried to be true to my calling— never unduly to assert 
it, on the one hand, and never on any pretence or consideration to 
permit it to be pairontied in my person, on the other — this 
has been the steady endeavoiii of my life; and I have occa- 
sionally bem vmn enough to hope, that I may leave its social 
position better than I found it" He subsequently said:— 'M«rf 
here, in reference to the mntr CI) de of writers, and the outer circle of 
the public, I feel tt a duty to night to offer two remarks. I have in 
my day, at odd times,heard a great deal about literary sets, and cliques, 
andcoteries, and barriers; about keeping this man up, and that man 
down; and about swomdisciples,nndswornunbelievers,aboutmutual 
admiration societies, and / know not what other dragons in the up- 
ward path. I began to tread it when I was very young, without in- 
fluence, without money, without companion, introducer, or adviser, 
and I am bound to pulin evidence in this place, that I never lighted 
on these dragons yet. So I have heard in my day, at other odd 
times, much generally to the effect, that the English people have little 
or no love of art for its own sake, and that they don't greatly care to 
acknowledge or do honour to the artist. My own experience has 
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uniformly been exactly the reverse. I can say that of my country- 
men, if I cannot say that of my coimtry." 

Happy, aye, proud, and justly proud, may that man be, who in 
his hterary career has been so fortunate as to be able so to speak ; 
and yet, judging from the last words of my quotation from Mr. 
Dickens's speech, one thing is still wanting to complete his happiness. 
Mr, Dickens can say more than I can. In my literary career, those 
who have had a word of commendation for me are few indeed. My 
upward path has been beset by " dragons " on every side. I have 
"lighted" on them among "/^Virrurj' j^ij," and the vials of their abuse 
and ridicule have been poured forth through the columns of our 
leading literary and scientific journals. 1 have " lighted^' on thetn 
among the '^digues" who form our Literary and Philosophical 
Societies ! I have " lighted" on them in that mutual admiration 
Society, " The British Association for the Advancement of Science^ 
The " Dragons'" of that body have the power, and for years have 
made a point of exercising it, to prevent geometrical truth from 
being brought to light through that channel. I have come into con- 
flict with these "dragons" from time to time, individually and per- 
sonally ! They may have occasionally wounded me, but they have 
not yet succeeded in inflicting such a wound, that I should say with 
Mercutio ; — "'Tyr not so deep as a ■well, nor so -wide as a church door, 
but 'tis enough, 'twill serve." 

November <^th. 

One of Ihcsc dragons has given me a name, and another has 
made a nondescriptofme,andi;xedme a location somewhere between 
earth and heaven. You, Mr. Editor, will be proud to hear what the 
latter dragon says of you to-day. Pray read the following : — 
"Mr. Hepworth Dixon." 

" Our vein, as our readers well know, is rarely anticipatory. If 
the Liverpool Institute had inveigled even royalty within its walls, 
we should have been sibnt till after the event. It is not the Prince 
of Wales who is to present the Institute prizes next Thursday, but the 
King of English critics, the Editor of the Athenaum. We, of 
Liverpool, are rarely visited by great literary men, and tliere is little 
fear that we should be drawn from the gilded gods of our own cult to 
worship unduly the less gorgeous divinities of the book world. Porcupine 
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will not be suspected, therefore.of snobbery or adulation, when hecalls 
upon his townsmen to do honour to one of the most eminent and 
most deserving of living English writers. Mr, Hepworth Dixon has 
the perceptive imagination and interpretative genius of a true critic, 
and he unites to these qualities those more brilliant and vivacious 
gifts, without which, critics, however great in the judgnient-seat, can 
hardly be distinguished as literary creators. Let us do him honour, 
therefore, and prove that even at Liverpool, the guinea gold of 
intellect may pass current, without the stamp of rank." 

What must 1 do next Thursday ? You know, Mr. Editor, that it 
was my intention to be present at the distribution of prizes of the 
Liverpool Institute. How can I shew my face there now ? In. the 
opinion oi Porcupine, and Professor De Morgan, I should be but as 
one of a swarm of flies about an elephant, I think, however, I shall 
make an attempt to be present on that interesting occasion. Of one 
thing I am certain. You, Mr. Hepworth Dixon, will acquit me of 
being guilty either of " snobbery or adulation" should I be found at 
the Liverpool Institute on the evening of Thursday next. 

"Well ! Well ! " AlFs well, that ends well." It may be that 
my tomb may become my throne, or, it may be, that before I "cease 
to exist in the body" I may be privileged to overcome and rid my 
path of the " dragons" that have hitherto beset it ; but whether this 
should or should not be my good fortune, 1 shall pursue the even 
tenor of my way, without any anxiety as to the result. What 
is truth ? On more subjects than one, truth is made a mere 
matter of opinion. But, Geometrical truth can never be made 
a matter of opinion ; and with regard to it I ask no man's 
opinion. In your opinion, Mr. Editor, "ii« expert arithmetician such 
as is Mr. J. Smith, may fancy that calculation, merely as suck, is 
Mathematics" * In your opmion, Mr J Smith has sbewa himself 
"■utterly destitute of all that distinguishes the reasoning geometrical 
investigator from the calculatot "* In Mi J. Smith's opinion, you 
have failed to establish the Imth of either of your opinions. In 

your opinion Mr. J. Smith is ad y Mt J Smith is of a different 

opinion. But what matters it what ouropmions are on these points? 

• %zz Athenmum, May II, i85r. "Review; The Quadrature of the 
Circle : Correspondence between an Eminent Mathematician and James 
Smith, Es(^. 
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The question still remains, what is geometrical truth ? The answer 
to this question, is not a matter of opinion. A geometrical theorem 
is based on indisputable data, and consequently, can be logically 
reasoned out to an indisputable conclusion. 

Well, then, from time to time, 1 shall bring to light through the 
press, the geometrical truths it has been my privilege to discover, as 
opportunity offers, and as it suits my convenience, (and you know, 
Mr. Editor, it is with this object in view that I am making use of you 
just now,) confident that neither you, nor your friend Professor De 
Morgan, nor even the combination of all the talents represented by 
the British Association, can for any lengthened period succeed in 
convincing the world, that truth should be called by another name ; 
and, that Geometry is not an exact science, but a mere " mockery, 
delusion, and a snare." 

\ am. Sir, 

Yours respectfully, 

James Smith. 



To W. IlEPwoRTH DixoK, Esq., Editor of the 
" Athen^um." 

Barkelev House, Seafosth, 
\^lh November^ 1867. 
Sir, 

Although very unwell, 1 found my way to the Liverpool 
Institute last evening, and heard your brilliant and elegant address ; 
and I can honestly assure you that, you had not a more attentive 
or delighted listener. It was to me an evening that I shall never 

Now, my dear Sir, after hearing the noble sentiments to which 
you gave utterance last night, I cannot imagine it possible that you 
can intentionaUy lend yourself, andtheinfluenceof the^/^«i(£MM, to 
■wrii^ down geometrical truth. Now, there appeared in the 
Aihen<fU!n^ of September i4tb, a short notice of my Letter to His 
Grace the Duke of Buccleuch, on the Quadrature and Rectification of 
the Circle, obviously from the pen of Professor de Morgan, which drew 
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from me two Letters addresatd to tl e Ld toi Ihese Letter-; were 
evidently handed over to thit gcntkmin ani drew fiom h m the 
scurrilous and untruthful trash whii-h appeared in Out Weekly 
(J(iw?^" of September 28th and I cannot 1 elp Ihmkmg that my 
Letters must have been handed to Professor de Morgan by one of 
your Sub-Editors without your knowledge and that the art cle 
referred to got into the At! enmunt without y ur consent I cannot 
imagine that he, whom I heard and whon I lool ed upon last 
evening, would ever have intentini ally peimitted sich trash to 
disgrace the columns of the lead 1 g Sc entifai. Journal If I am 
right in these impressions, all I Cd,n say is that I shall onlj be too 
happy to retract anything I maj ha^e sad that elle ts upon 
yourself personally. 

Now, Sir, in my Letter to jou of he 7tl inst 1 ha e she vn bj 
means of a very simple geomet cal fig ire ho i a perfect ellipse 
or oval may be constructed of wh ch the periphery is e^iactly 
equal to two-third parts of the l cun feience of one c rcle and 
exactly equal to four-third paits of t«o othei c rcles and the longer 
diameter or major axis of the ellipse or oial exactlj eqi al to three 
times the radius of the small c lUes and it follows of necessitj that 
the longer diameter of the lH pse 'i exactly equal to three fourth 
parts of the diameter of the la%e c icle TI eae fact a e no i 
admitted by a gentleman, as tompetent to deal nith the subject as 
any man in England — not exccptingProfessorDe Morgan— and who, 
for many years, was one of my most resolute opponents. He now 
says, and admits, that these facts could not be possible, if there were 
no definite relation between the diameter and circumference of a 

The following may be taken as the method of construction of the 
enclosed diagram. (See Diagram XVII.) Let A B be a straight line. 
Then : with A as centre and AB as interval, describe the circle X, 
and with B as centre and B A as interval, describe the circle Y. The 
circumferences of these circles cut each other at the points C and D, 
Join C D. Draw E F, and G H, perpendicular to C D, and therefore 
parallel to A B, and Join EG and F H, producing the rectangleEFHG. 
With D as centre, and D E as interval, describe the circle Z, and with 
Cas centre, and CG as interval,describe the ai-cGNH, producing the 
ellipse or oval about the rectangle E F H G. Produce A B and C D, 
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both ways, to meet Ihe periphery of the oval or ellipse, at the points K, 
L,M, and N, and join K CandK D, producuig the equilateral triangle 
K C D to the circle X. From the angle E in the rectangle E F H G 
draw EP, a diameter of the circle Z, and alright angles to EP draw 
the diameter S T, From the angle F in the rectangle E F H G draw 
a straight line through the point A, the centre of the circle X, to meet 
and terminate in the circumference of the circle Z, at the point V. 
Produce F H to meet and terminate in the circumference of the circle 
Z, at the point P, and join V P, producing the equilateral triangle 
V F P to the circle Z. The lines K C and E A intersect and bisect 
each other at the point R. Join T R, S R, and S P. The side VF, 
in the equilateral triangle V F P, cuts the circumference of the circle 
X at the point W. Join D W. Produce E G to meet and terminate 
io the circumference of the circle Z, at the point O, and join P. 
With P as centre, and P E as interi'al, describe aii arc to meet P F 
produced at the point n, and join E n. 

My Letter of the 7th inst. was a sort of episode on the things of 
the day, but the circumstances out of which it arose, so far changed 
the current of my thoughts, that I was induced to refer to a Letter I 
had written to the Rev. Geo. B. Gibbons, as far back as the 8th 
September, 1866, in which I dealt with a geometrical figure, very 
different, but possessing all the properties of that represented by 
Diagram XVII., and I am induced to give you some copious extracts 
from that Letter which cominenced as follows ; — 

" 1 only found my way home a day or two ago, after attending 
the late meeting of The British Association for the Advancement of 
Science. During my absence, your favours of the 20th, 21st, and 
Z3rd ult., reached Barkeley House, and have now had my careful 
attention. I shall, in the first place, notice that of the latter date." 

" That Letter you commence by observing ; — ^ I plainly see that 
it is useless ta prolong our controversy, for we are beginning not to 
understand eack other's speech. You must attach some other mean- 
ing than mine to the phrase ' vary as^ otherwise, it is absolutely im- 
possible that you should maintain thai the sine varies as the arc' It 
would indeed be strange, if our long correspondence should result in 
finding ourselves incompetent to express our ideas in written lan- 
guage, so as to convey to each other the honest conviction of our 
minds. This, however, 1 believe to be ' absolutely itnpossiiie.' 
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Towards the close of the Letter, you observe :~ '/ am qulle con- 
tented to accept your remark. You are making an attempt to escape 
Jrom a controversywhick you begin to Jind perplexing. This is true. 
/ do^nd it perplexing. You have, I confess -utterly perplexed me 
by the strange doctritie that the sine varies as the arc: still more— if 
possible— by fixing on arcs above 30°, -whereas, the larger the arc the 
more it deviates front varying as the sine' " 

" Now, I would earnestly and respectfully ask you to inspect the 
enclosed diagram. Without presuming to imagine that 'you are 
learning Jrom me Geometry and Trigonometry,' I think I may safely 
venture to assert, that the geometrical figure represented by the dia- 
gramj will be perfectly new to you. It may be true that 'yen have 
studied Mathematics on a rather wide range, far longer than I have^ 
(I am upwards of three score, and am, I suspect, your senior in 
point of age), but, whether or not, I shall assume that you are a 
master in mathematical science. On this assumption I may observe; 
It will be obvious to you, from a mere inspection of the diagram, or, 
as you would say 'by sighf, that D E is a diameter of the circle X, 
D K a side of an inscribed equilateral triangle, D W a side of an in- 
scribed square, and D G a side of an inscribed regular hexagon to 
the circle X, And similarly, P E is a diameter of the circle Z, P V 
a side of an inscribed equilateral triangle, P S a side of an inscribed 
square, and P O a side of an inscribed regular hexagon to the circle 
Z. Now, my dear Sir, conceive the line D E to revolve round D 
{and^j'CH know that this conception is admitted and adopted by tri- 
gonometrical writers, in treating of the magnitude of angles), until it 
coincides with the line D S. In the course of its revolution, the por- 
tion of the line D E, within the circle X, will gradually diminish, and 
when it arrives at the point of coincidence with the line DS, will have 
reached its vanishing point ; that is tosay, no part of the line DE will 
remain within the circle X." 

"Again ; Conceive a line PE to revolve round P simultaneously 
with the revolution of the line D E, round D, Then ; When D E 
is coiucident with, that is to say, rests oa the line D K, the line P E 
will be coincident with the line P V, When D E is coincident with 
DW, PE will be coincident ^vith PS. WhenDE is coincident with 
DG, PE will be coincident with PO. Now, since the radius of the 
circle Z, is the double of the radius of the circle X, It follows of n^ces- 
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sity, that the lines P V, P S, and P 0, are the doubles of the lines D K, 
D W, and D G. But, D E is the sine of half the arc ESP, and 
if DE = i,then,^{PV)= DK = V'7s' = ■S660254; and 8660254 is 
the sine of half the arc V P. i(PS)=DW= ^'5 = 7071063; 
and 7071068 is the sine of half the arc SOP. And, ^(0P)= GD 
= ^ = '5, is the sine of half the arc subtending the chord OP. Thus, 
J(PE)isthe sine of an angle of 90°. ^(PV) is the sine of an angle 
of 60°. |{PS) is the sine ofan angle of 45"; andi(OP) is the sine 
of an angle of 30°; and it is obvious, that geometrically the sine 
varies as the arc, and is in harmony with the fact which you have 
distinctly admitted in a previous Letter, namely : ' The sine of an 
arc is half the chord of twice the arc' " 

" I have now explained the sense in which I employ the words, 
^the sine varies as the arc,'' and I think it is 'absolutely impassible' 
that you can any longer have a doubt on your mind as to my 
meaning." 

" Now, my dear Sir, it will be obvious to you as a master in 
mathematical science, from a mere inspection of the diagram, that 
the arcs subtending the chord E C and C F are equal to one-sixth 
part of the circumference of the circles X or Y ; and the arc E iVI F 
subtending the chord E F equal to one sixth part of the circum- 
ference of the circle Z ; and since the circumferences of circles are 
to each other as their radii, it follows of necessity, that the length of 
the arc E M F is double the length of the arc E C or C F; or in 
other words, the length of the arc E M F is equal to the sum of the 
arcs E C and C F. Now, conceive the arc E M F to be a steel 
spring, and the line D M to denote a thread or wire fixed at M, then, 
we have only to conceive the tliread or wire denoted by I) IVI to be 
drawn inwards until the point M rests on the point C, to make the 
arc E M coincident with the arc E C, and the arc M F coincident 
with the arc C F." 

" Again : It will be obvious enough to you that the arcs G D 
and D H are equal to their opposite arcs E C and C F. Now, 
conceive the arcs G D and D H to be a steel spring fixed 
at the points G, D, and H. Then : If the spring be de- 
tached at D, it will fly off to its natural position and form the 
arc G N H, similar and equal to its opposite arc E M F, producing 
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a perfect ellipse or oval composed of four arcs, E K G, G N H 
H L F, and F M E, tangental to each other. You will find that the 
periphery of the ellipse or oval is equal to two-third parts of the cir- 
cumference of the circle Z, or, four-third parts of the circumference of 
the circles X or Y ; and the longer diameter of the ellipse equaJ to 
three times the radius of the circles X or Y, or, three-fourth parts of 
the diameter of the circle Z ; therefore, K L = A P. Now, conceive 
the arc E W D, that is, a semi-circunifereace of the circle X, to be a 
steel spring fixed atthe points E,W, and D. Then, if the spring be 
set free at W and D, it will fly off in the direction of the arc EVS, and 
if intercepted at S, will become coincident with the arc EVS, that is, 
with a quadrant of the circumference of the circle Z. Now, my 
dear Sir, I suspect it viaxAA. perplex yott more than you have ever 
been perplexed by anything I have written, if you attempted to 
produce, by practical Geometry, any other description of ellipse or 
oval within the circle Z, of which the periphery and longer dia- 
meter shall bear any definite relation to the circumference and dia- 
meter of the circle Z." 

" Again ; The triangles E C D and E F P are similar right- 
angled triangles; therefore, the angles D and P are equal angles. 
E F is the sine of the angle P, and the arc E M F subtending 
the chord E F, is bisected by the line D IVI, and D M is a radius of 
the circle Z. Now, E 71 the chord of the arc E >n n, is also bisected 
by D M, but D M produced will not bisect the arc E m n. But, if 
from the angle P we draw a straight line, joining P M, the line P M 
produced will bisect the arc subtending the chord E n at the point 
m. Now, because P E = 3 (D E), and because the arcs subtending 
angles are to each other as the diameters of their respective circles, 
the arc E M F, subtending the chord E F, is equal to twice the arc 
V.p C, subtending the chord E C. But, the chord of half the arc 
Z M F is half the chord of the arc E in 7ij therefore, the arcs E M F 
and 'Emn are equal, and both equal to the sum of the arcs 
subtending the chords E C and C F. Thus, if we conceive the arc 
E OT M to be a steel spring fixed at E, and the line H « to denote a 
thread or wire attached at re, we have only to conceive the thread or 
wire denoted by the line H k to be drawn inwards towards the 
angle P, until n an extremity of the arc E w « rests on the angle 
F, when the arcs Emn and E !W F will exactly coincide," 
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" Now, it is self-evident, that the line E F is longer than 
the line E G, and yet, they are the chords of the equal arcs 
E M F and E W G ; and similarly, E M is a longer line than 
E C, and yet, they are the chords of the equal arcs E i) M 
and E^ C. But, the arc EWG is a sharper curve than the 
arc E M F ; consequently, the ratio of half the chord to half 
the arc in the one case, differs from, and bears no arithmeti- 
cal relation to, the ratio of half the chord to half the arc in the 
other ; and similarly, the arc Y-p C is a sharper curve than the arc 
E f M ; consequently, the ratio of half the chord to half the arc in 
the one case, differs from, and bears no arithmetical relation to, the 
ratio of half the chord to half the arc in the other. We thus get at 
the root of the fallacy by which you are led to fancy, that the 
THEORY which makes 8 circumferences of a circle exactly equal to 25 
diameters, would make the perimeter of a regular polygon of 24 
sides greater than the circumference of its circumscribing circle. 
And hence the utter absurdity of the orthodox assumption that the 
ratio of diameter to circumference in a circle, can be arrived at even 
approximately, by means of regular polygons, whether inscribed or 
circumscribed to a circle. Now, my dear Sir, I tell you without 
the least doubt or hesitation, that it is the Orthodox Mathematician, 
and not /, who bases his starting point in the search after jr, upon 
an assumption ivithout the skadoiv of a proof ." 

In my Letter to the Rev. George B, Gibbons, I went into the 
proofs of some other facts in connection with the remarkable geo- 
metricalfigure, represented by Diagram XVII:, which for my present 
purpose it is unnecessary to refer to. I then went on to observe ;~ 

" This epistle has already run to too great a length, and I must 
bring it to a close as quickly as possible. Now, I fancy that I hear 
you exclaim ! — This is all very pretty, but cut bono ? What is the 
conclusion at which you arrive from all this? Is tt W ht " lugged 
in samehow ? I will answer these questions, and in doing so, 
will not spealt of, or in any way introduce the symbol x." 

" Well, then, if D E the radius of the circle Z = 1, P E the 
diameter of the circle and hypothenuse of the right-angled triangle 
E F P = 2. But P E, the hypothenuse of the triangle E F P, is to 
E F the perpendicular in the ratio of 2 to 1, by construction ; there- 
fore, ^ = I = I =Er, and VP E= — "E F'= Vi"' — i' = ^3 = 
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FPthebaseof the triangle EFP. Dut.VFand VP= FP,aiid VF 
isbisected at A; therefore, FAP and VAP are similartriangles; there- 
fore, VF = ^3;andFAandVA= '•'-^ = /^ = ^75; therefore, 

^(F P' — F A=)=: v'3^^75 — v'2-2S = r5 = PA; anditfollows, 
that PA is equal to three-foarth parts of P E, the diameter of the circle 
Z ; therefore, PE — P A=2^i-5 = -5 =AE, the semi-radius of the 
circle Z. But, FP and FA are incommensurable quantifies; that is to 
say, we cannot give exact arithmetical expression to the roots of the 
symbols ij 2 ^"d fJySi ^nd Y^ti th^ f^"^* is incontrovertible, that 
the values of P A and A E are exact arithmetical quantities, 
when D E a radius of the circle Z = r. Thus, we have an 
example of working from finite quantities, through incommensur- 
able quantities, to finite quantities again. Now, A E is bisected 
at R by the line K C ; therefore ' — = -^ = -25=AR and E R ; 
therefore, E R is the demi-semi-radius of the circle Z, and we obtain 
the following identities ; 50 (E R=) = 12-5 (E A=)|= 2 (E D' + R D^) 
= P R' + E R= = (S D= -^ D R^ -I- S R') = (T D' + D R^ + 
TR^); and 1 maintain, that all these identities are equal to the area 
of the circle Z." 

At this point I must call your attention, Mr. Editor, to the fol- 
lowing facts. First fact : All the foregoing identities = 3J times the 
area of a square on the radius of the circle Z. Second fact; FA is a 
straight line drawn from the right angle F in the triangle EFP 
perpendicular to its opposite side E P ; therefore, the triangles F A E 
and FAP are similar triangles, and are similar to the whole 
triangle EFP. (Euclid ; Prop, 8, Book 6). Third fact ; From the 
right angle D in the triangle SDR, draw a straight line perpendi- 
cular to its opposite side S R. This line will bisect the angle K D W, 
and divide the triangle SDR into tivo similar triangles, both of 
which will be similar to the whole triangle SDR, (Euclid: Prop. 8: 
Book 6.) How could these facts be possible, if there were no 
definite relation between the diameter and circumference of a 

My Letter of the 8th September, 1866, to the Rev, Geo. B, 
Gibbons, concluded as follows : — 

"Now, my dear Sir, ' / a/t quite contented to accept'' your 
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assumption, that you are very much my superior in Mathematical 
knowledge ; and equally contented to take you at your word, when 
you say : 'jfau are not learning from me Geometry and Trigono- 
metryi You assure me — and not doubting that you express the 
honest conviction of your mind, '/ am quite contented to accept' 
your assurance— tliat '■ I never offer you anything but what you can 
see in a moment by the simplest Geometry.' This being the position 
of affairs, it is perfectly clear, if I am wrong in maintaining all the 
foregoing identities to be equal to the area of the circle Z, that, you 
can prove it ; and— :J'iiw, not I, having sought the controversy— this 
you are bound to do as a fair and candid controversialist. If you 
find this to be impossible — as I think you will — your duty becomes 
plain and simple, and I cannot imagine that you will venture to 
display a want of candour, by hesitating to admit that 1 am right." 
" I must apologise for the length of this epistle, but, in justice 
to the subject and to myself, I could not make it shorter." 

Not hearing from Mr, Gibbons with his usual punctuality, on 
the 19th September I addressed the following short Letter to him;— 
" I wrote you a long Letter dated the 8th instant, to which I 
have not received any reply. Will you kindly favour me with 
answers to the following questions ? — Has that Letter from some 
cause failed to find its way into your hands ? If not, do you wish 
me to accept, as your reason for not replying, the closing para- 
graph of your last Letter ? Tlie paragraph, in question runs thus ; — 
' If, therefore, I fail to reply to any Letter you may favour me with, 
put it down to this — th&i I have nothing to say beyond what I have 
laid before you already.' " 

The reception my Letter met with at the hands of the Rev, Geo. 
B. Gibbons, may be inferred from the following, which commenced 
a Letter of mine to that gentleman, dated a9th September, i865; — 

" Your Letter without date, but bearing tbe Launccston post- 
mark of yesterday, is to hand. You observe:— 'It surely cannot 
require so complicated a diagram as yours of 3th. September, to find 
the equality — if such exists— between a rectilineal and curvilinear 
area.' Certainly not ! And probably you would never have seen 
that complicated figure, had I been fortunate enough to induce you 
to grapple with arguments founded upon figures much less com- 
plicated. But why refer to that figure at all, when you do not so 
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much as attempt to deal with it. is it that you find yourself 
incompetent to the task of grappling with it ? If so, pray admit it, 
and there will be no occasion to ^continue the controversy as long as 
•we both shall live' You say ; — ' There must be some time at which 
I may without qffmce retire from it' Certainly ! You may retire 
from it at once, if you can do so without offence to your own con- 
science. So far as I am concerned, there will be no offence. On 
the contrary, I shall ever feel grateful to you for much, that you have 
taught me. Should you retire from the controversy, 1 shall con- 
tinue for a time to write you, with a view to publication ; but, as 
geometrical data admit of no doubt, and as logical reasoning 
upon such data can never lead us into error, I have still a hope 
that we shall logically reason our differences to a true and just 
conclusion." 

Although our correspondence was continued till the month of 
May of this year, Mr. Gibbons never again referred to the com- 
plicated figure of 8th September, iS66, and I presume is at this 
moment of opinion, that I am in error when I say, that the peri- 
phery of the oval or ellipse is to the circumference of the circle 
Z, in the ratio of 2 to 3. 

Now, there are facts connected with this remarkable geometrical 
figure which I had not the opportunity of pointing out to IVIr. 
Gibbons, and to some of these facts, Mr. Editor, I shall now direct 

Well, then, the fact is incontrovertible, that 3'i2S times the 
area of a square on the radius of the circle Z is equal to the iden- 
tities* I have deduced from the geometrical figure represented 
by the diagram, and on the theory that 8 circumferences of a circle 
are exactly equal to 25 diameters, makes ~ = 3'i25 the arith- 
metical value of TT. 

Now, - = area of a circle of diameter unity, whatever be the 

value of TT. But,-' '-- ■= 7S135, and 78125 : 1 : ; i : rsS ; there- 

* In the original Letter, I employed the word equations, and in this have 
substituted the word identities. This I have done out of deference to the 
opinion of the Rev. Professor Whitworth, who says that identities is the 
word that would be adopted by Mathematicians. 
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fore, I is tlie mean proportional between 78125 aiid i'28. Now, 
5 (E R) = S R or T R, and is equal to five-sixth parts of the longer 
diameter nf the ellipse. But, 5 (E R) = (D E + E R), and D E + 
E R = 5, when D E = 4. Then : If with D as centre and (D E + 
E R) as interval, we describe a circle, 3'12S (S') — 78-I25 = area of 
the circle; and 4(5") = 100 = area of a circumscribing square to the 
circle ; and 78-125 t 100 : : loO : 128 ; therefore, 100 is the mean 
proportional between 73' 1 25 and 128. Hence; 128 is the area of 
a circumscribing square to a circle of which the area is too. Now, 
100 : raS : : 128 : 163-84, and _-^ — = 163-84; therefore, 163-84 
is the area of a circumscribing square to a circle of which the area 
is 128. For, ^(a''i63-84) = iJnogS = radius of the circle, and 
jT r' = area in every circle ; therefore, 3-125 x 40-95 = 128 = area 
of the circle. Again: 128 ; 163-84 : : 163-84 : 209-7152, and 

_-^ — - = 209-7152; therefore, 209-7152 is the area of a circum- 
scribing square to a circle of which the area is 163-84, and so on we 
might proceed, aii infinitum. 

The question then arises, Can these facts be connected with any 
other figure in the diagram ? I answer, Ves ! E P is a diameter of 
the circle 2, and S P is a side of an inscribed square to the circle 
Z, and E F P is a right-angled triangle of which the hypothenuse 
and perpendicular are in the ratio of 2 to i. Hence ; (E F' + F P", 
+ EP") = 128, when E D the radius of the circle Z = 4, and is 
equal to the area of a circumscribing square to a circle, of which 
S P is the radius. And, (E C + C D^ + E D'), that is, the sum 
of the squares of the sides of the right-angled triangle E C D = 32, 
and is equal to the area of a square of which S P is a side ; that is, 
= the area of an inscribed square to the circle Z. 

How, my good Sir, could such facts exist, if there were no 
definite relation between the diameter and circumference of a circle? 
How could such facts exist, if the area of a circle of diameter unity 
were arithmetically inexpressible. Well, then, Mr. Editor, I ask 
not yottr opinion, but I tell you, however much you may be pleased 
to despise them, that these facts demonstrate — beyond the possi- 
bility of dispute or cavil by any honest Geometer and Mathema- 
tician—the truth of the theory that 8 circumferences = 25 dia: 
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in every circle, and makes - — - the true arithmetical expression 
of the ratio between the diameter and circumference in every 

The foregoing facts are very far from exhausting the properties 
of this remarkable geometrical figure, in proof of which I wiil 
mention one, which, you may readily verify. 3 (SP')= 4(KR' 4- 
R D' + K D") ; that is, 3 times the area of an inscribed square to 
the circle Z =^ 4 times the sum of the squares of the sides of the 
right-angled triangle K R D, and this equation = area of a regular 
inscribed dodecagon, to a circle of which S P is the radius. 

Enough, if you — Mr. Hepworth Dixon— be an. honest scien- 
tific Journalist ; and if not, I shall have nothing to retract. 
I am, Sir, 

Yours respectfully, 

James Smith. 



The two iast Letters were not directed to the Editor of the 
Athmmum^ but to William Hepworth Dixon, Esq., Editor of the 
AtkentEum. That unscrupulous sopkist, Mr. A. De Morgan, 
would have me believe that Mr. Hepworth Dixon did not pre- 
setit him with my Letter of the 7th November, or with any of 
niy Letters subsequent to that of the 15th November, 1S67. 
Now, the reader will observe, that in my Letters of the 7th and 
15th November, I have introduced diagrams shewing "an 
ellipse or oval" In the article : Pseudomath, Philomath, and 
Graphomath, Mr. A. De Morgan says ; — " Further thanks for 
Mr. Smith's Letters to you of Oct 15, 18, 19,28, anti 'Nov. 4 anil 
15. The last of fAese tetters has two curious discoveries." Passing 
by the first as quite immaterial to the question at issue, he ob- 
serves : — "Secondly: An ^ellipse or oval' is composed of four 
arcs of circles. Mr, Smith has got hold of the construction I 
was taught, when a boy, for a pretty four-arc oval. But my 
teachers knew better than to call it an ellipse : Mr. Smith does 
not ; but he produces from it such confirmation of 3 J as would 
convince any honest Editor." 
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Now, referring to the diagram enclosed in my Letter to the 
Editor of the Athenaum of the 15th November, 1867 (see 
Diagram XVII.J, which Mr. A. De Morgan admits came into 
his hands ; it will be self-evident to the reader, that all the sides 
of the rectangle E F H G, are not equal ; and yet, that all the 
sides are subtended by equal arcs ; and it follows of necessity, 
that the curvilinear figure about the rectangle is a perfect 
" ellijise or oval," whatever that " unscrupulous sophist," Mr. A. 
De Morgan, may be pleased to say to the contrary. In my 
correspondence with the Rev, George B, Gibbons, by means of 
a very different geometrical figure (See Diagram VI.), I proved 
that equal arcs may be subtended by unequal chords, which 
drew from Mr. Gibbons the following remarks : — " Yours Just 
received, asserts that unequal chords may be subtended by equal 
arcs. So they may, but then the arcs are not arcs of a circle. It 
is true of an ellipse or parabola, but not true of a circle." (See 
my correspondence with the Rev. Professor Whitworth, page 
n-34)- 

Let Professor A. de Morgan answer the following question : 
Which of the three, the Rev. George B. Gibbons, the Rev. Pro- 
fessor Whitworth, or Mr. A. De Morgan, is " the what-s-his- 
namethat rushes in where thing-em-bobs fear to tread f In putting 
the question in this form, I take my cue from the Professor's 
own words, which may be found among his Budgets of Para- 
doxes. 

Barkelev House, Seaforth, 
idth December, 1867. 
To THE Editor of the Athen^um. 

Sir, 

The question has sometimes occurred to me :— Can— in 
the opinion of a Mathematician — any good thing come out of my 
native town P It is gratifying to find, that to this question, the Edi- 
torial "we" of the Athenau7n, or, in other words, the " A";')?^ ^ 
English Critics" can answer emphatically " Yes." The circum- 
stances out of which this answer to the question arose, reminds me 
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of my old and valued correspondent, Lieut. -General T. Perronet 
Thompson, who could not "omit thanking me for a great deal of 
ust(\il gymnastic ; and your '^ circle-squarer inordinary" regretted 
much at the time, that he was too unwell to be present, and parti- 
cipate in yom pleasure and surprise, on the occasion of your recent 
visit to the Liverpool Gymnasium. 

Passing this by, however, and proceeding to my more imme- 
diate object in again addressmg jou, I may obseiie: — "In my 
Letter of the aSth October last, I ha\ e shew n you, th^t after twelve 
months' hard labour, i and mj coriespondent, the Rlv. George B. 
Gibbons, bad arrived at a " happy itate of i om at i^ on one point, 
viz. : If the Sine of an angle be b the sine of h-ilf the angle is 
■3162277. But, we differed as to the vilue of this angle expressed in 



degrees and minutes, I making it an an, 
taining it fo be an angle of 18° 26' -—]-■ 



i3 '6 



1 he main- 



n early. 



In this geome- 
trical figure, let 
O E D be a right- 
angled triangle, of 
which the sides are 
represented by '3, 
■4, and '5 exactly, 
and DO the ra- 1 
dins of the circle, ' 
Produce D E to 
meet the circum- 
ferenc e of the circle 
at F, and join OF. 
Bisect OF at « 
and produce D ft 
to G. Then : the 
ang:le O D E is bisected by the line D G, and the angles G D O 
and G D F are equal. 

In one of his Letters to me, Mr. Gibbons said : — " Ihd 
not using it to find Cos. 15°, (that is, Cos. 0/ half ait angle of 10°,) 
you give a correct formula— 

"3 Cos.* ='V^i~+~Sin. 2^ + «/i — Sin. 2~?i." 
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In his Letter of the 23rd January, Mr. Gibbons observed ; — 
'^ I 'was so surprised at being told I had agreed with you that Sift. 
18° 26'= -3162277... that I was induced at once to revert to your 
Letter of the 2(jth December last. Then all was plain enough. li 
•was not 36° 52' that I halved, but the angle •whose Sin. is ■6, 
and found its sine -iid^^y-j. T put it thus: Let 2$ = % find 
Sin. p. So we don't agree on Sin. 18° 26' fei^^ ■3162277." 

= -a = Cos. of angle O D E, in the right-angled triangle O E D. 
But, the angle O D E is bisected by the hne DG; therefore, the 
angles F D G and G D O = half the angle D F. Tal^e one of 
these angles, say F D G, and find the aiithmctical value of tlie 
Cosine of the angle. 

In my Letter of the 28th Jajiuary, to Mr. Gibbons, I worked 
this out as follows : — 

" 2 Cos. <p = if I + Sin. 2 ^ + -f 1 — Sin. 2 ip. 

" Call O D E = 2 iji ; its Sin. is '6, and its Cosine, which is Sin. 
of angle O = '8. 

" Hence : By the rule which you (Mr, G.) admit, 2 Cos. ^ = 
■\/r6 + V'4 = 1-3649110 + -6324555 = 1-8973665, 

.■. Cos. <f, = ^- ^2^—^ = -94.36832 .; that is to say, -9486832 is the 
arithmetical value of the Cosine of the angle F D G, true to 7 places 
of decimals." 

And I then drew the following conclusion : — ■ 

" Well, then, we are agreed that the Sine of the angle F D G = 
■3162277, and Sin." + Cos." = unity in every right-angled triangle; 
therefore. Sin." ofangleFDG + Cos." of angle FDG,= '3162277" -H 
■9486832= = -09999995824729+-8999998i396224 = -9999998i2209S3, 
and is as close an approximation to unity, ' as the number of decimals 
employed will give it/ and meets the requirement of the Trigono- 
metrical axiom. Sin.' -f Cos." = unity in every right-angled triangle." 

I then went on to observe \—'^ But further; By referring to the 
Logarithms of numbers, we find that the Logarithm conesponding 
to tbe natural number -9486832 is 9-9771212, and this is the nearest 
Log.-Cos. to an angle of 18'' 26', differing only from the Log.- 
Cos. as given by Hutton by -0000041. Again ; The Logarithm cor- 
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responding to the natural number '3162277 is 9'4999998, and this is 
the nearest Log. -Sin. to an angle of 18" 26', and onlj' differs from 
Hutton's Tables by -0000367. But mark ! By Tables, the difference 
between the Log.-Cos, of an angle of 18° 26' and an angle of 18° 27' 
is 421 ; and the difference between the Log.-Sin. of an angle of 
iS" 26' and an angle of i3° 2/ is 3788. But mark further: The 
mantissa of the Log.-Sin of the angle T D G, is as nearly equal to -5, 
the sine of an angle of 30", 'as the number of decimals employed will 
give it! Now, when we make the sides of the triangle ODE, -3, '4, 
and -5, and D the radius of the circle, then, 6 (O D) = the peri- 
meter of a regular inscribed hexagon to a circle of diameter unity ; 
therefore, D = half the chord subtended by an angle of 60° to 
a circle of radius i. Has not this soinething to do with the solution 
of a right-angled triangle ? " 

This brings me to one of the most amusing incidents in my en- 
counter with the " dragoi^' of St. John's. 

I had impugned the accuracy of our Mathematical Tables, and 
for this reason, he had charged me with childishness, ignorance, and 
dishonesty. In his Letter to me of the 23rd January, having proved 
that the Sin. of half the angle ODE, that is, the Sin. of the angle 
F D G, = ■3162277., .he said ; " I test my work thus ; — 

Sin. 2 ^ = '6000000, by hypothesis. 

Sin. 36" 52' = _'5999549 difference by Tables 2326 : so that, 2 f 
■^ •' '0000451 ' 



in. 18'' 26' = '^^^^°'° : difference by Tables 2760 ; so that, ^ 
■0000267 



26' 2^0 "^^'^'y ■ =^g'"eeing a 



arly as the number of deci- 



mals employed will give it," 

My reply to this ran thus: — " Now, Sir, I put a question, and 
appeal to your common sense for an answer : Is it conceivable that 
you could have advanced an argument better calculated to prove 
your assumption of the infallibility of Mathematical Tables to 7 
places of decimals ? " 
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! I'Tofessor de Morgan had caiight me so tripping, might he 
not have truly said ; 

" If you. want to estahhsh a point. 
Begin by assuming it true ; 
For if it is wrong it's no matter, 
And if it is right it will do." 

I had brought you to this stage of my encounter with the dragon 
of St. John's, Mr, Editor, when some six weeks ago I was diverted 
from my course by " the things of the day." flaving now picked up 
the thread of my story, I may take a fresh departure. Well, then, 
my Letter of the 2nd March to the Rev. George B. Gibbons con- 
cluded with a promise to show him that he was wrong in making 
the assertion that ! don't understand the construction and use of 
Mathematical Tables. The following is a copy of my next Letter 
to that gentlemen : — 

Barkeley House, Seaforth, 
Cjih March, 1867. 

My Dear Sir, 

" It only remains for me to fulfil the promise made at the 
close of my last Letter, and then, if it be your pleasure we may 
close our correspondence." 

" I must repeat the passage from your Letter of the 20th 
February, already quoted in mine of the 2nd inst. " And (hen jronr 
saying I charge you with ignorance or dishonesty^ simply because 
you are not familar "with the constiuction 0/ a certain set of tables. ' 
A man may be ignorant of one particular thing ■without being 
generally ignorant, and that you dorit understand Huttot^s Tables 
is made still clearer by your Letter just received^ Now, my dear 
Sir, there can be no mistake as to the fact, that in this quotation 
you charge me with ignorance with regard to the construction of 
Mutton's Mathematical Tables. From this charge I must purge 
myself, by furnishing you with clear and distinct evidence, that 
1 am not only familiar with the construction, but that i also know 
how to make a proper use of these Tables. Having done so, and 
thus put "you in the wrong" if you choose to be silent, I must be 
content. If you answer by dogmatical assertion, without a shadow 
of proof, and I reply in a tone of sarcastic severity, ^^ you must bear 
itj" but you will have yourself alone to blame. If I am wrong 
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with reference to what 1 am about to bring under your notice, as a 
Mathematician, you catiprove it by logical reasoning; and if you 
decline to grapple with my proofs, I shall simply draw the inference, 
that you have resolved to make your stand as the champion of 
geometrical and mathematical absurdity, and not as what till lately 
I have believed you to be, a sincere and earnest enquirer after 
Hci entitle truth. 

The enclosed diagram is a fac-simile of that contained in my 
Letter of the i ith February, with certain additions and omissions. 
(See Diagrams V. and XVIII.) 

Now, referring to Diagram XVIII., because VBis perpendi- 
cular to O C, V B O, and V C B are right-angled triangles, and V 
B is the sine of, and common to, the two angles V O B and V C U. 
Again : Because V B is equal to A C, and A C : B C : : S ; 4. by 
construction, the sides of the right-angled triangle V B O are in the 
ratio or proportion of s, i2, and 13 exactly ; that is to say, V B 
: B O : : 5 ; 12 ; and, V B : V : : S : 13, by construction. Hence : 
VBOis a commensurable right angled triangle, derived from the 
consecutive nimibers 2 and 3 ; that is to say, A V = the difference 
between AC and AB, and when AB - 3, AB -hAV = 3-t-2=s 
= AC. Twice the product of A B and AV=2(3X2) = i2=BO; 
therefore, 7VB'^""+~B"0" = Vs= + 12= = V^S + "m? = V169 = 
B O + 1 = 13 = V O. But, V B = A C, by construction ; and if 



A C = 5, B C = 4, by construction ; therefore, VV B' + B C= = 

^/5= X 42 = V25 + 16 = ■J~\i = 6'403i2S = V C, the 

hypothenuse of the right-angled triangle V B C, and the triangle 
V B C is incommensurable. It is obvious, from a mere inspection 
of the diagram, that the two triangles VBO and VBC together 
form the oblique-angled triangle O V C. 

Now, let the angle V O C be an angle of 33" 37, O V C an angle 
of 106° 3', and the length of O V the hypothenuse of the right-angled 
triangle V B O = 130 miles. What is the length of the side V C 
in the oblique-angled triangle O V C ? 

Then: i3o° — (angle VOB + angle OVC) = jgo' — (22''37' 
-H 106° s) = {180" — J 28^40') = 51" 20'; therefore, the angle V C B is 
an angle of 51° 20'. 

Now, in the right-angled triangle VBC, if V B = 5, B C = 4, 
and v'VB='+ BC= = Vs^ + 4- = ^25 + 16 = J^\ = 6'403i24... 
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= VC, the hypothenuse of the right-angled triangle VBC; therefore, 

,-i-p, = , — ^ = 7808688, is the arithmetical value of the sine of 

VC 6403124 

the angle V C B. In the right-angled triangle V B ; if V B = 5, 
V O = 13, and V B is the sine of the angle V O B; therefore, ^q 
= ?- = "3846153, ('384615 is a recurring decimal), is the arith- 
metical value of the sine of the angle V O B, The Logarithm of the 
natural number 7808688 is 9'S92578i, and this is the Log, -sin. of 
the angle VCB. The Logarithm of the natural number -3846153 
is 9-5850266, and this is the Log, -sin of the angle VO B. 

AsSin. of angle VCB = Sin, 51° 20' Log. 9-8925781 

: V O the given side of the triangle O V C = 

130 miles Log, 2-1139434 

: : Sin. of angle V O B = Sin, 33° 37' Log. 9-5850266 

1 1 -6989700 
9-8925781 
: VC the required side of the triangle OVC 

= 64-03124 miles Log. 1-8063919 

By Button's Tables : 

As Sin, of angle VCB = Sin. 51" ao' Log. 9-8925635 

: VO the given side of the triangle OVC = 

ijomiles Log. 2-1139434 

:; Sin. of angle V O B = Sin, 23° 37' Log. 9-5849685 

11*6989119 
9-8925635 

: V C the required side of the triangle OVC 

= 64-029 miles Log. 1-8063754 

This makes V C less than its known and indisputable value, and 
proves beyond the possibility of dispute or cavil, that Button's Tables 



Again : Let the angle V C B in the right-angled triangle V B C 
be an angle of 51° 20', and the length of the side VB be 5 miles. 
What is the length of the side B C ? 

Then : If V B = 5, B C = 4, by construction ; and B is a right 
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angle ; therefore, (90° — Sin. of angle V C B) = (90- — 51° 20') = 
38° 40' ; therefore, B V C is an angle of 38= 40*. But, B C is the 
sine of the angle B V C ; therefore, ?-g = f^l^ = -6246950, 
is the arithmetical value of the sine of the angle BVC, The 
Logarithm of the natural number '6246950 is 97956680, and this 
is the Log. sin. of the angle BVC. 

As Sin. of angle V C B = Sin. 51° 20' Log. 9-8925781 

: V B the given side of the triangle V B C = 

5 miles Log. 06989700 

:: yin. of angle BVC = Sin. 38° 40' Log. 97956680 

10-4946380 
9-8935781 

: EC the required side of the triangle VBC - 

= 4 miles Log. 0-6020599 

Thus, hy a right application of true Logarithms, we arrive at 
the exact value of the length of the line B C ; and we should obtain 
the same result -whether we call V B 50 miles, or 50,000 miles ; the 
only difference would be a change in the index of the Logarithms. 
By Button's Tables: 

As Sin. of angle VCB = Sin. 51" 20' Log. 9-8925365 

: VBthegivensideofthe triangle VBC = 5 miles. .Log. 0-6989700 

: : Sin. of angle BVC - Sin, 38" 40' Log, 9-7857330 

10-4947030 
9-8925365 

: B C the required side of the triangle VBC Log. 0-6021665 

And 0-6021665 is the Log. of 4-001 , .miles. 
Now, V B is to B C in the ratio or proportion of 5 to 4, by con- 
struction ; and the relations of side to side by construction 
can never be over-ridden by Logarithms, which are only approxima- 
tions. Now, if V B =- 5, B C = 4, neither more nor less, by con- 
struction. But, worked out by Hutton's Tables, B C is made greater 
than 4, which is impossible, and again demonstrates that Hutton's 
Tables are erroneous, beyond the possibility of dispute or cavil. 

Again : Let the angle V C B in the right-angled triangle VBC 
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le an angle of 51° zo', and the length of the side V B be 5 miles, what 
5 the length of the side V C ? Then : B is a right angle = 90". 

As Sin. of angle VCB = Sin. 51^20' Log. 9-8925781 

: V B the given side of the triangle V B C ^ 5 

miles Log. 

:; Sin. of angle B == Sin, 90° Log. 1 



iiiles 



side of the triangle V B C 



,.Log. 



the 



the 



Well, then, O'8o63909 is the Logaxithm corresponding 
natural number 6-40^124., true to 4 places of decimals, and is there- 
fore the Logarithm of JV B' + B C = 6-403I24..., which 
known and indisputable value of the side V C in the triangles 
and O V C, when V B = 5. 
By Hutton's Tables : 

As Sin, of angle VCB = Sin. 51" 20' Log. 

; VB the given side of the triangle VBC = S miles Log. 
: : Sin. of angle B = Sin. 90' Log. 



■ 9-^9^53^5 
. 0-6989700 

io'69897oo 
9'8925365 


0-8064335 



: V C the required side of the triangle VBC Log. 

Now, 0*8064335 is the Logarithm corresponding to the natural 
number 6-4037..., which makes VC greater that its known and 
indisputable value, and again proves in a way that no candid 
Mathematician will venture to dispute, that Hutton's Tables are 



Now, my dear Sir, I have not only proved that Hutton's Tables 
are slightly in error with reference to the sines, cosines, &c., of 
angles, but I have done more. I have proved that in a right-angled 
triangle, the values of the sides when worked out and ascertained 
by true Logarithms, are in perfect harmony with the values as 
given by construction, and I cannot help thinking a moment's 
reflection will convince fon, that this must necessarily be so, and 
proves that I am right. 
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Now, the figure A K H G C is a quadrant of the circle V ; there- 
fore, the angle A C G is a right angle = 90°, and is divided into 
three angles A C B, B C H, and H C G. These angles correspond 
with the angles M O L, L F, and F O E in the geometrical figure 
represented by the diagram enclosed in my Letter of the 2nd inst. 
(See diagram enclosed in my Letter to you of s,lh November). 
Some most interesting proofs of the truth of the theory that 8 cir- 
cumferences == 25 diameters in every circle arise out of these 
facts, but this Letter has run on to such a length that ! must 
bring it to a close, and reserve any further observations for another 
opportunity. 

Believe me, my dear Sir, 

Very truly yours, 

James Smith, 
The Rev. Geo. R. Gibbons, B.A, 



I hope to give you a copy of my next Letter to the ''</rat?'fl«" 
of St John's, when 1 again address you, 
I am. Sir, 

Yours respectfully, 

James Smith. 

If we assume t ----- 3, or ir = 4, or jt = any finite and determi- 
nate aj-ithmetical quantity intermediate between 3 and 4, we get 
the equation or identity, 4 ( j) =1-'. But, it is self-evident 
that T must be greater than 3 and less than 4, since 3 = the 
perimeter of an inscribed regular hexagon, and 4 = the 
perimeter of a circumscribing square, to a circle of diameter 
unity ; and it follows, that the value of the "symbol ir cannot 
he an indeterminate arithmetical quantity. Hence : If we 
assume jt = 3-1, or ff = the integer 3 with any number of 
decimals, the equation or identity, 4(-)' =t'', holds good. 
How, then, is it possible, that x can be an indeterminate arith- 
metical gtiantity ? 

J.S. 
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APPENDIX C. 



In the Athewzum of July 25, iSGS, there was a notice of my 
pamphlet " Euclid at Fauit," in the Article ; " Our Library 
Table." This led me to address a Letter to the Editor, in which 
I quoted copiously from, and commented freely upon, the 
Review of Mr. J. M. Wilson's Treatise on Elementary Geometry, 
which appeared in the Athenaum of July 18, 1868. Under the 
impression that Mr, Wilson would be amused, and even pleased 
with my communication to Mr. Editor— since I defended him 
from some of the very unfair attacks of the reviewer — I wrote 
to him and gave him a copy of that communication, which led 
to an exchange of several Letters between us. 

In one of these 
Lette!*s, dated ist Aug., 
1868, I enclosed, and 
dealt with, the geome- 
trical figure represented 
by the diagram in the 
margin, of which the 
following may be taken 

as the method of con- __,__^____^___^^ 

struction :— ^ """* C dH C F 

From the point A draw a straight line of indefinite length, 
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and mark off five equal parts, A.d, lie, cd, de, and eY. Bisect 
A F at O, and with O as centre and O A or F as interval, 
describe the semi-circle AGF. With Aas centre, and A«=4(AF) 
as interval, describe the arc e G, and with F as centre and F i: - 
I (A F) as interval, describe the arc C G, and join A G and F G. 
Let fall the perpendicular G H. From the point F draw a 
straight line parallel to G H, and therefore tangental to the semi- 
circle, to meet the line A G produced at the point L. From the 
point O draw a straight line O N parallel to AL, and join G N 
and G 0. From the point G draw a straight line G M, parallel 
to OF. 

Mr. Wilson returned this Letter and the diagram, and with 
them the following laconic note : — 



Dear Sir, 

At the place marked, in your Letter, the same 
assumption, is again made. I have been under a mistake in corres- 
ponding with you, and I should prefer that the correspondence now 
closed. 

Very truly yours, 

J. M. WlLKON. 

The following is a literal quotation from my Letter of Aug. 



"Now, malting AF = 8, by hypothesis; we can find the 
values of A r, A H, ^ H, H F, A G, G F, G H, and Q c. 



AG 


= 1 (A F) = 6-4 


GF 


= *(AF) = 4« 


AH 


. j{AG)-s-" 


GH 


- J (AG) = 3-84 


HF 


= AF — AH = 


fH =^ 


=^ <-F — HF - r. 


hi - 


. AH — CH = 3 
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Hence : 

^ (AG) = V(AH X HF) = .7147456 = 3-84; that is, 
MAG) = V(5'i2 ^ 2-88)= Vil7456"= 3'84 = GH; and 
it follows, that {G-r^ + A^* + 2 (Af ^ :rH)} = A C ; and 
GHF and G H A on each side of GH are similar triangles, 
and similar to the whole triangle H G F. 

The mistake into which Mr. Wilson stumbled was, in not 
discovering that the triangle K B M and the triangle O B T in 
the diagram in " Euclid ai Fault" {See Diagram XIV.,) are not 
similar right-angled triangles, and consequently would have it 
that AG = ^/4o7 

I did not think it necessary to direct Mr. Wilson's attention 
to the fact, that the sum of the squares of the four sides of the 
parallelogram G H F M =^ 2 (G F=). I thought this fact could 
not fail to occur to him. 



James Smith to J. M. Wilson, Esq. 

Barkelev House, Sea forth, 

26lh October, 1868. 
Mv Dear Sir, 

When I last addressed you under the date of 4th August 
I had not seen your work on " Elementary Geometry" I have 
since obtained a copy, and have gone through it very carefully, and 
can honestly and sincerely assure you— notwithstanding the treat- 
ment you have met with from the Editor of the Athenaum (or I 
should rather say, from Professor de Morgan, the Mathematical 
critic of that periodical) — that I thank you for the publication of 
such a work. As a text-book on Geometry, it is infinitely superior 
to Euclid, and I say this without the slighest hesitation. To me, it 
has suggested many things, and I cannot resist the temptation to 
bring some of the facts it has forced upon my attention under your 



Hosted by 



Google 



328 

t the enclosed geometrical figure in the following way 
(Se4 Diagram XIX.) :— 

I draw two straight lines of indefinite length at right angles, 
making O the right angle. From the point O in the direction of 
O A I mark off four equal parts together equal to A, and from 
the point O I mark off in the direction of B three of such equal 
parts together equal to B, and join A B, and so, construct the 
right-angled triangle A O B. It is obvious, or, self-evident, that the 
sides containing the right angle in the triangle A O B are in the 
ratio of 4 to 3, by construction. With A as centre and AB as 
interval, I describe the circle X. I then produce A and B O to 
meet the circumference of the circle X at the points G and C, 
and join AC, B G, and C G, and so, construct the quadrilateral 
A C G B. I next draw straight lines from the points B and C at 
right ngl t A B and A C, and therefore tangental to the 
circi X t t A G produced at the point D, and so, con- 

Str t th q d 1 teral A C D B. It is obvious, oj-, self-evident, 
that th q d 1 t ral A C G B is wholly within the circle X, 
and th q dlt alACDB partly within, and partly without the 
cir I X I th b ect AG at the point F, and with O as centre 
and F as interval, describe the circle Z, and thus get O F the line 
that joins the middle points of the diagonals in the quadrilateral 
A C G B. 1 next bisect A D at the point E, and with O as centre 
and O E as interval, describe the circle X V, and thus get E the 
line that joins the middle points of the diagonals in the quadrilateral 
A C D B. With E as centre, and E A or E D as interval, I describe 
the circle Y, and join E B. It is obvious, or, self-evident, that E B 
= E D, for they are radii of the circle Y. I then draw a straight 
line from the point D at right angles to A D, and therefore tangental 
to the circle Y, to meet A B produced at the point M, and so, con- 
struct the right-angled triangle ADM. I next draw a straight line 
from the point E the centre of the circle Y, parallel to A IVI, to meet 
the base of the right-angled triangle A D M at the point N. It is 
axiomatic, if not self-evident, that D M is bisected at the point N ; 
for, since A D is bisected at E, and E N parallel to A M, by con- 
struction, it follows of necessity, that the line D M is bisected at N. 
From the angle O, I draw O P perpendicular to A B, and O R 
parallel to G B ; and from the point G, I draw a straight line per- 
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pendicular to A D, and therefore tangental to the circle X, to meet 
A M, the hypothenuse of the right-angled triangle A D M, at the 
point T, and join GR. 

Now, it is not necessary to point out to you, my dear Sir, the 
number of right-angled triangles in this geometrical figure, in which 
the sides that contain the right angle are in the ratio of 3 to 4 ; it 
is sufficient to direct your attention to the fact, that A ]3 D, A C D, 
and A G T are three of such triangles, and that in all of them 3J 
times the square of the middle side is equal to the sum of the 
squares of the three sides. I need not tell you, for you know it as 
well as I do, that " in any quadrilateral the sum of the squares of 
the four sides is equal to the sum of the squares of the diagonals, 
together with four times the square of the line joining the points 
of bisection of the diagonals."* (Miscellaneous Theorems and 
Problems, 75 and 76. Elementary Geometry, by J. M. Wilson.) 

Now, A B D and A G T in the enclosed figure are similar and 
equal right-angled triangles, but they are widely different in direction, 
and no "quantity of turning" could make them coincide ; and yet, it 
is just as conceivable that by superposition, the one might be laid 
on the other so that all the sides and angles should coincide, as that 
the triangles A B D and A C D, which have a common hypothenuse, 
and ate indisputably similar and equal right-angled triangles, might 
one be laid upon the other so that all the sides and angles should 
coincide. 

The triangles A O B, A C, and A R G are similar and equal 



right-angled triangles. 

AO 


OB: 


OB ;0D. 


AO 


OC: 


C : D. 


AB 


BD: 


BD:BM. 


AR 


RG: 


RG:RT. 


AT 


PO: 


P0:PB. 


EN 


GD: 


E D : G. 



'It is self-evident, that CB is a diagonal of, and common to, the 
quadrilaterals A C G B and A C D B ; and it is axiomalic, if not sel f-evident, 
that the sum of the squares of the diagonals, tt^ether with the area of a 
droumscribing square to the circle Z, is equal to the sum of the squares of 
the four sides of the quadrilateral A C GB. And, it is also axiomatic, if not 
self-evident, that the sum of fhe squares of the diagonals, together with the 
area of a circumscribing square to the circle X Y, is equal to the sum of the 
squares of the four aides of the quadrilateral A C D B. 
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{BE' + EA' + 2(EA X E O)} = ABs. 
{BG" + GD= + 2 (CD >; GO)} = BD'. 
{0 R' + RB= + 2 (R B X R P)} = O B'. 
{G B" + B T + 2 (B T X B R)} = GT. 
BD = GT, and, RG = OB. 

All these facts may be demonstrated by " ■wielding thai indis- 
pensable instrument of science, Ariihnutic" (W. D. Cooley), and 
when A D = 3, A B = 6'4 ; B M = 3-6 ; A M = 10, D M = 6, D N 
= 3, TM = 2, BT = GD = r6; RB = OG= raS. R P = 
I-024 i P B = 2'304 ; A P = 4'096 ; A R = yi2 ; R T = 3-88 ; A T 
= AD=3; OP = 2-4; OB = RG = 3-84, and GT = BD = 4-8. 

The right-angled triangle B O E in the enclosed figure is similar 
to the right-angled triangle H P T in the diagram in " Euclid at 
Fault" {see Diagram XIV.) and the sides that contain the right 
angle in both these triangles are in the ratio of 24 to 7. With regard 
to the former, you will perceive that the ratio of side to side 
can readily be demonstrated by simple arithmetic, and with 
reference to the latter, the ratio of side to side can be demon- 
strated by Logarithms. You will find that when KB the dia- 
meter of the circle in Diagram XIV. = 8, that H P = 3, P T = -S^S, 
HT = 3'i25, BT = HP = 3. Now, HPB is a right-angled 
triangle, and H T B a part of it, is an oblique-angled triangle, and 
according to Euclid, Prop. 12: Book 2, {H T= + TB= -F 2(TB x 
TP)} = HE'; thatis, {3'i25= + 3'+ 3(3 x -875)}. or, {976562S 
+ 9 + S'2S} = 24'ois625 = H B', and is greater than 24. It is 
admitted that K F x F B = H F', that is, S x 3 = 1 5 , and it follows 
that H F = Vrji and it is self-evident, that H F = P B. Now, ^15 
= 3'873 nearly, and is less than 3'875, and by no extension of the 
decimals could we make it approximate nearer to 3'875. To what- 
ever extent we might carry the decimals it would still be less than 
3-875 by a distinctly appreciable quantity. Mark the absurdity of 
the following quotation, which I take from a Mathematical work, in 
an article on the Quadrature of the Circle. " // is observed by 
Montucla that if ive suppose a circle whose diameter is a thousand 
million limes the distance of the sun from the earth, the approximate 
of the circumference, as computed by De Lagny, -would 

r from the true measure by a length less than the thousand- 
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millionth part of the thickness of a hair.* To resolve this into 
common sense we must prove that ViS = 3'8749 with 9 to infinity. 

Now, may I ask you, my dear Sir, to take the diagram in '^Euclid 
at Fault,'' (See Diagram XIV.) and from T M cut off a part, say T x, 
makingT^-equaitoTB, and join K^? The line K^ would cut the 
circumference of the circle at a point, say _c, nearer to T than H. 
Then : O B T and K B 3r would be similar right-angled triangles ; 
and if KB = 8, then, K_v would = 6'4,y^' would = 3'6, making 
"Bx - 6 and Kjc = 10. Hence : Under no circumstances can we 
construct a geometrical figure which shall contain a scries of right- 
angled triangles crossing each other in various directions, but when 
the sides that contain the right angle in the generating triangle 01 
the figure are in the ratio of 3 to 4, The direction of K M is difierent 
from the direction of K a: and O T, and the measure of this difference 
at direction, may be taken as the "quantity of turning" necessary 
to turn the heads and systems of such men as Professor de Morgan 
topsy-turvy. 

You know, my dear Sir, that a square exactly equivalent to a 
given circle exists, but that Mathematicians have not hitherto been 
able to discover it. A square equivalent to the circle X in the 
enclosed geometrical figure (see Diagram XIX.) can readily be 
found, and may be isolated and exhibited. From G T cut off" a 
part, say G X, making G X equal to G D. Or, with G as centre and 
G D as interval, describe an arc, cutting the line G T at X. Produce 
G A to a point V, niaking;G Y equal to 2 (A G)— G B, and join Y X. 
The square on YX will be the required square. 

When I saw your Letter in the AthentEum, I was a little sur- 
prised that the Editor had inserted it, — I had once to pay very dearly 
for the insertion of a Letter— but the reason became plain enough to 
me, when I saw the ungenerous use made of it in the following 
number of that Journal. Your second Letter, the receipt of which 
was acknowledged in notices to Correspondents, has of course not 
been inserted. 

I remain, my dear Sir, 

Yours very respectfully, 

James Smith. 
J. M, Wilson, Esq. 

" See, Mr, J. Eadfotd Young's Treatise 011 Euclid's Elements, in art's 
Circle of the Sciences, 
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Jame.^ M. Wilson to James Smith. 

Rugby, October 27, 1868, 
Dear Sir, 

Your communication is based on an error: but I 
decline reading it, or corresponding about it. With thanks for the 
courtesy of it, 

I remain, yours, 

J. M.. Wilson. 



James Smith lo J. M. Wilson, Esq. 

Barkeley House, Seafosth, 
'2^th October, 1868. 
My Dear Sir, 

I have been in correspondence with many Mathe- 
maticians during the past eight or nine years, and one of my recent 
correspondents— a Mathematician of no mean reputation— broadly 
asserts that "practical Geometry can- prove nothing" and that to 
prove that JT is not an. indeterminate arithmetical quantity, 1 must 
demonstrate it by ^^ a priori or abstract reasoning, that is, -without 
any reference to its arithmetical valued Is not this equivalefit to 
telling me, that I must find the arithmetical value of x without 
"wielding that indispensable instrument of science. Arithmetic?" 
With refereace to the geometrical figure represented by the 
diagram in " Euclid at Fault" (see Diagram XI V.) there are many 
points on which you and I are, and must necessarily be agreed. To 
some of these I am about to refer, and then direct your attention to a 
very extraordinary anomaly ia Mathematics. 

When the diameter of the circle= 8, it may be admitted, for the sake 
of argument, that KF = ■5,FB=3, FH= v'15^ K H = V-io^and H B = 
v'24. Hence: Byanalc^yorproportion,KH:HB::HB;HM,tfaatis, 
n/40 : V24 : : ^2^: (/i4'4 ; therefore, H M = ^/r4■4. But, (H B' 
+ H M^ = B M' ; that is, ( Ji^ + Vh^) = {24 + 14-4) -^ 38-4 
= B M' ; therefore, B M r= V38"4 : or, K F : F H : : K B : B M ; 
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that is, 5 : V15 : : 8 : ^/iS^, making B M = ^38^. K F : F H : 
H P : P M i that is, 5 : ViS : : 3 : V5~4 ; therefore, P M = Vy^; or, 
(il M= — HP=)=( */i4-4-^3^= (i4'4 — 9) = 5-4 = PM^ therefore, 
P M = ^5-4. Well, then, I am sure yoii will admit that B M = 
v'38'4, and P M = Vs'4- when the diameter of the circle = 8. 
Now, BM~PM = BP. But how are we to compute the arith- 
metical vahie of B P, without " wielding that indispensable instrii~ 
jnenl 0/ science, Arithmetic" ? BMand PM being in commensur- 
ables, must we not first extract their roots ? Can we directly sub- 
tract \/S'4 from s/s^'A ? I certainly don't know how this is to be 
accomplished. It may be said that B P = F H, therefore, B P = %/i5, 
but that is not the question. What is waiitedis the arithmetical differ- 
ence between the valuesofBM and PM=BP. Now, V'38^:=6'i96... ; 
and s/5'4=2'323...; and 6- 196— 2-323 = 3-873 nearly. But it may be 
demonstrated, that T P = |- (B T) = ?-^ =-8?s ; therefore, (BF + 
T P) = (3 + -875) ~ 3-875 = B P, and is greater than H F. How 
is this ? Is Applied Mathematics at fault ? Mathematics have been 
an important branch of your studies. Can you explain tliis enigma ? 
Is it not a proof, that by not permitting that " indispensadle insiiu- 
ment of science, Arithmetic" to assert its supremacy, we may be led 
into the most serious errors in our Mathematical calculations ? 

In my Letter of yesterday, with reference to the diagram 
enclosed therein (see Diagram XIX.), I said that E N : G D : : E D 
: G O. Now, when A O = 4, then, O B = 3, and, A O : O B : ; O B 
: O D ; that is, 4 : 3 : : 3 : 3'25 ; therefore, O D = 2-25 ; and it follows, 
that AO +0I) = 4 + 2-25 = 6-25 = A D. But, A D is bisected 
at E ; therefore, "^-? = --^^ = 3-125 = ED, and AOBandEDN 
ai-e similar triangles. Now, | {E B) = 3Ji. 3"'a5 ^ 2-34375 = D N ; 
therefore, (ED' + D N') = {3-125= + 2-34375^ = (gV^S^f -l- 
5-4931640625) = 15-2587890625 = E N= ; therefore, ^/1 5 ■2587890635 
= 3-90625 = E N, and is equal to the half of AM ; that is, = 
half the hypothenuse of the right-angled triangle ADM. But, 
when AO = 4, then, O G = f, and GD = 1-25 ; and it follows, that 
EN:GD:;£D:OGi that is, 3-90625 : 1-25 : : 3-125 : 1. Hence : 
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--— -■ and - — ' are equivalent ratios, and both express the ratio 
of circumference to diameter, in every circle. 

1 called your attention to the fact, that in the right-angled 
triangle B E, the sides B O and E, whioh contain the right 
angle, arein the ratio of 24 to 7, by construction. Hence; D O is 
to B E as the perimeter of a regular hexagon to the circumference 
of its circumscribing circle. 

You will observe that when A D = 6'2S, a square on E N = 
I5'25 87890625. From this fact we get an interesting problem. Let 
a denote any finite number, say 60, and represent the area of a 
circle ; and let 6 denote the area of another circle and contain a 
IS'2S87S9o62S times. Find the radii of the respective circles, and 
construct a geometrical figure furnishing the proof. The enfy diffi- 
culty in the solution of this problem is, that we must first find the 
true arithmetical value of ir. 

I remain, my dear Sir, 

Very respectfully yours, 

James Smith. 
J. M. Wilson, Esq. 



James Smith to J. M. Wilson, Esq. 

Baekeley House, Seaforth, 
2Zth October, 1868. 
Deae Sir, 

I must tell you courteously, but most distinctly, 
that my communication of the -"fithinst., is not—2S you say — ''based 
on an error :'" and I uytcW jou ho v it happened that you came to 
make this assertion. \o fa led to d scovcr, what you might, and 
ought to have discovered ti at the tr angles B P and KB M, in 
the diagram in " Bud d at Fa lit (See Diagram XIV,), are not 
similar triangles, {Is not a co nparison of triangles an essential ele- 
nient in Geometry o } on skewing f) and your error con- 
sists, in making an ass t on h s C upon the assumption that, they 
are similar triangles. 
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I may tell you that, as regards your own reputation, you will 
nmit a great mistake, if you decline to read my communications ; 
d as I write, not for information, no correspondence on your part 



J. M. Wilson, Esq, 



Barkeley House, Seaforth, 
i<jth October, 1868. 

James Smith to J. M. Wilson, Esq, 

Dear Sik, 

As my object is not to seek, but to give information, I 
make no apology for again addressing you. I have no doubt you are 
engaged during leisure hours on your second part of " Elementary 
Geometry!' which is to embrace the^Geometry of the Circle and the 
applications of proportion to Plane Geometry. I should not be act- 
ing fairly with you, if I withheld the information I possess on these 
subjects, and so enable you to make the forthcoming work conform- 
able with the knowledge of the age, This is my reason for again 
troubling you. If you despise instruction, and decline to read, the 
fault will be yours, not mine ; ajid as you are a young man, the day 
may probably arrive when you will deeply regret such a course 
of conduct. 

1 construct this very 
simple geometrical figure 
in the following way. 

From the point A, 

I draw a straight line of 
indefinite length, and 
mark off four equal parts 
AB,BC,CD,andDE; 

and with C as centre and 
CA or CE as interval, 
describe the semicircle A 
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A H E. From the point E, I draw a straight hne of indefmif e length- 
somewhat longer than E C, but less than E B — at right angles to A E, 
and therefore tangental to the semicircle. I then bisect C D at the 
point G, and with E as centre and E G as interval, I describe the arc 
G N F ; and join CF, producing the right-angled triangle F E C. 
It is self-evident, Chat the sides C E and E F which contain the right 
angle, are in the ratio of 4 to 3, by construction. From the point A, 
I draw a straight line parallel to C F, to meet E F, produced at the 
point K, and so construct the right-angled triangle K E A. It is 
self-evident, that K E A and F E C are similar right-angled triangles, 
by construction. From the point H, where A K the hypothenuse 
ofthetriangleKE A intersects the semicircle, I let fall the perpendi- 
cular H O, tuid join H E. 

Now, conceive us to draw a straight line from the point G, per- 
pendicular to A E, to meet the semicircle at a point, say X, and join 
XA; it is self-evident, that the triangle XGA, so constructed, 
would not be a similar triangle to the triangle H O A, But the 
triangles HOA, HOE, EHA, EHK, KEA,and EEC, although widely 
different in direction, are similar right-angled triangles ; that is to 
say, in all of them the sides that contain the right angle are in the 
ratio of 3 to 4, by construction. Conceive the triangle F E C to be 
fixed. Then : It is self-evident, that no lines drawn from the point 
A, within the line A K to meet points in the line K E, would pro- 
duce a similar triangle to the triangle FEC, In other words.conceive 
a line fixed at A, starting from the " initial position '' A K and to re- 
volve towards F, resting at various points between K and F ; it is 
self-evident that no triangle so constructed would be similar to the 
triangle FEC. On the other hand, it is equally self-evident that, if 
a series of lines be drawn from the point A without the hne A K, to 
meet E K produced, no triangles so constructed would be similar to 
the triangle FEC. Hence ; It follows of necessity, that the point 
H in the semicircle, is the only point to which we can draw a straight 
line from the point A one extremity of the diameter of the semicircle, 
join it with the point E the other extremity of the diameter of 
the semicircle, and let fall the perpendicular H O, from H, the right 
angle, so as to divide the triangle K E A into three similar right- 
angled triangles, and all similar to the triangle FEC. 

Now, let the length of the line A O be given, to find the length 
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of the line O E. I have no hesitation in telHng you, my dear Sir, 
that the formula necessary to demonstrate this theorem, has never 
occurred to you, any more than to Professor de Morgan, I gave to 
that gentleman, some years ago, a formula for finding the difference 
between the area of a square and. the area of its circumscribing 
circle ; but Professor de Morgan has chosen to take his stajid in the 
ranks of that numerous class who despise " -wisdom and insiructioit." 
Well, then, the following is the formula for finding the length of 

E, when the length of A O is given. |(a O -h ^^\ + Uh O 
+ L9\ I = A E ; and it is self-evident that, AE — AO = OE: 
and I may tell you that whatever finite value you may be pleased to 
put upon A O, if you take that value as representing the area of a 
square, the length of O E will represent the difference between the 
area of the square and the area of its circumscribing circle. 

For example : Let squares be inscribed and circumscribed to a 
cii'cle ; and, by hypothesis, let the area of the inscribed square = 6. 
Then; The area of the circumscribing square = 12: and, {(6 + 
-) + j( 6 + - J =7-5 + i'875 = 9'375 = areaof thecircle ; and, the 
area of any circle is fotmd by multiplying the area of its circumscri- 
bing square by -. Rut, j (^ + -^ + J ^6 + -) | = | 6 x 2 « 
?. — ? L and this equation is exactly equal to the equivalent equation 
4 (6 + - J + J ( 6 X -) f- = "7^. If you ask me how this happens, 

1 have simply to say, that ^-^5.5 = 78125; and, 1-^' and —-^ 
are equivalent ratios, and it follows of necessity, that the pio 
duct of any quantit> multiplied by 78'2S is equal to the quo 
tient of the same qumtity divided by i 25 It Professoi de 
Moig-m chooses to take his stand in the lanks of thatnumetous 
class, who despise ' •wisdom ttnd tjisii uchi n, why, mj deal Sir 
should J i!?/ >' You are a young min I im almoot old enoi^h 
to be your grandfathei There is, theiefoie no presumption 
on m) pait, m gnmg ;ou a word of well intentioned idiice Piay 
take it befoie it is too late! \ou, with the talents with which Pro- 
vidence has gifted you, have a noble career of usefulness open to you, 
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if you do but mskn a right use of those talents. Let me advise you! 

Be not a follower and imitator of such men as Professor de Morgan, 

and so, prostitute the gifts with which Providence has blessed you ! 

LetAO = 5. Then; j{^AO -I- ^) + i(^AO + ^)[ 

= {(5+ i-2S)+ r5625} = 7-3i25=AE. (AE -A 0)=(7'8i2S -5) 
= 2-8125 = OE. (AO >! OE) = (S X 3-8!2S) = 14-0625 = OH'; 
therefore, v' 14-0625 = 3'7S = H O. Then, by analogy or propor- 
tion, AO:OH:;OH;OE, that is, 5 : 3-75 : : 3*75 : 2'8i25 ; and 
it follows of necessity, that 375 and 2-8125 ^'^^ t^s true arithmetical 
values of H O and O E. Then : (H 0* + O E^) = (3-75' + 2-8125') 
= (14-0625 + 7'9iDi5625) = 21-97265625 ;= H E' ; therefore, 
^21^5^6X625"— 4-6875 = H E. (H O'' + A O") =^75' + 5') 
= (140625 + 35) = 39-0625 = H A' i therefore, A''39-o625 = 6-25 
— HA. By analogy or proportion, HA:HE;:HE:HK; that 
is, 6-25 : 4-6875 :: 4-6875 : 3-515625 ; therefore, H K = 3-515625. 
Hence ; When A O =- 5, then, (^^-*)' = H A + H K ; that is, 
^^^y =(625 + 3.5, 5625) =,9.;65625 =W' ; therefore, (K A' -A E«) 
-=(H E' +H K=) ; thatis, (9-765625' - 7-8125') = (4-6875' + 3-S'5625'), 
Oi-,(95'36743'64o625-6i-035is63s)=(2r97265625 + 12-359619140625) 
= 34-332275390625 = K E' ; therefore, 1/34^332275390625 = 
5-859375 = KE. Hence : ^K A) ^ ^'^^^^625 x 4 ^ 35:0525 , 

7-8125 = E A; and, I (E A) = ^'^'^5x3 ^ 23:437S ^ 5-859375 
= K E ; and it follows of necessity, that all the triangles in this 
simple but interesting geometrical figure, are similar triangles, and 
have the sides that contain the right angle in the ratio of 3 to 4. 
Now, it is self-evident, that A is a longer line than A G; and it is 
axiomatic, if not self-evident, that A G = S, when AE equal 3. Well, 
then, by hypothesis, let AO = 5-12. Then: | f A O -1- ^\ + 

1-6) = 8 = AE; (AE- AO) = (8-5-13) = 2-g8 = OE: and, 
(A Oj<^ O E) = (ST2 X 2-88, = I4-7456 = H O' ; therefore, 
^14-7456 = 3-84 = H O. Then, by analogy or proportion, AO : 
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H O ; : H : O E ; that is, 5-12 : 3-84 : : 3-84 : 2'S8 ; and it follows 
of necessity, that yS^ and 2-88 are the true arithmetical values of 
H. O and O E, when A O = S'i2. Then : (H O' + O E') = (sM' 
+ 2-88*) = {(47456 4- 8*2941.) = 23^04 = H E° ; therefore, v' 23*04 
= 4-8 - H E : and, (H 0= + A O") - (3^^' + S'i2') = (i474S6 + 
26-2144) = 4096 = HA ; therefore, ^40*96 = 6*4 = H A. Then, 
by analogy or proportion, H A : H E : :_H E : H K ; that is, 6-4 : 4-8 
: : 4"8 ; 3-6 ; and it follows, that (H A + H K) = (64 + 3*6) = 10 - 
K A. Hence : We get the following equation : — (K A' — E A") = 
(HE' + H K=)i that is, (10' — 8=) = (48'' + 3'6=) or, (100 — 64) = 
(33'04 + 12*96) = 36, and is equal to KE', 

Now, let the length of A O = ST3, and let the area of an 
inscribed square to a circle = 512. Then 2 (S'la) = ro'24 = area 
of a circumscribing square to the circle. ■ — = i'28, and, -j^Tg 
= 10-24 "< ^— ^ ; and this equation = {A + O E) -= 8, and it 
follows of necessity, that when the area of a square = 5*12, the area 
of its circumscribing circle =^ 8, which makes 8 circumferences =; 
25 diameter's in every circle, and Y =^ V^S: the true arithmetical 
value of TT. 

J0//1 October. 

1 had written so far yesterday, but deferred its completion until 
the receipt of this morning's letters. I thought it just possible that 
my note of the 28th might have induced you to change the course 
indicated by your laconic note of the 27th, and that you might have 
intimated it. I warn you again that you are playing a dangerous 
game, as regards your own reputation. 

Yours respectfully, 
J. M. WiLSO\, Esq. James Smith. 
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James Smith to f. M. Wilson, Esq. 

Baekeley House, Seafosth, 
list October, 1868. 

Dear Sir, 

If my health permit, I intend— before the next meeting 
of " The British Association for the Advancement of Scienci'' — to 
bring out a work which will probably be entitled " The Geometry of 
the Circle, and the true ratio of diameter to circumference, demon- 
stratedby angles? I shall shew that all existiag Mathematical Tables 
of the Sines and Cosines of angles, are fallacious. How happens it 
that the Astronomers of the day can neither agree among themselves, 
or with those of bygone times, as to the distance of the sun from the 
earth ? The cause is plain enough ! How is it possible they can 
discover the sun's distance, while they remain ignorant of the 
Geometry of the circle, and consequently, at fault as to the ratio of 
diameter to circumference ? 

It is my present intention to bring out this work in the form of 
a series of Letters addressed to you, as a living authority and writer 
on such subjects ; and it is probable I may give an introductory chapter 
in the form of a Letter to the Mathematical President Elect of the 
British Association, Professor Stokes. 

Your laconic note of the 27th inst., and subsequent silence with 
reference to my reply of the 28th, have led me to this decision. 

You will please understand that 1 do not wish you to give your- 
self the slightest trouble about me, and whether you do, or do not, 
read ray Letters, is to me a matter ol perfect indifference. Vou 
might, however, think I was treating you unfairly, if I were not to 
acquaint you with my intention. 

I may say, in conclusion, that 1 cannot help thinking the day will 
come, when you will regret having chosen to take your place in the 
ranlcs of those who despise instruction. 



I r 






J. M. Wilson, Esq. 



James Smith, 
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J. M. Wilson, Esq. to James Smith. 

Rugby, October 2,1 st, 1868. 
Dear Sir, 

I cannot say I have read either of your last commu- 
nications, but as I turned over the pages of your letter this morning, 
one expression struck me. You implore me not to despise instruc- 
tion from one wlio is old enough, to be my grandfather. I was in 
error on this point ; I thought you were still a young man, and I 
therefore wrote laconically, not to say curtly, to you ; and without 
that respect due from a young man to an old one, I beg to apologise 

At the same time, I must tell you that your Letter about the 
similar triangles was distinctly in error, at a point which I described 
to you in my first Letter to you. I have read your early Letters on 
the area of a circle, and in them also there are distinctly unfair as- 
sumptions which you have not noticed. 

I do not despise instruction from any one, I reserve, however, 
the right of judging, by the rules of logic and common sense, the 
validity of any reasoning that is sent me : and yours will not stand 
the test. 

! wish for your own happiness you could he brought to believe 
this. 

Very truly yours, 

J. M. Wilson, 

1 again request that this correspondence may cease. 



James Smith to J. M. Wilson, Esq. 

Barkeley House, Seaforth, 
2nd November, i858. 
Dear Sir, 

I beg to acknowledge the receipt of your favour of 
Saturday, and can sincerely assure you that I never felt offended 
with you, or that any apology on your part was necessary for having 
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written to me somewhat laconically ; and I only referred to my 
seniority as an apology for otfering you advice. 

/ " reserve the right of Judging by the rales of logic and 
common sense" and admit every man's right lo do so likewise. 
It would be better for science, if " the rules of logic and common, 
sense" were more strictly adhered to ; but I must tell_j'dK, "courte- 
ously, but most distinctly," that I dispute your conclusion, that 
my reasoning will not stand the test of " logic and common sense.'" 
" The two eyes of exact science" are not — as Professor de Morgan 
says — "Mathematics and logic" "bxAG^omslrY 3.nA\og\c; and it has 
long been the rule of Mathematicians to make Mathematics, not 
only over-ride Geometry, but even over-ride " that indispensable 
instrument of science, Arithmetic," 'iht root and foundation of all 
Mathematics. There is a sense in which Geometry may be said to 
be a science, per ss, and quite independent of Mathematics. A liv- 
ing "recognised Mathematician^ J. R. Young, says in his prelimi- 
nary remarks, on the "Principles of Algebra": — "It would be 
advisable for a learner, after some acquaintance with a book or two 
of Euclid, to combine Geometry and Algebra toe^ether. The former 
subject, as it is independeut of all previous knowledge of science, 
may be entered upon by anyone who is familiar with ordinary lan- 
guage j he may be ignorant of even the multiplication table, and yet 
be able to master all the propositions in Euclid?' I have shewn, in my 
Letter to you of the 27th October, that by applied Mathematics, we 
may apparently make the opposite sides of a parallelogram unequal. 
What can Algebra do towards shewing this ? Well, then, Euclid is 
at fault, and could not be otherwise than at fault, without travelling 
out of the domain of pure Geometry; inasmuch as he does not shew 
that his fifth book is inapplicable, when mathematically applied to 
Geometry, in the case of incommensurables. How happens it that 
Mathematicians have never made this discovery? 

Does not this explain the fallacy in the following quotation, 
which I take from the appendix to the fifth and sixth books of 
'^Euclid's Elements of Plane Geometry" hyY!. D. Cooley, A.B. ? 
The same proposition (Prop 13 ; Book 6) which enables us to find 
a mean proportional between two given lines, will also enable us to 
find a mean proportional between the first and second, and between 
the second and third ; and thus to interpolate mean proportionals 
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between the terms to any extent. But, to find two mean proportionals, 
or, A and B being given, to find X and Y, so that A : x : : y : B, 
is a problem beyond the reach of Plane Geometry. Now, I can 
shew you, my dear Sir, that from A and B given to find x and ^, so 
that A : j: : :/ : B, is not a problem beyond the reach of Plane Geo- 
metry. Cooley would be right if tt were arithmetically indeterminaU, 
and proportion mathematically applicable to incofnwiensurables, 
under all circumstances, 

I remain, dear Sir, 

Yours very respectfully, 
J. M. Wilson, Esq. James Smith. 



Barkeley House, Seaforth, 
i^th November, i863. 
Dear Sir, 

When I attended the last meeting of " The British Association 
for the Ad-uancement of Science" I was introduced to a gentleman— 
a first-rate Mathematician— not much my junior, and presented him 
with a copy of " Euclid at Fault.'''' The morning 1 left Norwich, he 
called at the Hotel where I was staying, to see a friend, and this gave 
me the opportunity of having about ten minutes' conversation with 
him. He mentioned some of the difiiculties that occurred to him with 
reference to Euclid's fifth book on Proportion, and asked me if there 
was any speciality about the number 8, which led me to shortly give 
him a THEORV on the Geometry of commensurable right-angled 
triangles, ivhich 1 discovered in i860. It was quite new to him, 
and he was greatly astonished with it, and thanked me for bringing 
it under his notice. On parting, I promised to send him some of 
my pamphlets on my return home. I did so, and the following 
is a copy of his note acknowledging their receipt, 

Seplember -^rd, 1868. 
My Dear Sir, 

I thank you much for your pamphlets ; I have read 
a part of one — and so far your reasoning appears ail right— but I 
will write you again. I cannot understand why any Mathematican 
should for one moment hesitate to investigate any problem which 
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has been worked out by another, especially when it is a problcn 
considerable interest, because prejudice ougJit to have no place wl 
ever in the Mathematical regions. 

Again thanking you — I have just time to subscribe myself. 
Yours truly, 

M. 



Queen Hotel, Harrogate, 
iih September, 1E68, 

My Dear Sir, 

Your note of the 3rd inst. has been forwarded to me 
here, and came into my hands this morning. 

I much regretted, that time did not permit me — before we were 
obliged to part at Norwich— to go a little deeper into the theory of 
commensurable right-angled triangles, in which you obviously felt 
much interested, and I aminducedtojot down for your consideration, 
a few observations on this very interesting, and — to Science — very 
important subject. 

Well, then, the following is a general rule for finding a commen- 
surable right-angled triangle. 

Let A and B denote any two finite numbers, either consecutive 
or non-consecutive. Then : If twice the product of A and B and 
the difference of their squares denote sides of a right-angled triangle 
and contain the right angle, the triangle is commensurable. 

For example : Let A = 7, and B = 9, Then : 2 (A x B) = 
2(7x9) = (2 ^63)= 126: and, (B'-A^j^Cg' — 7=)^8i — 49 
= 32. Now, if in a right-angled triangle, the sides that contain the 
right angle be 126 and 32. Then: s/{i26''^+ 33')= ^(15876 
+ 1024.) =^ ./16900 ^ 130 ^= hypothenuse, and the triangle is 
commensurable. Again : Let A = 6, and B = 9. Then : 3 (A x 
B) == 2 (6 >c 9) =- (2 X 54) =■ 108 : and, (B' — A') = (9^ — 6>) = 
Si — 36 =. 45 ; therefore, V(io8' + 45=) = ></{\ 1664 + 2025) = 
V 13689 = 117 = hypothenuse, and it follows, that if 108 and 
45 denote sides of a right-angled triangle and contain the 
right angle, the triangle is commensurable. In both examples, 
the hypothenuse is equal to the longer of the sides con- 
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laining the right angle, plus the square of the difference between 
A and B. Hence ; it follows of necessity, that if A and B be con- 
secutive numbers, and be given to tind a commensurable right- 
angled triangle, the hypotheniise of the triangle thus obtained, is equal 
to the longer of the sides containing the right angle, plus the square 
of I ^ 1. Do not Mathematicians seem to lose sight of the fact, 
and its consequences, that i,i%andVi are allarithmetical expressions 
equivalent to unity. 

If the given numbers to find 
a commensurable rjght-anglcd The sides of the 

triangle be — triangles will be — 

I and 2. 3, 4. and 5. 

3 and 3. S, 13 and 13. 

3 and 4, 7, 24 and 25. 

4 and 5. 9, 40 and 41. 
and so on, ad iitjinitiim. 

Again: The two shorter sides of any of these triangles, plus the 
shortest side of the adjacent following triangle, is equal to the middle 
side of the latter triangle ; that is to say, 3 + 4 + 5 = 12 :5 + 12 + 
7 = 24:7 + 24 + 9 = 40; and so on, ad infinitum. 

Now, with these facts before us, the following question arises :— 
Can a geometrical figute be constructed, in which there shall be 
isolated and exhibited, three right-angled triangles, of which the 
sides of one shall be 3, 4, and S : the sides of another 5, 12, and 13 . 
and the sides of the third 7, 24, and 25, or in these proportions ? I 
answer^Yes 1 But, not only so, this very figure can be constructed 
so as to contain — isolated and exhibited — a circle and a square 
of exactly the same superficial area, and demonstrable to be so, 
beyond the possibility of dispute or cavil by any candid Geometer 
and Mathematician. Passing this by, however, for the present, as it 
would carry me beyond the limits of a Letter, I will proceed to 
direct your attention to some truths which I think will surprise 
you, even more than the foregoing. 

Let A =^ 6, and B = 8, and let 6 and 8 be given numbers to find a 
commensurable right-angled triangle, Then : 2 (A x B) = 2 (6 x 8) 
»= (2 X 4S) = 96 : and, (B= — A') = f$'- ^ 6") = (64 — 36) = 28. 
Now, if 96 and 28, which are ih the ratio of 24 to 7, denote the sides 
that contain the right angle in a right-angled triangle, then, (g6^ + 
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28") = (92r6 + 784) = loooo = the square of the hypothenuse ; 
therefore, Vioooo = 100 = hypotheause, and is greater than the 
longer of the sides that contain the right angle by the square of the 
difference between A and B, when, A = 6 and B = 8 ; and we get by 
analogy or proportion, 96 ; 28 : ; 24 : 7 ; and by alternation, 96 . 24 
: ; 28 : 7. Again ; Let A = 96, and B = 28, and let 96 and 28 be given 
numbers, to find a commensurable right-angled triangle. Then : 
2(A X B) = z(96 X 28)=a X 2688 = 5376: and, (A' — B=) = (96' — 
28=) = 9216 — 784 = 8432. Now, if S376 and 8432 denote the sides 
that contain the right angle in a right-angled triangle, then, 5376° + 
8432^ = 28901376 + 71098624 = 100000000, tiie square of the 
= 10000 = hypothenuse. But 
AandB =(96—28)= = 68« = 
ble right-angled triangle thus 
e between A and B, plus the 
right angle = 4624 -1- 5376 = 
ommon multiple of 4624 and 
§t . 67s i and - 



hypothenu 
the square 
4624. He 
obtained, t 
shorter of 
IMOO = hj 

5376, thcr 
analogy oi 
4624 : 578 : : J, 



! get the 
578 : 672 : and by alternation, 
.sired :— What inference do you 



draw from these facts ? The inference is this. They stand 
inseperably connected with oursystem of Logarithms to the base 10. 

Let ABC denote a right-angled triangle 
of which the sides A B and B C whicli con- 
tain the right angle, are 24 and 7, by 
construction. Then: A B' + B C^ = 24° 

+ 73 = 576 + 49 = 625 = A C= ; therefore, 

V625 = 25 = AC the hypothenuse, 

NOW, ]^-^ = J, =■ 'sS is the sine of the 
angle A, and cosine of the angle C: and 
i^ ^H = -ge is the sine of the angle C, 

and cosine of the angle A. The Logarithm 
corresponding to the natural number -28 is 
9-447iS8o,and tins is the Log-sin, of the 
angle A, and Log.-cos of the angle C. The 
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Logarithm corresponding to the natural number -96 is 9'9822712, 
and this is the Log. -sin of the angle C, and Log-cos. of the angle A, 
Well, then, let the length of A C, the hypothenuse in the triangle 
AB C, be represented by any finite 'arithmetical quantity, say 666, 
and be given to find the length of the other two sides, and prove 
that those sides are in the ratio of 7 to 24. 
Then: 

As Sin. of angle B = Sin. 90° Log. lO'ooooooo 

: the given side A C = 666 Log. 28234742 

; : Sin, of angle A Log. 9'447i5So 



As Sin. of angle B ^Sin. 90° Log. 

: the given side AC= 666 Log. 2-8234742 

: Sin. of angle C Log, 9-9822712 

12-8057454 



: 24,; that is, 186-48 

: 25 ; that is, 186-48 

; 24 : 35 ; that is, 639-36 



639-36 : : 7 : 24. 
666 ;: 7:25. 



; and harmonizes v 



B C ; A B ; 

BC : AC: 

AB:AC: 
Therefore ; 

-28' + -96' = -0784 -f -9216= I = u 
Iherequirement of the trigonometrical axiom, Sin.= + Cos,' = unity 
in every right-angled triangle. ! think you will perceive that, if 
instead of the whole numbers 6 and 8, we make the fractions ^ and 
^ = '6 and -8 our starting point, to find a commensurable right- 
angled triangle, these numbers give us -28 and '96 as the sides 
that contain the right angle, which are the sine and cosine of the 
acute angle in a triangle of which the sides that contain the right 
angle are in the ratio of 7 to 24. We may then take -38 and -96 as 
given numbers to find another commensurable right-angled triangle. 
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and if so, the hypothenuse of this triangle ivill be unity -= i. And 
so on we may proceed, ad infinitum, and the hypothenuse of every 
successive triangle will be a constant quantity ^unity = i. 

in this geometrical figure, let A B C be a right-angled triangle, 
of which the sides B C and A B are 5 and 12, by construction. From 




the angle A,' draw a straight line at right angles to A C, to meet C B 
produced atthe point D. Then; The triangles on each side of A B 
are similar to the whole triangle D A C and to each other. 

Proof: When B C = 5, and A B = 12, we get the analogy or 
proportion, BC:AB::AB:BD, that is, 5 : 12 : : 12 : 28'8 ; there- 
fore, (B D X B C) = A B', that is, (28-8 x 5) = 144 = A B'. But, 
the triangle A B D is right angled at B ; therefore, (A B' + B D') = 
(iz' + 28-8=) — (144 + 829-44) = 973-44= AD'; therefore, V 973 -44 
■= 31-2 = AD, and A BD is a commensurable right-angled triangle. 

Now, let the length of A D, the hypothenuse in the right-angled 
triangle A B D, be represented by any finite arithmetical quantity, 
say 666, and be given to tind the lengths of tlic sides A B and B D, 
and prove that they are in the ratio of 5 to 12. 

Then ■■^ — ^^ = ■3^4615 is the sine of the angle D, and 



■ AD - 



BD 



cosine of the angle DAB. ^-g = :r- =■ -933076 is the sine of 
the angle DAB, and cosine of the angle D: and in both cases 
the sines and cosines are recurring decimals. The Logarithm 
corresponding to the natural number -384615 is 9-5850263, and this 
is the Log.-sin. of the angle D, and Log.-cos, of the angle DAB. 
The Logarithm corresponding to the natural number '923076 is 
9'9652375, and this is the Log.-sin. of the angle DAB, and Log.-cos, 
ofthean^le D, 
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As Sin. of angle B = Sin. 9°° Log. lO-ai 

: tiie given side AD = 666 Log. 2'8234742 

: : Sin. of angle D Log. 9'5S50263 

I2'4o85oos 
I o "0000000 

; the required side A B 

= 666 >; -384615 =256-15359 ...Log, 3-4085005 



As Sin. of angle B = Sin. 90° Log. 

: the given aide A D =^666 Log. 2'8234742 

: : Sin. of angle DAB Log. 9-96s237S 



: the required side B D — 

= 666 X ■923o;6 = 6i476S5i6 Log. 2-7887117 

Therefore : 

A B : B D : ; 5 : 12; that is, a56-[S359 : 614768616 : : 5 : 12 ; 
and by alternation, A B ; 5 : ; B D : 12 ; that is, 256-15359 : 5 : : 
614-768616: 12. 

Hence : {A D' — B D=) = (A C= — B C=), and this equation = 
A B' ; and It follows, that if in a right-angled triangle, a straight line 
he drawn from the right angle perpendicular to its opposite side, it 
is only when the triangles on each side of it are commensurable 
right-angled triangles, that the theorem of Euclid : Prop. 8, Book 6 
holds good. Under any other circumstances it fails, when tested by 
" iAai indisputable instrument of science, Arithmetic.^' 

The fifth book of Euclid has ever been a puzzle to Maihemati- 
cians, and yet on reflection, the reason is plain enough. EucUd in 
attempting to make his theorems in this book of general and 
universal application, and therefore alike applicable to cotnmensur- 
ables and incommensurables, has utterly failed. The 8th proposition 
is not the only one in the 6th book in which Euclid is at fault. The 
theorems of the 6lh book rest for their proof on the 5th. You will 
observe that the 5th book is directly appealed to for the proofs of the 
first seven theorems in the 6th book ; but I am warned that it is time 
to bring this Letter to a close, 
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In another communication I may point out, some of the 
inconsistencies into which Mathematicians are led by tlie teachings 
of Euclid. In the meantime, 

Believe me, my dear Sir, 

Very sincerely yours, 

James Smith. 

Barkeley House, Seaforth. 
Y^tJi September, 1868. 

IVIy Dear Sir, 

I found my Letter of the 5th inst. running on to such a 
length, that I brought it to a close somewhat abruptly ; and, indeed, 
I thought ii better to defer proceeding further until my return home, 
and for the short period of my stay at Harrogate, take as much out- 
door exercise as possible, and so reap all the advantage to Tdc 
derived from the salubrious air of that delightful watering place. 

Before proceeding to point out the inconsistencies into which 
Mathematicians are led, by the fallacious teachings of Euclid, I may 
direct your attention to certain facts, with which my last Letter 
might, and really ought to have concluded, 

You will observe, that the arithmetical values of the sides of the 
commensurable right-angled triangle derived from the < 
numbers 1 and 2, are 3, 4, and J. This 1 call the primary ci 
surable right-angled triangle, since it is the smallest commensurable 
right-angled triangle, of which the sides can be arithmetically 
expressed in digits or whole numbers. With reference to this par- 
ticular triangle, His general rule holds good ; that is to say, the sum 
of I and 2, and twice the product of i and 2, give the arithmetical 
values of the sides that contain the right angle. But, there is one 
peculiarity about this particular triangle which holds good of no 
other, and to this peculiarity I must now direct your especial 
attention. 

In the geometrical figure represented by the Diagram^in my 
Letter to Dr. Hooker (see Diagram XIV.), the sides O B and B T, 
in the right-angled triangle O B T, are in the ratio of 4 to 3, by con- 
struction ; and when K B the diameter of the circle = 8, then, O B 
= 4; BT = 3 ; andOT= 5. Hence: The sum of OB and B T 
f= (4 + 3) ■« 7- But, twice the product of O B and B T = twice 
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the sum ol U B, B T and O T ; that is, 2 (4 x 3) = 2 {4 + 3 + 5) ; 
and this equation = 24 ; and 7 and 24 are the arithmetical values 
of the sides that contam the right angle in the commensurable 
right angled trcangle, derived from the consecutive numbers 3 

Now, my dear Sir, no other right-angled triangle exists, or can 
exist, but that in which the sides that contain the right angle are 
represented by the digits 3 and 4, from which we can get the equa- 
tion, — " Twice the product of ike sides that contain, the right angle 
^ twice the fierimeter of the triangle" From this fact, it 
follows of necessity, that (O B* + B T^ + O T*) = 3^ (O W), that 
is, (4^ + 3' + 5*) = 3^ (4^ = 50 : and on the THEORY that 8 cir- 
cumferences of a circle = 25 diameters, this equation = area of the 
circle. But further : when the sides that contain the right angle in 
a right-angled triangle are 7 and 24, then {7' + 24=) = (49 +576) = 6zi 
= the square of the hypothenuse, and we get the following equa- 
' + OTv- 



tion 



^OB 



24= 1= 625, when OB ^ 



4, and B T = 3. Hence : when the sides that contain the right 
angle, in a right-angled triangle, are 3 and -875, which are in the 
ratioof 24107, then, 3' + ■875° = 9 + 765625 = 9765625; therefore, 
V 9-765625 = 3"i25 =^ 3^^, and this is the true value of ir, and makes 
—-■ — the true expression of the ratio between the perimeter of 
every regular hexagon, and the circumference of its circumscribing 
circle. 

Let OB, theradiusofthecircle, in the Diagram in "-£'H<^//rf<i^^aa//," 
(See Diagram XIV^, be represented by the arithmetical expression 

V'&. Then : J ( OB) = i ( \/Zo) - V QI >^ 60) - -Jiyn = 



RT; and, ; (O li) ^ 



4(V6o: 



= -jQ^. X 60) = ^/937S 



O T ; and it follows of necessity, that B^ + B T' + O T=) = 
3^ (O B") : that is, {60 + 3375 + 9375) = 3^ (60), and this equa- 
tion ■= i87'S, and on the theory that 8 circumferences of a circle 
= 25 diameters = area of the circle. But, on these values of the 
sides of the triangle O B T, we cannot get the equation : — " Twice 
the product of OB and B T = twice the sum ofOB,B T, and O T." 
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Now,by computation, twice the product of B and BT^go, when 
OB*/fo: tivicctheproductof BTandOT=-ii2's ; twice the product 
of OB and T = i5o: the sum of the squares of OE,B T, and T, 
= t87'S : and ico (3^) = 313-5. Well, then, let the results of these 
computations be denoted by the symbols a, b, c, d, and e : that is, 
letrt: = 90: * = 112-5 : <^ = 15°; '^ = ^^7 5- and ^ = 3i2S- 
Then: 5 (a) = i: J(^) = t ; ^ni") = '^' ^^^ "i^ is a mean propjir- 
tional between d and e. Hence; the equation 2^^(90) = ,/(ri2'5 
X 3I2'5), and it follows, that in the analogy or proportion b : d : : li 
: e,d is the mean proportional between b and c. But, a = the 

quadrant of a circle of circumference 360 ; and, 25 \-r-)~7^ (100)' 

or, 25 ( 2?\ = y2 pi^ \ ; that is, 25 >: 9 = 72 x 3-125, and this 

equation = 235 = 2 [&), and is equal to the circumference of a 
circle of which the diameter is 72 ; and it follows, that 8 times 225 
= 35 times 72 = 1800, and establishes the truth of the tkeoiy, that 
8 circumferences = 25 diameters in every circle, and makes 
-} = 3'I3; the true arithmetical value of it. 

The discoveries contained in the last paragraph— which are very 
remarkable — are of recent diite, but I may tell you that at an eai'ly 
period of my enquiry into the ratio of diameter to circumfeience in a 
circle, I was led to adopt as a THEORY, th;it 8 circumferences ■= 25 
diameters in every circle, which makes y = 3*135 the value of tt, or 
in other words, the circumference of a circle of diameter unity = i. 
I found the truth of the i^^i5;y demonstrable by inductive and deduc- 
tive reasoning, by constructive Geometry, snd/inally by logarithms. 
In another communication I may go into proofs at some length, and 
point out a few of the absurdities into which Mathematicians are led 
by the teachings of Euclid. In the meantime, 

Believe me, my dear Sir, 

Very sincerely yours, 

James Smith. 
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To these communications I received the following reply :— 

September IJ/A, 1868. 
My Dear Sir, 

I have just returned from Yorl^shire, and found 
your very interesting Letter, for which I thank you ; also for the one 
received this morning : when I have a little leisure I will write you 
again. The subjects are full of interest, and as far as I have seen, 
your reasoning is perfectly satisfactory, and certainly to me it seems 
to open up an interesting and new region in this department of num- 
bers. So does Mr. Byrne's Dual Arithmetic. In short, 1 think 
Mathematicians ought to congratulate you on your re searches^ in- 
stead of not giving the subjects their proper attention. With kind 

Believe me, 

yours truly, 

M . 

I am not going to trouble you with any more of my Letters to 
this gentleman, but the following is a copy of his acknowledgment 

of the receipt of two of them. 

Septemberifjth, 1 863. 
Mv Dear Sir, 

Accept my thanks for your communications and " Ike 
British Association in Jeopardy" received this morning. I feel 
from what I have read that you are right— and at present I can't 
understand why Mathematicians have not thoroughly examined your 
reasonings long before this. The demonstration in pages 14 and 15 
ought to have sufficed. I have not been very well, or 1 should have 
answered you before : this must be my apology. With kind regards, 

yours truly, 

M- — . 

The following is tiiC demonstration refcired to, which 1 gave i]i 
a Letter to the Editor of the Aihaueum, in 1865, imdcr the signa- 
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" Let A li C represent 
isosceles triangies inscrit 
Th,„,35? . 



c of 25 equal 



4° 24' is the . value 

of the angle A, contained by the two sides 
A li and A C ; and the circular measure 



, which, o 
864° X 3 ' 125 




of this angl< 

Mr. Smith's theory, is ,g^ ^ g - 

~° = -25. The circular measure of an 
io8oo 

ansl. of,o-i, 8!^J;-''.3:!f5 ..-56=5, 

and is equal lo 100 times (^ ^ ) ~ 
100 (■I25''). But, r'562S is the value of the 
quadrant of a circle of radius 1, or, the 
semi-circumference of a circle of diameter 

unity. Therefore, — —* ^ 6'35 = cir- 
cumference of a circle of radius I, and is equal to 2jr." 

" I now beg to call your especial attention to the following 
facts ; — On the Orthodox theory, tt = 3'i4i6 approximately ; and, 
on this hypothesis, the circular measure of the angle A = 

»«£_- 314.6 ^ ffli^i = .,5,3,8. The cireukt m=.,ure 
10800 toSoo 

of an angle of go" - £^|^ - ^'f^ - I'SJoS, and is equal 
to the quadrant of a circle of radius i, or the semi- circumference of 
a circle of diameter unity, on the hypothesis that jt = 3'i4i5. But, 
i-S7°8 ^ 
■351328 ^t!' 

equal to the circumference of a circle of radius i, on Mr. Smith's 
theory, and establishes beyond the possibility of doubt, by any 
reflective Mathematician, that -g = 3' 125 (which is Mr, Smith's 
value of 5r) is the true a.rithmetical value of the circumference of a 
circle of which the diameter is unity." 



= 6-25, and is 






the Orthodox value of 2 
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But further : The number of degrees contained in an angle at 

the centre of a circle subtended by an arc equal to radius is -, 

and on the theory that 8 circiimfereiices are exactly equal to 35 
diameters ^ — — = 57'6 = 57° 36', and the circular measure of an 

angle of S7- 36' .s '-Ms^ ' ,80 kV = iS^ " " " 
. radius. 

I may tell you for your information — for 1 have no wish to con- 
ceal anything— that " Zadkiel " the Astrologer and Astronomer, gave 
this as an unanswerable demonstration in his almanac for the year 
1866 : and I have a letter of his in my possession, written as far 
back as i860, in which he congratulates mc on having discovered the 
true value of x. Oddly enough, however, he lias since repudiated 
these ideas, and with them all his previous notions of Astronomy ; 
and has recently published a work, which he entitles " The Neia 
Principia," in which he professes to prove that the earth is the sta- 
tionary centre of the solar system, and the sun only 365*006 miles 
distant from the earth. When will wonders cease ? 

The Athenaum~^\ I should rather say, Professor de Morgan, 
writing as one of the editorial ine of the leading scientific journal- 
has said of me : — " We hope to have many a bit of sport -with him in 
the future, as we have had in the past." He — the learned Professor 
—lias had " a bit of sport " with you in the past, and if you decline 
to take "u word of well-intended advice^ and neglect to make your- 
self master of " ^fe Geometry of the Circle and the application of 
proportion to Plane Geometry^' before you again appear in print, 
you may afford that clever, but dogmatic and unscrupulous critic, the 
opportunity of having "i! bit of sport" with you in the future. 
I remain, dear Sir, 

Yours truly, 

JAME3 Smith. 
J. M. Wilson, Es<J. 
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Barkeley House, Seaforth, 
C)th November, 1868. 

Dear Sir, 

In my Letter to you of the 4th inst, I have given, 
what ought to be a convincing proof to the Mathematicians of the 
day, and will be to those of another generation, thai existing Lo- 
garithmic Tables of Sines, Cosines, Log-sines, and Log-cosines, are 
fallacious ; and before I conclude this communication, I shall 
furnish another proof. 

Tf the sides of a right-angled triangle be 3, 4, and S, or in these 
proportions ; or in other words, in what I call the primary commen- 
surable right-angled triangle, the obtuse angle is an angle of 53° 8', 
and the acute angle an angle of 36° 52'. I shall make use of Hutton's 
Tables to prove these facts ; and yet, in doing so, will demonstrate 
by ^' the rules of loiric and common sense" that these Tables are fal- 
lacious. A gentleman with whom I was long in correspondence, 
assuming it to be impossible that Tables " -which have been calculated 
by experts in every country in Europe"" could be at fault, would 
have it that the former is an angle of 53° 8' — x, and the latter an 
angle of 36° 52' + y. This gentleman did not play the part of a 
fair and candid controversialist with me, and at one time I thought 
of making him the mathematical scape-goat in my next publication. 
I shall not do so now, and you may take to yourself the credit of 
having led me to change my mind, and confer that honour upon you. 

Problem. 

From a right-angled triangle, of which the sides are 3, 4, and s, 
or in these proportions, construct a diagram representing a geo- 
metrical figure, which shall contain — isolated and exhibited — two dis- 
similar and unequal right-angled triangles, so that the hypothenuse 
in both these triangles may be represented by the arithmetical 
expression V41. 

The enclosed diagram (see Diagram XX.) solves the problem. 
It is obvious from mere inspection that, DEC and E F C must be 
the required triangles ; since there are no other two triangles in the 
figure, of which the hypothcnuscs are radii of the same circle, 
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DIAGRAM XX. 
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CciNSTRUCTION OF THE DIAGRAM. 

Draw two straightlinesof indefinite length at rig-ht angles, making 
B the right angle. From the point B mark off three equal parts, 
together equal to A B ; and from. B mark ofF four of such equal parts, 
together equal to BC, and join AC. It is obvious that ABC must be a 
right-angled triangle, of which the sides that contain the right angle 
are in the ratio of 3 to 4. With B as centre and B C as interval, 
describe the circle X. With C as centre and C B as interval, describe 
the circle Y. With C as centre and C A as interval, describe the 
circle 2. With B as centre and the same interval, describe the circle 
X Y. Produce B A to meet and terminate in the circumference of 
the circle X Y at the point D. With C as centre and C D as interval, 
describe the circle X 2, and join D C and O C, The circles X and 
X Z intersect each other at the point E. From the point E draw a 
straight line, parallel to DB, to meet CB produced at the point F, and 
joinEA, and so construct the right-angled triangle EEC. The circum- 
ference of the circle Z is intersected by the line F C at the point n. 
From n draw a straight line perpendicular to F C, and therefore 
tangental to the circle Z, to meet E C, the hypothenuse of the right- 
angled triangle E F C, at the point m, and so construct the right- 
angled triangle m/iC. 

By hypothesis, let AB = 3. Then : By construction, B C = 
* (A B) ; therefore, B C = 4 ; and, (A B' -I- B C=) = (3' -P 4^^) = 
(9 -t- 16) = 2S = AC ; therefore, J2S = 5 ;= A C. But, DB = 
A C, by construction, and D B C is a right-angled triangle ; therefore, 
(D B' + B C) = (5' -I- 4=) = (25 -1- r6) = 41 = D C= ; therefore, 
D C ^ s/^T. But, E C = D C, for ttiey are radii of the circle X Z ; 
therefore, E C = J 41'. But, C ?! = C A, for they are radii of the 
circle2; therefore, C« = 5. But, mnC and ABC are similar 

right-angled triangles ; therefore, | (C «) = | (5) = ^ ~-^ = 37s 

= m»,- and, (mn' + nC) ^ (375 ' + 5^=) = (r4'o625 + 25) = 
39'o625 = OT C ; therefore, 739'oi525 = 6'2S = ot C. But,ABC, 
OT « C, and E F C, are similar right-angled triangles, and E C the 
hypothenuse of the triangle EFC = J41 = 6'403124; therefore, 
; (E C) - ( (6^4o3..4) = *^°3'"' . '^-^^ . 5-,»499» - 
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FC;and |(FC) = ^ {5T224992) 



3 >: 5-1324992 ^ 15^3674976 
4 4 

= 3'84i8?44^ EF;and, (EF' -f- FC) = (3'84i8744= +S'I234992') 
= (1475999890537536 + 26 ■23999805400064) = 4o'9999969S9376 = 
E C, and is a very close approximation to 41, the known and indis- 
putable value of the area of a square on E C. But, O B = B C, for 
they are radii of the circle X ; therefore, O B = 4 ; and O B C is a 
right-angled isosceles triangle ; therefore, (0 B* + B C) = (4^ + 4^) 
= (16 + 16) = 32 = O C ; therefore, O C = Ji2, and is equal to 
a side of an inscribed square to the circle X ; and V32 expressed 
decimally = 5'6s6854 approximately. 

Now, 0/ C B is a quadrant of the circle X ; therefore, B is an 
angle of 90°. But, the angles at the base of an. isoceles triangle are 
equal ; therefore the angle B O C = the angle O C B, and ^ - or 
OC ~ c '6E;68i:i ^ 707106813, and 707106812 is the sine of these 
angles. The Logarithm corresponding to the natural number 
■707106812 is 9'849495o, and- this is the Log.-sin, of the angles B C 
and O C B ; and B O C and O C B are angles of 45°. 

Let the length of O C the hypothenuse of the right-angled 

isosceles triangle B C, be represented by any finite arithmetical 

quantity, say 777, and be given to find the length of O B or B C, and 

prove that the ratio of O B to O C, or, BCto C, is 334105-656854. 

Then: 

As Sin. of angle B = Sin. 90° Log. lo'ooooooo 

: the given side O C = 777 Log, 2-8904210 

: :Sin. of angleBOCoi-OCB = Sin. 45° Log, 9-8494950 

1 2-7399 "5o 



: the sides O B and B C = 

-707106812 X 777= S49"42i992924 Log. 2-7399i6o 

OBorBC:OC::4: 5-656854, that is, 4 : 5-656854 : : 
S49'42i992924 : 776 999999590325274 i and it follows of necessity, 
that J'S = '707J06813 is the arithmetical value of the Sine of an 
angle of 45°. In Button's Tables, the Sine and Cosine of an angle 
of 45° is given as '7071068, and is equal to ^-5 to the seventh place 
pf decimals. 
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You do not read my communications, but this does not prevent 
me from supposing you to put the following question ;— Where is the 
Mathematician who ever disputed or doubted that 7071068 is the 
true value of the Sine of an angle of 45° ? I may put a counter 
question : — Where is the Mathematician who ever gave the proof of 
it that I have now given ? I may tell you that it never entered into 
your Mathematical philosophy to discover this proof. You will 
discover, and probably even in my time, the folly of " having chosen 
to take your place in the ranks of that numerous close who despise 
•wisdom and instruclion." If you had only as much regard for your 
own Mathematical reputation, as you profess you have for my 
happiness, I cannot help thinking it would not only be better for 
the interests of science, but in the long run add materially to your 
own happiness. 

I shall now proceed to prove, that in the similar right-angled 
triangles E F C, mnC, and ABC, the acute angle C which is 
common to the three triangles, is an angle of 36° 53', and the 
obtuse angles, angles of 53'' 8', and, in doing so, will make use of 
Hutton to prove Hutton al fault. 

Let A B = 3, and B C = 4. Then :AC = S:DB = 5: 
(D B' + B = 41 ; therefore, D C = ^4^." Now, E C = D C, 
for they are radii of the same circle. But, E F is obviously a shorter 
line than O B ; and O B = B C, for they arc radii of the same 
circle ; and F and B are right angles. Hence : E F C and D B C 
are right-angled triangles, and have their sides that subtend the 
right angle equal; but they are not similar and equal triangles. 
Now, ^-p, = 4 = '6, is the sine of the angle C ; and, -^i. = .^ = 'S, 

is the sine of the angle A, in the triangle ABC, But, Qn 
= CA= S,foT they are radii of the same circle, and mnC and 
ABC are similar right-angled triangles ; therefore, f (k C) = | (5) 

:= 375 = mn: and, t(kC) = 6-25 = ?«C; therefore, -^ = ^/-^ 

-- -6, is the sine of the angle C ; and, —>. = >^ = '8, is the sine 

of the angle m, in the triangle mnC: and it follows, that the sine 
and cosine of the angles tn and C, in the triangle mnC, are the 
same as the sine and cosine of the angles A and C in the triangle 
ABC. 
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Now, E C = D C = Jii = 6-403124. Well, then, let the obtuse 
angle E in the right-angled triangle E F C, by hypothesis, be an 
angle of 53° 8', and the side E C subtending the right angle 
6'403i24 miles in length, and be given to find the lengths of the 
sides E F and F C, which contain the right angle. Then : go — 
53° 8' = 36^52' = the angle C. 

Then ; By Button's Tables— 

As Sin. of angle F = Sin. 90° Log. lo-ooooooo 

: the given side EC = 6-403124 miles Log. o'8o639i9 

: : Sin. of angle C = Sin. 36" 53' Log. 97781186 

io's845io5 



: the required side E F 

= 3-841586 mites Log. o-584"5(o5 



As Sin. of angle F = Sin. 90" Log. 

: the given side E C = 6-403124 miles Log. 0-8063919 

: Sin. of angle E = Sin. 53'' 8' Log. 9*9031084 

10-7095003 



.- the required side F C 

= 5-122716 miles Log. 0-7095003 

On this shewing, the side E F is not to the side F C in the 

itio of 3 to 4 ; neither is the side F C to the side E C in the ratio 

E F 3-841586 
f 4 to 5. But, ^-^ = ;- --- ^ — = 
^ ■' 'EC 6-403124 



■ '5999549 's the sine of the 



angle C, and the cosine of the angle E. ^ = ^."IHZi^ = 
^ ' ^ E C 6403124 

81300338 is the sine of the angle E, and cosine of the angle C. Now, 

'5999549 and -8000338 are the natural sines and cosines of angles 

of 36° 52' and 53° 8', as given in Hutton's Tables, and I think you 

will not dispute that I have proved by Button, tliat C and A in the 

triangle A B C are angles of 36° 52' and 53° 8'. 

Well, then, the triangles A B C, ra « C; and EEC, are similar 

right-angled triangles, and the angle C is common to the three 

triangles ; and I have proved that the sines and cosines of the 
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angle C, in the tivo former triangles, are '6 and ■§. But, according 
to Hutton, the natural sine of the angle C, in the triangle E F C, is 
les^ than -6, and the natural cosine greater than '8. How is this ? 
Can the natural sines and cosines be different in similar right- 
angled triangles ? Can trigonometry and practical or construc- 
tive Geometry be inconsistent with each other ? Can a right- 
angled triangle have properties at variance with Logarithms ? 
Your answer to all these questions must be :^Certainly not ! What, 
then, is the explanation of this apparent inconsistency between 
Trigonometry and Geometry ? Simply this ! — 3-841586 and 
5-122716 are not the true values of the sides E F and F C, in the 
triangle E F C, when E C the hypothenuse = \/4i, and this may be 
proved by Logarithms. 

Let the length of the side E C in the triangle E F C = V4T = 
6'403i24, and be given to find the lengths of the other two sides. 
The angle C is an angle of 36° 52', and the angle E an angle of 53° 8'. 
The sines of the angles C and E are "6 and *8, and I have proved 
that the Log.-sines corresponding to the natural numbers '6 and *8, 
are 97781513 and 9'go3o9oo. 

Then: 

As Sin. of angle F = Sin, go' Log. lo'ooooooo 

: the given side E C = 6-403i24 Log. O'8o639i9 

; : Sin of angle C = Sin. 36" j2' Log. 97781513 



= 6-403124 >; ■6 = 3-8418744 Log. 0-5845432 



As Sin. of angle F ■= Sin, 90° Log. 

: the given side E C = 6-403124 Log. 

: Sin. of angle E = Sin- -H' 8' Log. 



: the side F C 
5= -6403124 X -8 = y'ii2\<yy2, .. 



■0000000 
-8063919 
■9030900 
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Therefore ; 






E F : F C : : 3 : 4 ; that is 


3'84e8;44 


5'1214992 : 


F C : E C : : 4 : S ; that is 


5' 1224992 


6-403124 L 


E F : E C : : 3 : 5 ; that i 


,3'84!8;44 


6-403124 : 


Hence : 






EF _ 3:841874+ 
EC 6-403124 


= '6 = sin 


of angle C. 


^„j FC S-I224993 


= '8 = sin 


of angle E. 


fou cannot fail to perceive 


that, we ar 


ive at the s 



; values 
of E F and F C, the sides containing the right angle, in the triangle 
E F C, 4f Logarithms, as we arrive at in the demonstration given 
on page 4 of this communication, by common arithmetic. (See 
P^Se 3S7-) 

Again : Let the length of the side D C, which subtends the 
right augle in the right-angled triangle D B C be 60 miles, and be 
given to find the lengths of the sides B C and B D which contain 
the right angle, and prove that they are in the ratio of 4 to 5, the 
known ratio, by construction. The angle D is an angle of 38' 40', 
therefore, 90° — 38° 40' = ;r° 20' = the angle C. 
Then, by Hutton's Tables : 

As Sin. of angle B = Sin- 90" Log. lo'ooooooo 

: the given side D C = 60 miles Log, r778isi3 

: : Sin of angle D = Sin. 38° 40* Log. 97657330 

10-5738843 



As Sin. of Angle B = Sin. 90° Log. lo- 

: the given side D C = 60 miles Log. 

: Sin. of angle C = Sin. 51'' 20' Log. 



778'5'3 
■6706878 
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But, 37'4873! miles, is not to 46'B4764 miles, in the ratio of 4 to 
S ; and again, Hutton is at fault. 

Noiv, we knonu that B C and D B are in the ratio of 4 to 5, 
by construction ; and we know that when B C = 4 and D B = J, 

,- BC 4 

that, D C = ^/4l = 6-403124- Then: ^-g = g^J^^^ = 

■6246950, is the sine of the angle D ; and ^ . g— |^^ = 
7808688, is the sine of the angle C. The Logarithm corresponding 
to the natural number '6246950 is 979S6649, and this is the Log. -sin 
of the angle D. The Logarithm corresponding to the natural 
number ^SoSSSS is 9-892373i, and this is the Log, -sin, of the 
angle C. 

Then: 

As Sin. of angle B = Sin. 90° Log. 10-0000000 

: the given side D C = 60 miles Log. r-778i5i3 

: :Sin. of angle D = Sin. 38° 40' Log. 9-7956649 

ii-5733>62 

lO'OOOOOOO 

: the side B C 

= 60 X -6246950 = 37'48i7 miles Log. 1-5738162 

As Sin. of angle,B-= Sin. 90° Log. :o-ooooooo 

: the given side D C = 60 miles Log. 1-7781513 

: r.Sin. of angle D = Sin. 51° 20' Log. 9-8925781 

11-6707294 



: the side D B 
= 60 X -7808688 = 46-853128 miles Log. i'6707224 

BC : DB : :4 : 5 ; that is, 4 : 5 :: 37-4817 : 46 852125, arith- 
metically correct to the fifth place of decimals, and sufficiently 
accurate for all practical purposes. We can only get exact results, 
when dealing with commensurable right-angled triangles, and not 
even then, in all cases. 

On the toth August last, I. wrote a long Letter to the gentleman 
referred to on the first pageoftkis communication, and the following 
is a copy of his reply, which speaks for itself; — 
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i^lk August, i86S. 
My Dear Sir, 

I fear wc are running into the old ruts over again. When 
I. saw you light upon the angle 36° 52', I foreboded what was 

The sine of 36° 52' is "5999549, audits Logarithm 9778(18610 
seven decimals. Now, your angle has for its sine ^ = "6, so that 
your angle is not 36° 52.', thougk very near it, 1 remember saying 
all this in our former correspondence, and do not wish to repeat it 
at any length, so that I totally disallow your calculations at page 3 
of 10th August, when you say, Log.-sin of 36° 52' = 97781513 ; the 
angle whose sine is '6 is rather greater than 36° 52'. 

Logarithms are only approximate values. This is evident by 
their construction ; by the calculation that determines them. If you 
look at the preface to Hutton — or any book on the subject — you will 
see that Logarithms are found only by an infinite series,- unless they 
happen to be simple integers ; thus. Log. 10 = i, Log. 100 = 2 ; but 
the Log. of any intermediate number is inexpressible exactly in finite 

I am sorry to see you take so much trouble on my behalf, when 
I see " ab origim " that your labours must be fruitless. If Log.-sin. 
of f begiven(say 9778i!86), this gives ^ only approximately, and 
can da no more. And what is more wonderful, you employ Loga- 
rithms which you declare to be erroneous, and which I allow to be 
inexact, to get out exact values ! So that in your Letter of 10th 
August, consisting of 18 sheets, there is a fatal flaw at the third, 
which brings me to a dead stand. 

In penning so many sheets, why do you not omit all personal 
address— and take advantage of the book-post? My replies are 
sure to be so short that nothing would be gained by this method, but 
if I had to send you 18 sheets, I would merely put my Paper in the 
form of a treatise (not addressing you or any body), just as if I were 
compiling MSS. for the press for publication, 

I will not imitate the scarcely civil terseness of Mr. Wilson, in 
his note to you, but I do respectfully remind you, that you continually 
assume what you want to prove, that scores of sheets become to me 
unavailing ; because, I cannot agree with the earlier parts of them. 
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Thus, in your Letter of loth August (whose avowed object is to prove 
3 certain angle 36° 53') you actually assume, in the 3rii sheet, that 
Sin. 36° 52' = -6, without any proof whatever. This is the very thing 
I deny ; as I did in my former correspondeace. 

If the sides of a p 

right-angled triangle are 
in ratio 3, 4, 5. Sin. A 
= J = -6. Cos. A = • 
= ■&. - 

But this does not 
shew that A = 36" 52'- 
The Sine 36° 52' is to be 
computed independent- 
ly, and this has been 
done, the result is very 
nearly -6, but not quite. j3 # - 

Why did you fix on 36° 52' rather than 36° 53'? 

Yours very truly, 

Geo. B, Gibbons. 




My Letter of the lotJi August to this gentleman, contained a 
copy of the enclosed diagram, (See Diagram XX,), and I gave him 
the same proofs I have given you, that the angle C which is common 
to the three similar right-angled triangles ABC, mnC, and E F C, 
is an angle of 36° 52', and its sine 6. 

The following is a copy of my reply, to his favour of the 15th 
August :— 



British Association, 

Norwich, 22»d August, i863. 
My DEAR Sir, 

Your Letter of the 15th instant has been forwarded t 
me from home. At the time of writing it, mine of the 14th iastar 
could not have reached you. 
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You observe:— "^Z('^.-J'/« of^be given ("jay 97781 186J1 tkis 
gives 'p only approximately, and can do no more. And •what is 
more wonderful, you employ Logarithms which you declare to be 
erroneous, and -which I allo-w to be inexact, to get out exact values .'" 
When, or where, my dear Sir, have I declared Logarithms to be 
erroneous ? So far from, this, in our former Correspondence, I 
proved many things by Logarithms, aad with none of my proofs did 
you ever attempt to grapple. 

Now, my dear Sir, if in reading,— <ir I should rather say — if in 
attempting to read my Letter of the roth instant, you were brought 
to a '' dead stand" at the third sheet, and so read no further, that I 
caa't help. All I can say in reply is, that the Logarithmic compu- 
tations in the first half of my Letter, were given to prove the ratio 
of side to side in certain riglit-angled triangles ; and so far as the 
proofs of these ratios are concerned, I might have omitted all allu- 
sions to angles of 36° 52' and 53° 8'. I required the right angle — 
and the right angle only— to prove the ratio by Logarithm ; but, 
had you read my Letter through, you would have discovered that I 
employ Hutton's Tables to prove that the angles in question are 
angles of 36° 52' and 53° 8'; and yet, that the sines of these 
angles are -6 and '8, and not '5999549 and ■8000338, as Hutton 
gives them. !n this way I have proved that Hutton '^upsets" 
himself. 

If I get no reply to this, I shall assume that your opinion is 
unchanged by my reasoning, and on my return home, write you one 
more Letter, in which I shall demonstrate the true ratio of diameter 
to circumference in a circle by means of angles, and with this I 
think our correspondence on the subject may terminate. 
Beheve me, my dear Sir, 

Very truly yours, 

James Smith. 



I did not fulfil the promise made at the close of my Letter of 
the 22nd August, but I wrote to my Correspondent an explanation, 
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and I quote the following from that communication : — / fdt, on 
consideratiottithat if thetkird page of my cgmmunication of the loth 
August brought you to a " dead stand," so that you probably read 
no further J or, assuming you to have read without being able la 
understand the proofs I gave you on pages 14 to 18, that the sines 
of angles of id" 52' and 53° 8' are ■& and % and not '5999549 and 
■8000338, as given in Hutton^s Tables, it would be a waste both of 
your time and mine to give you further trouble." The Letter con- 
cluded by informing ray Correspondent that, while at Norwich, I 
had the opportunity of telling his friend Professor Adams, that I 
should give to the world, before the next meeting of the British 
Association, a demonstration of the true ratio of diameter to cir- 
cumference in a circle, by means of angles. With this our corres- 
pondence terminated. 




v'41. Then: i (A B) = |(v'4i) = »/Q\ « 41') = \/-iyo(,is = 
B C : and, |(A B) = |(v"4i) - v'(^' x 41) = V 64-0635 = A C ; 
therefore, AB= + B O = {V^ + v' 23 ■0625) = (41 + 230625) = 
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(41 + 23'o625) = 64-0625 = AC=; therefore, (A B' + B C + 
AC=) = 3i[AB')i that is, (41 + 2yo62S + 64'o625) = (3'i25 x 
41) = I28'i25. Hence ■ The equation or identity (A B' + B C= + 
AC) = 34 (A B') = area of a square, plus the difference 
between the area of an. inscribed circle and the area of an 
inscribed square to the circle, when the diameter of the circle — 
10 ; that is to say, this equation or identity = lo' + {f3i(S') — 5°}; 
= 100 + 23"I2S = 128 125 Again When AB = ^/4i, the equa- 
tion or identity (A B' + BC + A C») = 3^ (A B'), = the sum 
of the areas of circles of which the diameters are 8 and 10; 

that is, {3J(4') + 3i(S')} = 3i(V^) ; or, (50 + 78-125) = (3'i2S 

X 41) = I28-I35. Again : 4 (A B') = 4 (v^JT) = (4 x 4i) = 1^4- 
= the sum of the areas of circumscribing squares to circles 
of which the diameters are 8 and to. Now, by hypothesis, 
let the arithmetical value of ir be eitter greater or less than 3'T25. 
Can Professor de Morgan, or any other ^^ recognised Mafhema- 
tician" shew me how, with any such value of tt,— whether deter- 
minate or indeterminate— we can get the two former equations? 
The last equation is a truism into which ir does not enter : but it 
will suggest much to any Mathematician who possesses the " t'luo 
eyes of exact science" and knows how to make a right use of them. 

In the next place, let the diameter of the circle in the figure on 
page 367 = 10. Then : A B = 5, and {2 (A B)}= v: ^ -= area of 
the circle, whatever be the value of jr. On the hypothesis that 8 
circumferences of a circle are exactly equal to 25 diameters, 
i- = 3"I2S is the arithmetical value of ir. One of my correspon- 
dents — a ^^ recognised Mathematician" ^on my telling him that I 
assumed as a THEORY that 8 circumferences = 25 diameters, in 
every circle ; and that I could demonstrate the truth of the theory in 
a hundred ways, was very severe with me. He would have it that 
" there are tkeorems but no tlteories in Geometry." I quote the 
following from one of the communications I received from the 
gentleman referred to in the early part of "Euclid at Fault." 
^^ Unless first principles are well established— proved beyond ques- 
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lion, if not axiomatic or self-evident — no discussion can bs worth 
anything or possess the least ifiierest to sincere and intelligent men. 
I dfh perfectly sure that Mr. Smith will admit, that ifv cannot be 
shewn to be a determinate quantity, and shewn by Stprioii reasoning; 
that is, without reference to its arithmetical value — that process of 
reasoning by which he some time ago said he arrived at his convic- 
tion that JT = 3^ cannot be valid. That it is determinate is, I say, 
afirst principle in that process. Now, I again question the truth 
of that pHnciple — or rather, prdpositidn. As freqicently I have 
said, it is not self-evident; and I know of no way in whieh it can 
be proved a priori. Surely it cannot be proved by practical geome- 
try, or by calculations. It mast be established by some kind of 
a priori and abstract reasoning: because, it is brought in by Mr. 
Smith Id find the arithmetical value of ir. Now, I humbly submit 
that all Mr. Smith can say is away from the point, until he meet 
this claim I again tnake, viz., that he shew how we must believe w 
to be a determinate quantify.^* Is not reasoning such as this — if 
reasoning it can be called — equivalent to telling me, that I must 
find the arithmetical value of n- without the aid of arithmetic ? 
How have " recognised mathematicians " discovered — as they think 
—that TT = 3*14159265 with a never-ending string of decimals? 
Have they ever proved a priori that the only way of arriving at the 
ratio of diameter to circumference iu a circle, is by polygons ? Have 
they ever proved aprierithM the only way of arriving at the area of 
a circle of radius i, is by circumscribed and inscribed polygons to 

* In the short address to the Reader, I have proved that ir must be a 
^iiile nW flWirnwiBafe arithmetical quantity, hy a prion or abstract reasoning: 
and I have proved elsewhere {see page 324) ihat we may assume t to be any- 
thing intermediate between 3 and 4, and get tlie equation or identity, 
4 (-1 = t". It is simply absurd, for any one to conceive the idea of 
proving, wlielher nis, or is not, a finite and determinate quantity, "ivithout 
reference to Us arithmetical value.'" There is a reference to its aritiimefical 
value, in the proof that ir must be greater than 3 and less than 4 ; and also 

in the proof, that 12^ ( — J = - = ai-ea of a circle of diameter unity, 
wlialevci- be the value ol' v. 
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Certainly not ! They may tell me that these things are self-evident. 
That I deny. They are not self-evident to me, and I do not believe 
that either you, or any other living Mathematician, can prove either 
oa^ or t\\t ot\itT," 6y ih£ rules of logic and common sense:" and in 
the equations I have already given you, I have proved that tf can 
be nothing else but 3"i25- Hence: In the analogy or proportion, 
A : B : r B ; C ; when A = ^-i^, and B = i, then, C = 1-28 ; that 
is, 78125 : 1 : : I ; i'28, and it follows, that — — and -7-5 are 
equivalent ratios, and both express the ratio between the area of 
every circle and the area of its circumscribing square. 

Well, then, let the diameter of the circle in the figure on page 
■ 367=10, Then: AB= 5; and {2(AB)}-' « - = f l^-^IL*, that 

is, ( ,o« ^ ^^) = -i|; or, ,00 X 78.35 = i^; and this equa- 
tion = 35(AB') = 3-125(5^) = 3-125 >^ 25 = 78'i2S=area of the 
circle. Again : {2 (A B}= = (2 x 5)= = 10^ = 100 = area of a 

circumscribing squai'e to the circle; and, '-^i — 'J- = --- =50 = area 
of an inscribed square to the circle. Hence : {(50 + ■-') + |(5o + 
^°\y = ^^: that is, (62 '5 + I5'62S) = ~^, and this equation 

4/ \ 1-28 i'2S 

= 3^ (A B') = 78-125 = area of the circle. Again : {2 (A B)} ^ — 
7(x)} = {3(AB))'' X ^ ; thai is, (100- 21-875) = (100 X -7S125), 
and this equation = 3^ (A B') - 78-125 ^ area of the circle. Again : 
2 (A B=) + -9 1^) - ''^^\,'S''- ' i tl'^t is, so + (9 X 3-125) - ;^j,. or, 



(50 + 28125) = -T-g, and this equation = 3^ (A B=) == 78-125 = area 
of the circle. Lastly : {2 (A B)" — 7 (tt)} = 2 (A B=) -H 9 (ir) ; that 
is,(ioo — 21-875) =(50-1-23-125), and this equation ^ 3.5 (A B') = 
78125 = area of the circle. 

Once more : 12^ times — ■-= area of a circle of diameter unity, 
whatever l)e the value of n- ; and it follo-.vs of necessity, that I2|r 
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times the area of a stpiire on the semi-radhis, = area in every circle. 
For example ; Let the semi-radius of a circle = .^60. Then ; the 

area of a square on the semi-iadius = V60 = 5o ; and, 12^ (60) r^ 
12*5 K 60 = 750 = area of the circle. Proof: /^°- = 750 x raS; 
that is, -gfjr = 75° * I'^S, and this equation = 960 = area of a 
circumscribing square to the circle ; and it follows, that 1^960 is 
the diameter of the circle. But, — — 
radius of the circle ; and tt (r'') = area in every circle ; therefore, 
JT (V240) = 3''2S " 240 = 750 = area of the circle. Q, E. D, 

Now, let A B the radius of the circle, in the geometrical figuie 
on page 367 = V340. Then; ^lA B) = 3 (^ 7^40) = v'Qb^^^oJ 
= V135 = B C : and, |(a b) - ^( J^o) = ^(1; x 240) = 

737S = AC; therefore, (A B' + B C + AC) = 3j(AB')i that 
is,(340 + 135 + 37S) = (3''a5 -^ 240), and this equation = 750 = 
area of the circle. 

When I find that truths like the foregoing cannot find an 
entrance into the minds of " recognised Malkentaticians" I am 
tempted to put the question ; — Is it an effect of " crammed erudi- 
tion " in the science of Mathematics, to darken the understanding ? 
So far as my experience goes of professional " recognised Matkema- 
ticians" — and it is not a little — it would appear to be so, and I am 
not now surprised at anything they say ; indeed, it would not now 
surprise me, if I found them asserting that, the Multiplication 
Table is a mockery, delusion, and a snare ; Addition a hindrance 
and i-pitfall; Subtraction a shoal and a shallow ■• Division a snaie 
in the grass : and Arithmetical proportion a combination of all 

Referring you to the enclosed diagram (see Diagram XX.), you 
will observe, that every triangle in the figure is connected with the 
straight line F C ; and yet, that while B C and n C, parts of it, ai'e 
radii of the circles Y and 2, F C is not itself a radius of any of the 
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« B be joined, 
:1 ti'iaiigle : and 



Let B C, the radius of the circle Y, = 4. Then : A B = 3 : 
AO = i: OD=i: AD = 2: mn = 375: EF = 3'84i8744: 
«B = I : FB = 1-1224992: FC = 5-1324992: AC = wC = 5: 
OT C = 6-25 : C O = J^ : and, E C = D C = V41 = 6-403124. 

Now CDB is a right-angled triangle, and CAD and COD, 
parts of it, are oblique-angled triangles, 
Hence : 

C A' + A D' + 3 (A B X AD) = D C^ ; that is, 5' + 2' + 
2(3 ^<2); or, (25 + 4+ 12) = 4' = DC^ 

CO" + O D^ + 2 (O D X O B) = D C=; that i; 
2 (4 X I) ; or, (33 + I + 8) = 41 -= D C^. 

Again: w?r C is a right-rngled triangle, and if h 
then w B C, a part of it, will be an oblique- 
mn" + K/B' =i 3-752 + I" = 14-0635 + I = 15-0625 = »;B= ; 
therefore, mB^ J 1^0625. 

w B' + B C + 2 (B C X B «) = w C ; that is,{ Jis-o62S + 
4' + 3 (4 X 1)}; or, (15-0625 + 16 + 8) = 39-0625 = M C ; there- 
fore, iy39'o625 = 6-25 = m C. 
Again ; 

E F C is a right-angled triangle, and if E B be joined, then 
E B C, a [lart of it, will be an oblique-angled triangle ; and, E F" -i- F B' 
= 3-8418744^ + 1-1224992"= 1475999890537536 -1- 1 -26000445400064 
= i6-O20OO33S9376=.EB'. 

E B" -i- B C" + 2 [B C X B F) ; that is, (16-020003359376 + 16 
+ 2 (4 X 1T234992); or, (16-030003359376 + 16 + 8-9799936) = 
40-999996959376 ; and is a very close approximation to E C. 

Vou may say, this is an apparent proof that Euclid is not at 
fault in the 12th Proposition of his second book. This may be 
granted : and, when you can wield that " indispensable instrument 
of science. Arithmetic," and— with reference to the diagi-am in 
" Euclid at Faull"--^xows fhsA HT-' + TB=+ 2(TB x T P) = 
H B', you will demonstrate that the proposition in question, is " 0/ 
general and universal application^' and true " under all circum- 
stances " If, as you say, you do not " despise instruction^^ you will 
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take these facts in connection with my Letter of the 27th October, 
test them " by the rules of logic and common sense" and if so, you 
cannot fail to arrive at a true conclusion. 

This epistle has run to a length far beyond what I anticipated, 
but 1 hope 1 shall be able to keep future communications within 
moderate compass. 



J. M. Wilson, Esq. 



Yours very respectfully, 

James Smith. 



James Smith to J. M. Wilson, . 



Dear Sir, 



Barkeley House Se^forth, 
16/; \ote ber 1868 



You ate — or at any rate might be a are of the fact that my 
letter to His Grace the Duke of Buccleuch bro ght me— through 
the intervention of a friend — into commun cat on w th a r co^ its d 
Mathematician'^ The correspondence s a long one ind I was 
about to publish it, and gave m) 01 poi ei t tl e opportun ty of 
revising his own Papers, which he d I so far as 1 s earlj con mun a 
tions were concerned, without altering a word But subsequently 
finding he had got into a rather perplex ng pos t on he w shed and 
attempted, to make such alterations nh s commun cat o s is wo Id 
have resolved ray replies into perfect non enae This I could not 
submit to, but out of deference to the wishes of ray friend, who was 
the medium between us, I have withheld this correspondence from 
the public, although 234 pages of it are actually printed off. It was 
this circumstance that led me to throw off, very hastily, the pamphlet 
•■' Euclid at Fault:' 

Problem. 

Construct a geometrical figure, in which there shall be — isolated 
and exhibited^an isosceles triangle, of which one-tenth part of the 
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arithmetical value of the base, is the sine of half the angle at the 
apex : and also contain — isolated and exhibited^a circle and 
a square of exactly the same superficial area. 

The enclosed Diagram (See Diagram XXI,) solves this problem. 

Construction. 

On the straight line A B describe the square A B C D, and with 
D as centre atid D A or D C as interval, describe the circle. From 
B A cut off a part B E equal to one-fourth part of B A ; and from 
B C cut off a part B F equal to one-fourth part of B C, and join E F. 
Produce B A to G, making A G equal to A E, and join G F, D E, 
D B, and D F. On G F describe the square G F H K. 

Now, by analogy or proportion, GB:BF:tDN:NB, but 
this fact cannot be demonstrated by pure Geometry. We can only 
furnish the proof by (!^//a/ Mathematics; or in other words, we 
can only get at the proof by " wielding thai indispensable instru- 
ment of Science, Arith^netic'' 

Well, then, by hypothesis, let A B = 4. Then : E B = i : A G 
= A E = 3 ; therefore. (AG + AE4-EB) = (3 4-3 + i) = 7 = GB. ' 
BF = BE = 1, and EBF is a right-angled isosceles triangle; 
therefore, (E B= +BF=) = (i= + i'') = (r -^ i) = 2 = EF^ ; therefore, 
E F = t]i. But, E F is bisected at N, and the isosceles triangle 
E B F is divided by the line B N into two similar and equal right- 
angled isosceles triangles, and it follows, that N E, N B, and N F 

areequal, = "^ -- = J-'s. But, D A = A B = 4 : and A E = 3, and 
D A E is a right-angled triangle ; therefore, (D A' -I- A E=) --^ (4'' + 
3') = (16 + 9) = 25 = D E= ; therefore, V^S = 5 = D E. But, 
D N E is a right-angled triangle ; therefore, (D E' — N E') = ( 5' 

— s/s) = (23 — '5) = 24'S = D N= ; therefore, D N = VaJ^. 
But, BF = BE = I ; therefore, ^(B F) = {7 x j) = 7 = GB ; and 
7 (N B) = 7 (N E) = 7 ( v/-5) = s/r~^^5 = n/49"'<~5"'=' 
J2^S = D N ; and it follows, that G B F, D N E, and D N F are 
similar right-angled triangles, and have the sides that contain the 
right angle in the ratio of 7 to i. Hence: ^-^ = — -, that is, 
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Vj = V^^,^ ■7071068^ '.■4^H3,^„athisequation=.i4i42.3: 

5 - 10 5 10 

and -1414213 is the arithmetical value of the sine of an angle of 8° 8' 
to seven places of decimals. These facts can be demonstrated by 
means of Logarithms. 

I have proved that when A B = 4, D N = V^iT; N E = ^-5^: 
and D E = 5. Now, 1/2475 = 4'949747 = the side D N in the 
right-angle triangle DNE: and ^/■5 = 7071068 = the side NE, But, 

N E 7071068 , . , . ^ , , „T^T. 

■fy&= —h =:'i4r42i3,and'i4i42i3is thesmeoftheangleNDE: 

and, ^-^ = 4 J 949747 ^ -9899494, and -9899494 is the sine of the 
angle DEN. The Logarithm corresponding to the natural number 
■1414213 is 9'isosi48, and this is the Log.-sin. of the angle N D E. 
The Logarithm corresponding to the natural numher '9899494 is 
9-9956129, and this is the Log.-sin. of the angle DEN. 

Let D E, the side subtending the right angle, in the triangle 
D N E, be any given length, say go milei,'and be given to find the 
lengths of the other two sides N E and D N, and prove that they 
are in the ratio of 7 to i. Then: The angle NDE is an angie of 
8" 3' i therefore, 90" — 8" 8' = 81' 52' = the angle DEN. 
Then: 

As Sin. of angle N = Sin. 90° Log. lo-ooooooo 

; the given side D E = 90 miles Log. r9542425 

: : Sin. of angle N DE = Sin. 8° 8' Log. 9- 1505148 

11-11)47573 



; the side N E = 

90 X -HH^'S = 12727917 miles Log. 1-1047573 

As Sin. of angle N = Sin. 90'' Log. 100000000 

i the given side D E = 90 miles Log. 1-9542425 

; Sin. of angle D EN = Sin. Si*" 52' Log. 9-9956129 

11-9498554 



; the side D N = 
go X -9899494 = 89*095446 miles Log. 1-9498554 
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Hence: 7yls P:) = D N ; that is, 7 x 12727917 = 89095419, 
correct to the fourth place of decimals. 
By Hutlon's Tables: 

As Sin. ofangle N = Sin. 90° Log. lo'ooooooo 

:the given side D E = 90 miles Log. 1-9542425 

:; Sin. of angle NDE = Sin. 8" 8' Log. 9-1506864 

: the side N E = 
90 X -1414772= (2-732948 miles Log. 

Again; 

As Sin of angle N = Sin. go" Log. 

: the given side DE = 90 miles Log. 1-9542425 

; ; Sin. of angle ND E'= Sin. 81° 52' Log. 9*9956095 

11-9498520 

: the side D N = 

90 y- -9899415 = S9'o9473S ™'les Log. 1-9498520 



But this makes 7 (N E) greater than D N, that is to say, 7 x 
12-732948 = 89-130596, and is greater than 89094735, the length 
of D N, as ascertained by Hutton's Tables; which destroys the 
ratio — a known and indisputable ratio by the construction of the 
figure— between the sides N E and D N, in the right-angled triangle 
D N E. How, then, " Sy the rules of lo^ic and common sense" are 
Mathematicians to get over the fact, that Mathematical Tables of 
Sines, Cosines, &c., are fallacious ? 



ind this equation 
- CF' + DF^) = 



Well, then, G F^ = (D C + C F"^ + u r -j, iinu una equ 
= area of the square GFHK. But, (DC + CF' + DI 
2\ (D C), and this equation == area of the square GFHK. But, 
3^ (D C) = (G B' + B F'}, and this equation = area of the square 

GFHK. But, GB= + BF= = 3^ |(GB + BF) >c ^^~,[ and 
this equation = areaof the square G F H K. Hence: Since irr' = 
circumference x semi-radius, and since this equation = area 
in every circle, it follows of necessity — unless Mathematicians can 
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find some other value of it than 3J, which, multiplied by D C, will 
give the area of the square G F H K — that the circle and the square 
G F H K are exactly of the same superficial area. 

Now, the angles E and F, in the right-angled isosceles triangle 
EBF, are angles of 45", and are together = to the right-angle 
B ; and the angle B is itself divided into two angles of 45°, 
The angle B G F + the ^ngle F D C = (3° 8' + 36° 52"). and are 
together = to half a right angle = 45^ The four angles CDF, 
F D N, N D E, and EDA, = (36° 52' + 8" 8' + 8° 8' + 36" 52-), 
and are together equal to the right angle A D C = 90°. The four 
angles A ED, DEN, D F N, and DEC = (53° 8' + 81° 52 + 
81° 52' + S3° S'), and are together equal to three right angles = 
270". The angles A D E, A E D, E D N, and D E N = (36" 52' + 
53' 8' + 8^ 8' + Si' 52'). 3-"d are together = to two right angles ; 
and it follows of necessity, that the eight angles A D E, A E D, 
E D N, DEN, N D F, D F N, D F C, and F D C, are together 
equal to four right angles ; and, supposing A D and CD to be 
produced to meet the circumference of the circle, and so, produc- 
ing four right angles at the centre of the circle. It is self-evident, 
that these eight angles aie together equal to the four angles at the 
centre of the circle. 

You may tell me that the latter fact is true, whatever be the 
value of the angles. Granted ! But the onus-probandi rests with 
Mathematicians to piove, that the values of the" a.ngle3, as given 
above, are false values, 

Nov. 19. 
t had written so much of this Letter on the day of its date, but 
tad a reason for not finishing and posting it. 

This morning's post brought me your letter of yesterday's date, 
upon which I make no comments. 
I am, Sir, 

Yours respectfully, 

James Smith. 
J. M. Wilson, Esq. 

P.S.— You would probably prefer not to see any more of my 
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" haniPwnting" If so, and you will be pleased to tell me, it may 
save both of us some trouble, and me something in ^'■postage 
stamps.'" I will present you with a copy of my work when it comes 
out ; and it may be, that you would prefer to work out " The Geo- 
metry of the Circle, and the applications of proportion to Plane 
Geometry^' in your own way, without further interruption from me. 
If this be your wish, please intimate it. You will, of course under- 
stand that I shall make no change in the form in. which I intend to 
publish my work ; that is to say, it will come out in the form of a 
series of Letters to you, with your replies, which have never been 
marked private.* 

J.S. 



We know that 6 (radius >; semi-radius) = area of a regular 
inscribed dodecg-gon, to every circle. 

WeU, then, let D C a radius of the circle in the geometrical 
figure represented by Diagram XXI. =^ Va ; and let A denote 
the area of a regular dodecagon inscribed in the circle. 
Then: 

6(DC'< ^/).= 6(^z^ */-5) = 6 ( ^/I). = 6 = A. 
Proof ; 6 ( ,^7) = v'6^"^T= ,736 x i = ^^6 = 6 = A. 
The fact is indisputable, that ^ espresses the ratio 
between the perimeter of every regular hexagon and the circum- 
ference of its circumscribing circle, whatever be the value of ?r. 
Will any Mathematician attempt to controvert this fact "t I trow 
not! Might he not as well attempt to prove that 6 times 
radius is not equal to the perimeter of any regular inscribed 
hexagon to a circle ? Is not 6 times radius = the perimeter 

' The reader can hardly fail to perceive, that I was forced into a diversion 
from this intention, by the ' ' recognised Mathimatici<m, " the Rev. Professor 
Whitwotdi. 
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of a regular inscribed hexagon, to every circle ? Well, 
then, it follows of necessity, that - expresses the ratio between 
the area of every regular dodecagon, and the area of its circum- 
scribing circle. 
Hence : 

3 : X : : A : 2 jT, when the radius of the circle = sf^, whatever 
be the value of ir. 

Let the radius of the circle = 2: Then : 3 : «■ : ; A : 4 jr, 
whatever be the value of x- Again : Let the radius of the 
circle — 4. Then : 3 : ir ; ; A ; 16 tt, whatever be the value of 
JT. Again : Let the radius of the circle = 8. Then : 3 : tt : : 
A ; 64 JT, whatever be the value of ir. Again : Let the radius 
of the circle = 16. Then: 3 ; w : : A : 356 ir, whatever be the 
value of T. 

For example ; 

Let D C a radius of the circle = r6 : Then ; (5 (d C ^ ^) 

= 6(i6 >i S) = (6 « 1281 = 768 = A; therefore, 3:^ : :A 
: 256 (x) whatever be the value of jr- By hypothesis, let x --=-" 
3-1416. Then ; 3 ; 3'i4i6 ; : 768 : 256 {3-1416) ; that is, 3 : 
3'r4i6 : : 768 ; 8o4'2496. Again : By hypothesis, let ir = V 
= 3-125. Then: 3 : ,r : : 76S : 256(3T2S), that is, 3 : 3'i25 
: : 768 : 800. On both hypotheses, x {r'') = area of the 
circle. 

It matters not whether we hypothetically assume n- = 3, or 
X = 4, or x = any Jimfe and deierminate arithmetical quantity, 
intermediate between 3 and 4: on any hypothesis, we shall 
arrive at the same conclusion ; that is to say, we shall demon- 
strate that X {r^) ^ area in every circle, whatever be the value 
of ir. It may be admitted that this proves nothing as to the 
true arithmetical value of x ; but, will any ionesi Mathematician 
attempt to controvert the fact, that it demonstrates beyond the 
possibility of dispute or cavil, that whatever be the arithmetical 
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value of the symbol t, it cannot be an indeterminate arithmetical 
quantity t Does not that " recognised Mathematician" the Rev. 
Professor Whit worth, make the following assertion; — "I know, 
and always teach, that the value of f is a finite and determinate 
quantity" (See the Professor's Letter of Nov. 9, 1868, page 2), 
Will the learned Professor be good enough to inform us, if he 
differs from those Mathematicians, who assign to the symbol jt 
the indeterminate arithmetical quantity 3-14159265, &c J 

Now, 3 JT (radius) = circumference in every circle, and v (^') 
= area in every circle. But, jr(r^) = circumference x semi- 
radius, and it follows, that this equation = area in every circle. 
Let DC the radius of the circle = 16, and by hypothesis, let tt 
= 3'i4i6. Tlien ; 2 vr (D C) = 2^(16) = (6'2S33 x 16} 
"^ IOO-53I2 = circumference; and — ■ = == s ^ semi- 
radius ; therefore, circumference '^ semi-radius = (ioo'53i2 x 
8) = ir(DC'^); that is, (ioo'53i2 ^ 8) = 3-i4i6 (256}, and 
this equation = So4-2496 ^= area of the circle, on the hypothesis 
that T = 3'i4i6. But, any other hypothetical value of ir, 
intermediate between 3 and 4, will produce a similar result, so 
that it \it finite and determinate. How, then, is it possible that 
TT can be an indeterminate arithmetical quantity 1 It should not 
be necessary for " recognised Mathematicians" such as De 
Morgan, Wilson, and Whitworth, to force upon me the necessity 
of teaching them such plain and simple geometrical and mathe- 
matical truths as these ! 

J.S. 
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J. M. Wilson, Esq. to James Smith. 

RuGBV, November i6lh, 1868. 
My Dear Sir, 

I have received yoar two somewhat extended Letters, 
and beg to acknowledge ihetn. I cannot say that I have perused 
them with an, attention at all proportionate to their length ; but I 
have been able to perceive that you are able to prove your conclu- 
sions by a process of reasoning which is absolutely sound and 
logical, and tl^at therefore your conclusions are as certain as their 
premises, with which theyare in fact identical. 

This will, 1 hope, he accepted as my recantation, and be pub- 
lished along with your Letters to rae. 

Sir, I admire your indomitable perseverance, your hand-writing, 
and your liberal expenditure of postage stamps. They are worthy 
of a more extended success than they have yet met with. But 
pray accept, as an instalment of the debt that will not be fully 
paid in your life-time, my admission above made. You are obtaining 
recruits at last from the ranks of professed Mathematicians. 
Believe me, respectfully yours, 

James M, Wilson. 



James Smith to J- M. Wilson, Esq. 

Barkeley House, Seaforth, 
171k November, 1868. 
My Dear Sir, 

Actuated simply by a sense of duty, I have for nearly 
1 years, as opportunities have occurred — and at much personal 
St— brought the subject of the true ratio of diameter to circuot' 



Hosted by 



Google 



382 

ference in a circle, before the scientific public : cheifly in the form 
of pamphlets, distributed at the meetings of the British Association 
for the Advancement of Science. In 1859, after very considerable 
difficulty, I did succeed in reading a short Paper in the Thysical and 
Mathematical Section ; the fact — not the Paper — is recorded in the 
Transactions of the Association for that year ; but I have never 
been permitted to read another. Abuse and ridicule have been 
heaped upon me from many quarters, public as well as private, at 
which 1 could always afford to smile : and I have never been driven 
from my onward path. 

Now, my dear Sir, after spending so much of apparently 
fruitless time and labour on this and kindred subjects, you can 
readily conceive the extreme gratification I felt this morning, on 
reading your frank and complimentary Letter of yesterday, for which 
accept my most sincere and hearty thanks. I begin to feel that 
there are now some spots of sunshine, in what has hitherto been to 
me, a dark horizon ; and that it is possible I may yet live to see, 
that my labours in the cause of science, have not been in vain. 

In Liverpool I am very well known as a public man ; but, still 
better, by the sobriquet of '■ The Circle Squarer!" I pass for a 
man of sound mind on most subjects ; but there is a large class of 
non-scientific persons in Liverpool, who have a great personal respect 
for me ; but who, taking their tone from the press, would tell you, that 
if you touch me on circle squaring, I am as " mad as a March hare." 
I could get a copy of your Letter inserted in one of the Liverpool 
Journals, and if I had your permission to do so, this would at once 
put me in my right position, with the class of persons referred to. 
I ask this favor at your hands ? 

Believe me, my dear Sir, 

Very truly yours, 

James Smith. 

J. M. Wilson, Esq, 
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J. M. Wilson, Esq. (o James Smith, 

Rugby, \%tk November, 1868. 

My Dear Sir, 

I did not think my Letter would have deceived you fov 
more than a moment. I said that your conclusions were as certain 
as their premises, with which they are, in fact, identical. 

You do assume the result in the premises, from, which you 
correctly argue, 

i entirely withhold my consent from any publication of private 
Letters of mine. 

Once more, let me assure you, that you arc wrong in your 
premises and conclusions : and that 1 should be particularly 
gratified if I could hope to persuade you of this. 

J. M. Wilson. 



James M. Wilson, Esq., to James Smith. 

RlTGEY, November 'zoik, 1868. 
Dear Sir, 

It is certainly my wish, which I expressed before, 
that you would discontinue your correspondence. 

You gave me notice in the lirst instance that it was your 
intention to publish your own Letters, and you are at liberty to do 
so. But you are not at liberty to publish Letters which you may 
receive, whether marked "^/■/j'fl/'^" or not, without the consent of 
the writers. This is not only a convention amongst gentlemen, 
which you might set aside, but it is law. I now distinctly forbid 
the publication of any of my Letters, and if you publish them in 
spite of this notice you will take the consequences. I shall put the 
matter into the hands of my Solicitor. 

This Letter closes the correspondence on my part. 
Truly yours, 

James M. Wilson. 
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James Smith to J. M. Wilson, Esq. 

Barkeley House, Seafoeth, 
i\st November, 1868. 

Sir, 

When you recanted the pretended " recantation " that 
imposed upon, my credulity, should you not, according to the 
"conventions cimongst gentlemen, have fainted out the fallacy in ity 
premises, by which you are led into the belief 0/ the fancy," that I am 
wrong in my conclusions. 

When you penned your last communication, you must surely 
have forgotten the following paragraph, which 1 quote from your 
Letter of the i6th instant: — ''This will I hope be accepted ns my 
recantation, and be published alon^ with your Letters to tne." 

As regards your threat to take legal proceedings, I shall not 
hesitate to pursue my course, already indicated— why should I .' — 
and leave you to pursue yours. 

I shall give you no further trouble, until I present you with a 
copy of my next publication, which will afford you the opportiinity 
of taking legal proceedings, if you consider it your interest to do so. 

Yours faithfully, 

James Smith. 
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\PPENDIX D. 



From the "ATHEN,tUM," January 4th, 



PSEUDOMATH, Philomath, and Graphomath. 

December Tyi, 1867. 

Many thanks for the present of Mr. James Smith's letters of 
Sept, 28 and of Oct. 10 and 12. He asks where yoti will be if you 
read and digest his letters ; you probably will be somewhere iirst. 
He afterwards asks what the WE of the Athenmum wili be if, finding 
it impossible to controvert, it should refuse to print. I answer for 
you, that We-We of the Athensum, not being Wa-Wa the wild 
goose, so conspicuous in ' Hiawatha,' will leave what controverts 
itself to print itself, if it please. 

Philomath is a good old word, easier to write and speak than 
mathematician . It wants the words between which 1 have placed it. 
They are not well formed ; psuedomathete and graphomathete would 
be better ; but they will do. I give an instance of each. 

The pseudomath is a person who handles mathematics as the 
monkey handled the razor. The creature tried to shave himself as 
he had seen his master do ; but, not having any notion of the angle 
at which the razor was to be held, he cut his own throat. He never 
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tried a second time, poor animal ! but the pseudomath keeps on at 
his work, proclaims himself clean-shaved, and all the rest of the 
world hairy. So great is the difference between moral and physical 
phenomena Mr James Smith is, beyond doubt, the great pseudo- 
math of our time His 3^ is the least of a wonderful chain of dis- 
co\enes His books, like Whitbread's barrels, will one day reach 
from Simpkm & Marshall's to Kew, placed upright, or to Windsor 
laid lengthway; The Queen will run away on their near approach, 
as Bishop Hatto did from the rats : but Mr. James Smith will follow 
her were it to John o' Groats. 

The philomath, for my present purpose, must be exhibited as 
giving a lesson to presumption. The following anecdote is found in 
Thi^bault's 'Souvenirs de vingt ans de sfijour k Berlin,' published in 
1804. The book itself got a high character for truth. In 1807 
Marshal Mollendorff answered an inquiry of the Due de Bassano, 
by saying that it was the most veracious of books, written by tlie 
most honest of men. Thiilbault does not claim personal knowledge 
of the anecdote, but he vouches for its being received as true all 
over the north of Europe. 

Diderot paid a visit to Russia at the invitation of Catherine the 
Second. At that time he was an atheist, or at least talked atheism ; 
it would be easy to prove him either one thing or ttie other from his 
writings. His lively sallies on this subject much amused the Em- 
press, and all the >'ounger part of her Court. But some of the older 
courtiers suggested that it .was hardly prudent to allow such unre- 
served exhibitions, The Empress thought so too, but did not like to 
muzzle her guest by an express prohibition ; so a plot was contrived. 
The scorner was informed that an eminent mathematician had an 
algebraical proof of the existence of God, which he would commu- 
nicate before the whole Court, if agreeable. Diderot gladly con- 
sented. The mathematician, who is not named, was Euler. He 
came to Diderot with the gravest air, and in a. tone of perfect con- 
viction said. Monsieur / 



done Dieu existe; ripondez ! Diderot, to whom algebra was Hebrew 
— though this is expressed in a very roundabout way by Thi^bault — 
snd whom we may suppose to have expected some verbal argument 
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of alleged algebraical closeness, was disconcerted ; while peals of 
laughter sounded on all sides. Next day he asked permission to 
return to France, which was granted. An algebraist would have 
turned' the tables completely by saying, " iVIonsieur ! vous savez bien 
que votre raisonnement demande le developpement de r suivant les 
puissances entieres de «." Goldsmith could not have seen the anec- 
dote, or he might have been supposed to have drawn from it a hint 
as to the way in which the Squire demolished poor Moses. 

The graphomatk is a person who, having no mathematics, 
attempts to describe a mathematician. Novelists perform in this 
way ; even Walter Scott now and then burns his fingers. His dream- 
ing calculator, Davy Ramsay, swears " by the bones of the immortal 
Napier." Scott thought that the philomaths worshipped relics : so 
they do, in one sense. Look into Button's Dictionary for Napier's 
Bones, and you shall learn all about the little knick-knacks by which 
he did multiplication and division. But never a bone of his own 
did he contribute ; he preferred elephants' tusks. The author of 
' Headlong Hall ' makes a grand error, which is quite high science : 
he says that Laplace proved the precession of the equinoxes to be a 
periodical inequality. He should have said the variation of the 
obliquity. But the finest instance is the following :— Mr. Warren, 
in his well-wrought tale of the martyr-phi losppher, was incautious 
enough to invent the symbols by which his .savant satisfied himself 
Laplace was right on a doubtful point. And this is what he put 
together— 

y~3"a% IZI ^,, + 9 - « = 9, « ^ log^. 
Now, to Diderot and the mass of mankind this might be Laplace all 
over : and, in a forged note of Pascal, would prove him quite up to 
gravitation. But I know of nothing like it except in the lately 
revived story of the American orator, who was called on for some 
Latin, and perorated thus :— " Committing the destiny of the country 
to your hands. Gentlemen, I inay without fear declare, in the lan- 
guage of the noble Roman poet, 

E plutibua imum, 

Mulfum in parvo, 

Ullima Thule, 
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But the American got nearer to Horace than the martyr-philosopher 
to Laplace. For all the words are in Horace, except Thuk, which 
might have been there. But ir is not a symbol wanted by Laplace; 
nor can we see how it could have been : in fact, it is not recognized 
in algebra As to the junctions, S:c., Laplace and Horace are about 
equally well imitated. 

Further thanks for Mr. Smith's letters to you of Oct. 15, 
j8, 19, 2S, and Nov. 4, 15. The last of these letters has two curious 
discoveries. First, Mr. Smith declares that he has seen the editor 
of the Alhenaunt : in several previous letters he mentions a name. 
If he knew a little of journalism he would be aware that editors are 
a peculiar race, obtained by natural selection. Tliey are never seen, 
even by their officials ; only heard down a pipe. Secondly, an 
" ellipse or oval " is composed of four arcs of circles. Mr. Smith 
has got hold of the construction 1 was taught, when a boy, for a 
pretty four-arc oval. But my teachers, knew better than to call it an 
ellipse : Mr. Smith does not ; but he produces from it such con- 
firmation of 3I as would convince any honest editor. 

Surely the cylometer is a Darwinite development of a spider, 
who is always at circles, and always begins again when his web is 
brushed away. He informs you that he has been privileged to dis- 
cover truths unknown to the scientific world. This we know ; but 
he proceeds to show that he is equally fortunate in art. He goes on 
to say that he will make use of you to bring those truths to light, 
"just as an artist makes use of a dummy for the purpose of arrang- 
ing his drapery." The painter's lay-figure is for flowing robes ; the 
hairdressei^s dumrtiy is for curly locks. Mr. James Smith should 
read Sam Welter's pathetic story of the " four wax dummies," As 
to kis use of a dummy, it is quite correct. When I was at University 
College, I walked one day into a room in which my Latin colleague 
was examining. One of the questions was, " Give the lives and 
fates of Sp. Mjelius and Sp. Cassius." Umph I said I, surely all 
know that Spurius Melius was whipped for adulterating flour, and 
that Spurius Cassius was hanged for passing bad money. Now, a 
robe arranged on a dummy would look just like the toga of Cassius 
on the gallows. Accordingly, Mr. Smith is right in the drapery- 
hanger which he has chosen : he has been detected in the attempt 
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to pass bad circles. He complains bitterly that his geometry, instead 
of being read and understood by you, is handed over to me to be 
treated after my scurrilous fashion. It is clear enough, that he would 
rather be handled in this way than not handled at all, or why does 
he go on writing ? He must know by this time that it is a part of 
the institution that his " untruthful and absurd trash" shall be dis- 
tilled into mine at the rate of about 3^ pages of the first to one 
column of the second. Your readers will never know how much 
they gain by the process, until Mr. James Smith publishes it all in a 
big book, or until they get hold of what he has already published. 
I have six pounds avoirdupois of pamphlets and letters ; and there 
is more than half a pound of letters written to you in the last two 
months. Your compositor must feel aggrieved by the rejection of 
these clearly written documents, without erasures, and on one side 
only. Your correspondent has all the makings of a good contributor, 
except knowledge of his subject and sense to get it. He is, in fact, 
only a mask : of whom the fox 

O quanta species, inquit, cerebrum non habef. 

1 do not despair of Mr. Smith on any question which does not 
involve that unfortunate two-stick wicket at which he persists in 
bowling. He has published many papers ; he has forwarded them 
to mathematicians : and he cannot get answers ; perhaps not even 
readers, Does he think that he would get more notice if you were 
to print him in your journal ? Who would study his columns ? Not 
the mathematician, we know ; and he knows. Would others ? His 
balls are aimed too wide to be blocked by any one who is near the 
wicket. He has long ceased to be worth the answer which a new 
invader may get. Rowan Hamilton, years ago, completely knocked 
him over ; and he has never attempted to point out any error in the 
short and easy method by which that powerful investigator condes- 
cended to show that, be right who may, he must be wrong. There 
are some persons who feel inclined to think that Mr. Smith should 
be a:^ued with : let those persons understand that he has been 
argued with, refuted, and has never attempted to stick a pen into 
the refutation. He stated that it was a remarkable paradox, easily 
explicable : and that is all. After this evasion, IVIr, James Smith is 
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below the necessity of being told lie is unworthy of answer. His 
friends complain that I do nothing but chaff him. Absuid ! I win- 
now him ; and if nothing but chaif results, whose fault is that ? 
I am usefully employed ; for he is the type of a class which ought 
to be known, and which 1 have done much to make known. 

A. De Morgan. 
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APPENDIX E. 



■'TRUTH !S STRANGER THAN FICTION." 



The Diagram (Fig. i.) is a fac- 
simile of that in the address to 
the Reader. The area of the 
inscribed square A C E F is a 
mean proportional between the 
area of the circumscribing square 
GBHK and the area of the 
square A B C D on the radius of 
the circle ; and it follows, that 
4 ("J = jt', whatever be the 

value of IT. Hence: The value of ■k cannot be an indeter- 
minate ■arithmetical quantity. These facts I have proved in the 
short address to the Reader. 
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The Diagram 
(Fig. z.) is a 
fac - simile of 
that on p. 367 ; 
that is to say, 
in the right-an- 
gled triangle 
ABC, the sides 
A B and E C, 
which contain 
the right angle 
B, are in the 
ratio of 4 to 3, 
and A B is the 
radiusof the cir- 
cle, by construe- 



Now, no " qttantity of turning^' of the triangle ABC, round 
the angle point A, in either direction, could ever carry the 
angle B outside the circle, or bring the angle C within it.* 

These facts are not self-evident to the " We-We of the 
'AtheniEum;"' or, in other words, they are not self-evident to 
the "recognised" Philomaths "of our time" but they will be self- 
evident to every first class school-boy of a future generation. 

My numerous correspondents are " knocked over " by one 
another most amusingly. Mr. Henry W. Toller of Stoney-gfl.te. 
House, Leicester, and others, charge me with making radii of 
the same circle unequal. The Rev. Professor Whitworth, Fellow 
of St. John's College, Cambridge, and Professor of Mathematics 

* I venture to put the following question to Mr. J. M. Wilson, Mathe- 
matical Master of Rugby School, Senior Wrangler at Cambridge in 1859, 
and author of a Treatise on Elementary Geometry, recently publisHedJ 
Have I misapplied ihe expression " quanlity ef turning" introdacedby'Jimt, 
for the first time, into a text-book on Geometry! 
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in Queun's College, Liverpool, ciiarges me with making a 
certain chord and its subtending arc equal: or, put in other 
words, this learned gentleman charges me with making the 
perimeter of a certain polygon and the circumference of its cir- 
cumscribing circle equal. The Rev. Geo. B C lion ni 
others, charge me with making the perimeter of a regular 
polygon greater than the circumference of ts c re n c b ng 
circle. How can all these charges be true ! If I make the 
perimeter of any regular polygon greater than the c re ference 
of its circumscribing circle, how, in the name of com o sense 
can I make a certain chord and its subtending arc eq al or 
radii of the same circle unequal ? Are not the s des of a regular 
six-sided polygon, equal to the radius of ^ c r un cr b g 
circle? Is not the perimeter of a regular s\sdei pulj^on 
equal to six times the radius of its circumscrib g c rcle t 

Not one of my correspondents has ever attempted to ^rove 
his charges, dy logical reasonmg upon sound and indisputable data. 

Letters of mine, on the Quadrature of the Circle, appeared 
in the Correspondent oi A-ag. 19 and 26, and SepL 2, 1865, and 
the following Letter to the Editor appeared in that Journal of 
Sept. 9, 1865 :— 

SiK, 

As Ml'. Smith, wishes the public to accept the fact 
which he believes he has proved — viz., that the true value of W = 

-E-, may I be permitted to ask him a question which seems to bear 
very closely on the subject ? 

Supposing the diameter of a circle to be I foot, what is the 
perimeter of an inscribed regular polygon having 18 sides ? 

In my attempts to solve this question, I have arrived at a result 
which seems worthy of notice. 

Now, the side of the polygon subtends an angle of 20°, and if 
we denote the side by a, we have at once (the radius being r) — 
\a = r&ia. of 10°, 
Or, since r ^J, 
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The valuj of till? sine is given ia " Hutton's Logariihmic Tables" 
as = -1736482. Multiply by 18, and wc get the perimeter of the 
figure = 31256676 feet. 

If this be correct, and Mr. Smith be also correct, it follows that 
the circumference of the circle (which he makes to be 3'I2S feet) is 
kss titan the perimeter of the regular polygon which it circum- 
scribes. My only assumption is that of the value of the sin. of 10°. 
It is for Mr. Smith to say whether this value is incorrect or not, 
and, if incorrect, it is for him to set it right. 

But my chief object is just to point out that we need not iAee- 
riMs about the matter at all. A plain practical man. who does not 
understand mathematics, but who can just draw a diagram, may 
make a regular polygon of 18 sides for himself, and can tell by 
measurement that the perimeter, or whole way round it, is very 
nearly == 3J of the diameter, or breadth across ; if anything, the 
proportion is a little greater than 3I. Here is a simple practical 
test for the general public to judge by— as 1 suppose it to stand to 
common sense that the circumference of a circle on the same dia- 
meter isgreater than the perimeter of the iS-sided figure. But Mr. 
Smith would, apparently, make it equal or less. 

Offering this teat for the use of any one interested in the 

^"^^ '°"' I remain, Sir, 

Yours very truly, 

Walter W. Skeat. 

The writer of this Letter has made the fairest attempt that 
has ever come under my observation, to give a " refutation " 
of the truth of the geometrical theorem, that 8 circum- 
ferences of a circle are exactly eqital to 25 diameters (his 
mechanical test excepted), which makes ?5 _ 3-125, the 

arithmetical value of the circumference of a circle of diameter 
unity, Mr. Skeat is an occasional contributor to the AlketicBum, 
dates from Cambridge, and I have reason to believe, that in 
Cambridge is well known, as a ^ recognised Mathematician.'' 
It will be observed, that Mr, Skeat adopts as a premiss, a 
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circle of diameter i foot ; and it cannot be disputed, that the 
number of feet contained in the circumference of a circle, of 
which the diameter - i foot, is the thing to be ascertained, 
Todhunter — and he is one of tlie "Men of the Time" — in his 
work on Plane Trigonometiy, observes : — " The symbol x is 
invariably used to denote the ratio of the circnmfereiue of a circle to 
its diameter ; hence, if r denote the radius of a circle, its circum- 
ference is 2jr (r)" Does ii not follow, that the symbol t denotes 
the circumference of a circle of diameter unity % This cannot 
be disputed. Well, then, it is self-evident— whether the length 
of the diameter of a circle be denoted by i foot, \ yard, i mile, 
or I anything else — that the number of units of length con- 
tained in the circumference, is the arithmetical value of the 
symbol ir. 

Now, Mr. Skeat puts the following question : — " Supposing 
the diameter of a circle to be i foot, what is the perimeter of att 
inscribed regular polygon having i8 sides?" He then reasons 
thus i—'^Now, the side of the polygon subtends an ati^e of 20"." 
Granted. " And if we denete the side by a, -we have at once (the 
radius being r) — 

ia = rSin.ofxc," 
or, since r = \ 

\a= Sin. of 10". 
The value of this Sin. is given in Hutton's Logarithmic Tables as 
^ '1736482." Mrl Skeat then says :—" Midtiply by 18, and 
we get the perimeter of the fgure = yi2$66T6 feet." He then 
draws the following conclusion :— " I;^ this be correct, and Mr. 
Smith be also correct, it follows that the circumference of the circle 
(which he makes to be yiz^ feet) is less than the perimeter of tki 
regular poly^n which it circumscribes." 

There are more fallacies than one in this piece of reasoning. 
Mr. Skeat, in the first place, falls into the same blunder as my 
correspondents, the Rev. Professor AVhitworth and the Rev. 
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Geo. B. Gibbons ; that is to =i.y, ht, issumes (unwittingly 
no doubt) tiiat the trigommdrual fi/nctiom of angles are 
lengths, and not ratios of one length to another. But, lie 
falls into another blunder. He assumes (unwittingly no 
doubt) that the natural sine and trigonometrical suie are 
arithmetically the same in all angles (In this he falls into 
the same blunder as Mr. Alex. Edward Miller of Lincoln's 
Inn, another contributor to the Cotrtspotidenf)* This is true 
of certain angles only. It is true of an angle of 30". Both 
the natural and trigonometrical sine of an angle of 30° is -5, 
and is equal to the radius of a circle of diameter unity ; or half 
the side of a regular inscribed hexagon to a arclc of radius = i. 
Is not the sine of an arc, half the choid of twice the 
arc ? This fact, the Rev. Geo. B. Gibbons not only admits, 
but adopts as 3.pre!niss. Now, according to the reasoning of 
Mr, Skeat, '^ = -166666 with 6 to infinity, should be the natural 
sine of an angle of 10°, which, according to Hutton, is = 
■1736482 : and, according to the reasoning of Mr. Skeat, '^ = 
■25 should be the natural sine of an angle of 15", which, 
according to Hutton, is ■= "2588190. >fow, whether Hutton's 
Logarithmic Tables are fallacious, or not fallacious, Mr. Skeat's 
reasoning cannot be sound. 

" Mr. Miller, though not a professional, is a " recognised Matkima- 
tisian," In a Letter of his which appeared in the Co/jvj^unW// of January 6, 
186G, he says ;— " Mr. Smith's remarks scarcely deserve a reply, and I only 
offer one lest some aon-mathematical leader should think they do not 
admit of one. 'There is no distinction between the trigonometrical and 
natnral sines of angles. ' Trigonometry inay be defined as ' the art of using 
the geometrical ratios,' of which I need not say that the sine is the principle, 
Mr. Smith is. I suppose, referring to the distinction between, the natural and 
lagarilAtnic sines, &c, , which I presume he has seen in the Tables, without 
quite comprehending, the one being merely the arithmetical values of the 
different sines, the otlier the logarithms of those vahies." Malting the 
trigonometrical and iiatural sines aritkmiHcally the sEime in all angles, is the 
grand stumbling-block of all my opponents. 
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The circumference of a circle of radius = j ~ jr, whatever 
be the value of t ; and since the circumferences of circles are 
to each other as their radii, it follows, that the circumference of 
a circle of radius — i == 2 ir, whatever be the value of t. 

Now, Mr. Skeat, in his Letter to the Correspondent, frankly 
makes the following admission ; and I know from experience, 
that it is a rare thing for a Mathematician to admit anything in 
a mathematical controversy : — " My only assumption is that of 
the value of the Sin. of 10°," and he admits that he takes this 
from Button's Logarithmic Tables, in which, it cannot be dis- 
puted, that the Sin, of an angle of 10" is given as ^ -r 736482 : 
and it cannot be disputed, that this, multiplied by iS => 
3-1256676, and \z greater i\\3.\i V = S'laS- But, it follows, if 
Mr. Skeat be " correct" and Hutton be also "correct," that the 
Sin. of an angle of 20° multiplied by 18, should be greater than 
2 (3'i2S) ^ 6-25, Now, Hutton gives the Sin. of an angle of 
20° as = -3420201. Multiply by 18, and we get 6-1563618, 
which is less than 6'3S. Well, then, it is self-evident that Mr, 
Skeat and Hutton cannot both be " correct" and both may be 
wrong, I maintain that both are wrong ; or in other words, I 
maintain that the reasoning of Mr. Skeat, and Hutton's Logar- 
ithmic Tables, are botli fallacious. Let some of the recognised 
Philomaths "■ of our time" prove, that I make the perimeter of 
any regular polygon greater than the circumference of its cir- 
cumscribing circle. I challenge the Philomaths of the day, to 
furnish the proof- They cannot do it, NO, not even by assuming 
the infallibility of Logarithmic Tables, which it may be admitted, 
^^ have been calculated by experts in every country in Europe." 

The arithmetical value assigned to jr by "recognised 
Mathematicians" (the Rev. Professor Whitworth excepted)' 
is 3'i4i59265, &c., and is neither "finite" nor " determi- 
nate" whatever the Rev. Professor Whitworth may say. 
Does not this make tt = 3'i4i59265, with a never- 
ending string of decimals? Does not the series "tt = 
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to this result ? Let tliat " r^ognisal" Philomath, De Morgan, 
"brush away the &c., and prove, that 4^ ~~2^~~ } '^ ^'^^ eq^ial 
to n-', when 3-14159265 is assumed to be the arithmetical value 
of the symbol X. Having "■ brushed away" the Ike, we may 
next " drush ateay" the last decimal, then the next, then the 
next, and so on, till we have '■ brushed away" all the decimals. 
At every step we get the equation, 4(2) = tt^ ; that is to say, 
whether we assume tt = 3'i4iS9265, 3'i4iS9z6, 3-141592, 
3-i4r59, 3-r4i5, 3-141, 314, 3'[, or, tt = 3, and work out the 
calculations, we get the equation 4(2} = 'r', and we cannot 
alter this result by adding fifty or any other number of decimals 
to 3'i4i59265, after we have '•^brushed away" the &c. How, then, 
in the name of common sense, can v be an indeteraiinate 
arithmetical quantity^ Canany "rc<w^/ja/PHiLOMATH"show us 
how to divide &c. by 2 and square it^ Let De Morgan try ! 
If he do, he will most assuredly ''winnowf' himself, more than 
he has ever winna^ved ]wcaes Smith; '■^ and if nothing but chaff 
results" whose fault will that be? 

The Reader of the Article : Pseudomath, Philomath, 
Graphomath ; which appeared in the Athetmum of January 4, 
186S [See Appendix D), will observe, that the writer, who gives 
his name, says of Mr. James Smith : — " Surely the cyloTneter 
{Query — cyclometer) is a Darwimte development of a spider, who 
is always at circles, and always begins again when his web is 
brushed away." That " recognised 'P-ni-i.oa.Km." has himself 
informed us in one of his Budgets of Paradoxes, that he has 
made himself "apubUc scavenger of sctetue," and "looks down 
upon other scavengers" sucli as " Montucla, Hutton, &c., as mere 
historical drudges" and " not fit to compete' with him. This may 
be true, and he may be able to " brush away" the jantasUcal 
webs of all the " recojiised" mathematical spiders in the world. 
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It is possible, lie may succeed in " Orus/uHg away'' some of liis 
own fantastical webs, and then make an attempt to " brush 
away" the latest web spun by the non-recognised " spider." If 
so, I venture to tell that "recognised Philomath," that his efforts 
will most assuredly result in '■'■ miscakulated and disorganised 
failure^' 

In his Budget of Paradoxes, No. 27 {See Athemeum, July 8, 
1S65), Professor De Morgan says : — " He QAt. ^rd\^') does not 
know that Sines as well as tt are interminable decimals, of which 
the tables, to save printing, only take in a finite number." Mr. 
Smith knows that the sine of an angle of 30" is 'S. Is not '5 a 
terminable decimal ! Where is the mathematician who will 
venture to dispute it^ Well, then, is not the leained Professor 
" knocked over" by himself! It not, surely that "public scavenger 
of scienc^^ xavst" brush away" \i\?, " intermitmble decimal" web, 
before he can hope to ^'^ brush away" tlie last spun web of the 
" Darwinite development of a spider'' Would he not be more 
"usefully employed" in endeavouring to ^' brush away" the 
finite and determinate web of that "recognised" mathenaatical 
spider, the Rev. Professor Whitworth, than in doing so " much 
to make kmrwn," that " Darwinite development of a spider," 
James Smith, Esq., of Liverpool ? 

In his correspondence with the Rev. Professor Whitworth, 
James Smith has proved, not only that a circle and a square of 
equal superficial area, may, and do exist ; but he has proved, 
that they may be geometrically isolated and exhibited, in a 
variety of ways : and it follows, that a definite relation exists 
between the diameter and circumference of a circle, and is 
arithmetfcally expressible with perfect accuracy. 

It is asserted in the article : Pseudomath, Philomath, 
GRAPHOMiTH : that " Rowan Hamilton, years ago, completely 
knocked htm (Mr. James Smith) over .■" and after stating that : 
" There are some persons who feel inclined to think that Mr. Smith 
should be argued with:" it is asserted, "let those persons understand 
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(liat he }ws been argued with, refuteti^ arid has never attempted io 
stick a pen into the refutation^' I shal! leave it to Readers to 
form their own opinion as to the truth of these assertions. 
The 'Varigww'^ Philomath," De Morgan, may be "« lover of 
learning" but I am afraid it can hai'dly be said of liim : — He is 
a lover of truth. 

I was brought into contact with the late Sir. Wra. Rowan 
Hamilton in rSsg, at the Meeting of the ^^ British Association," 
at Aberdeen. My correspondence with him was a very short 
one. I believe I only wrote him three Letters, and certainly 
only received two communications from him. It is true that I 
presented him with two of my pamphlets ; and on two or three 
occasions, I had conversations with him on the subject of the 
ratio of diameter to circumference in a circle. Our correspon- 
dence closed with the following communications :■ — 

Observatory, near Dublin, 
November II, 1861. 

Sir W. R. Hamilton presents his compliments to James Smith, 
Esquire, of Barkeley House, Seaforth, near Liverpool. 

Sir W. R. H. had conceived that the correspondence between 
Mr. Smith and himself was closed, by his letter of the 37th April 
last ; but he remembers perfectly the fact of his lately meeting Mr. 
Smith on the steps of one of the public buildings in Manchester. 

He has since sought to fulfil his promise, then in politeness 
given, at Mr. Smith's request, that he would read part, at least, of 
the last paper by IMr. Smith, on the Quadrature of the Circle. 

He has accordingly done so, to quite a suiB.cient extent, and 
with quite sufficient care, to be satisfied that there would be no .use 
in his reading any further. 

SirW. R. H. regrets to say that he does not consider Mr. Smith 
to understand the principles (>{ decimal arithmetic as applied to in- 
fiuite series. And the fallacies, hence resulting, appear to him to 
vitiate the whole of Mr. Smith's arithmetical argument. 

As regards the geometrical theorem, which has been known to 
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Mathematicians for about two thousand years, that eight circumfer- 
ences of a circle exceed twenty-Jive diameters, it has been recently 
confirmed by Sir W. R. H. in an elementary demonstration, which 
he may perhaps be induced to republish. 

But as it must be obviously useless to continue, or rather to re- 
open this correspondence, Sir W. R. H. hopes that Mr. J, Smith 
will not consider him as discourteous, if he shall not in future ac- 
knowledge any printed or other communication on the subject. 

James Smith, Esq., 
EarJieiey House, Seaforth, near Liverpool. 



BAEK.ELEY HOUEE, SEAFORTH, 

Near Liverpool, i^th November, i?>(>i. 

Mr. J^nes Smith presents his compliments to Sir William 
Rowan Hamilton, LL,D., &c., &c., of the Observatory, 'near Dublin, 
and " The Astronomer Royal of Ireland," and begs to apologize 
for the delay in acknowledging the receipt of Sir W. R. H.'s note, 
for which he could give a good reason. 

Mr. Smith observes the distinction drawn ,by Sir W. R. H. 
between meeting Mr. S. at the British Association in Manchester, 
and meeting him on the, steps of one of the public buildings of 
Manchester, the public building in question being the one in which 
the Physical Section of the Association held its meetings on that 
occasion; and Mr. Smith regrets to find that Sir W. R. H., who, 
he had been led to believe, was the most polite and polished gentle- 
man in Ireland, can, when it is convenient to do so, play a part 
greatly at variance with his general character. 

Mr. Smith could prove, if necessary, through the gentleman to 
whom Sir W. R. H. appealed, to evidence the fact of his disbelief in 
Mr. Smith's theory, that Sir W. R, H. did promise to give the Letter 
Mr. S. had addressed to the President and Committee of the 
Physical Section of the British Association a careful perusal; and 
Mr. S. regrets to find that the politeness of Sir.W. R. H. on that 
)n, would appear to have been a mere cloak to conceal his 
nt of candour. 

Mr. Smith observes that Sir W. R, H, considers aknowledge 
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'' of dechnal arithmetic as applied to infinite series' essential, for the 
purpose of demonstrating the "geometrical theorem" of how many 
times the diameter of a circle is contained in its circumference; and 
Mr, S. cannot but express his surprise that Sir W, R. H. should 
be so inconsistent, as to profess to recognise, and believe in, the 
" authority' of the Mathematicians of two thousand years ago, who 
certainly had no knowledge whatever of " decimal arithmetic as 
applied to infinite series.'" 

Mr, Smith would not have again intruded himself upon Sir W. 
R. H., if he had not had new matter to communicate, which he 
thought was well deserving of consideration by tlie highest " authori- 
ties" in M athcmatical Philosophy. To Mr. S. it is a matter of indif- 
ference that Sir W. R. H. declines to re-open a correspondence with 
him, and would only remark that Sir W, R. H. may yet live to 
acknowledge the fact, that ^^the -wisdom of the wise may be destroyed., 
and the understanding of the prudent brought to nothing" 

Mr. Smith has only to remark in conclusion, that he will spare 
Sir W. R. H. the pain of being either discourteous or uncandid for 
the future, so far as be is concerned. It is quite sufficient for Mr. S,, 
for the convenience of regulating his future course of procedure, to 
have discovered, that Sir W. R. H. can be both discourteous and un- 
candid, when it suits his purpose to display those qualities. 

Sir W. Rowan., Hamilton, LL.D., &c.. 
Observatory, near Dublin. 



These communications appear in a pamphlet which I pub- 
lished in 1865. 1 sent a copy of this pamphlet to Sir 
Wm. Rowan Hamilton, during his life time. I quote the 
following from that pamphlet, which appears as a foot-note on 
the same page as Sir William's final communication. 



"The reader will observe, that Sir William. Rowan Hamilton 
considers, that tlie 'geometrical theorem ' of how many times the 
diameter of a circle is contained in its circumference, can only be 
solved by one who has a knowledge of 'decimal arithmetic as 
applied to infinite series'. To establish this 'assumption; Sir William 
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must prove the following algebraical formula to be false, which he 
will find to be an impossibility. If the diameter of a circle be 12, 

and 3 (jrXjr) = ^,then, =^i therefore,^ = the difference 

between the area of a circle of which the diameter is 8, and the area 
of a circle of which the diameter is 10 ; whatever be the arithmetical 
value of TT. How truly has Professor de Morgan told us, 
that ' crammed erudition does not cast out any hooks for more' 
Poor Sir William ! How unfortunate ! What a pity he should 
have to make up his mind, like my correspondent, Lieut.- General T. 
Perronet Thompson, to be looked upon in the future by eveiy first 
class school-boy, as a mere simpleton, notwithstanding the profundity 
of his ' mathematical wisdom.' " 

With reference to this quotation,! mayput the question:— Will 
any "recogfttsed Mathematician" venture to tell me, that 3 (.f ^ x jt) 
is not equal to ^U^, when sr denotes the semi-radius of a 
circle, r the radius, (whatever be the value of jt), and the dia- 
meter of the circle = 12 1 It may be admitted, that this is a 
"particular case" s-nA "quite unique:" or, in other words, it 
may be admitted, to be true only of a circle of which the dia- 
meter = iz, tliat the equation ^{sr " -it) = -— - — = the 
difference between the areas of circles of diameter = 8, and 
diameter — 10. 

Well, then, 1 put the following questions to the "reccgrtised" 
FmLoMATus ^' of our time." With reference to the diagram (Fig. 
2) on page 394, Is not!r(r°) = area in every circle? Is not 
TT (AE^) = -, when A B the radius of the circle = ^ ? Is not 
I2"5( - 1= -= whatever be the value of ^r^ Is not ~ eaual to the 
area of a circle of diameter unity, whatever be the value of w 1 
Is not the area of any circle divided by ^ (n) equal to the area of 
a circumscribing square to the circle, whatever be the value of 
T i Is not the property of one circle the property of all circles '( 
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